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Abstract. This paper presents a cost model analysis for refining petroleum using an
Mx/G(a,b)/1. Mx/G(a,b)/1 queuing system with two stages of heterogeneous services under
steady-state conditions. The study derives the total average cost per unit time for two distinct
service phases: Phase I and Phase II. In the first case, the analysis focuses on the total average cost
of the system when the server operates in Phase I with a probability of (rr;) at any given time, and
in Phase II with a probability of (m,). Additionally, the model incorporates holding costs,
operating costs, renovation costs for both phases, and closure time costs. Finally, numerical tables
and graphical representations are provided to illustrate the observations regarding the total average
cost, renovation rate, and arrival rate.

Keywords: total average cost, expected queue length, expected idle period length, expected busy
period length, expected waiting time.

1. Introduction

In the literature on queueing systems, only a few authors have specifically addressed
breakdown repairs or renovations at service stations. In practice, service stations often require
renovations due to breakdowns, which significantly impact the system, particularly the queue
length, server busy periods, and customer waiting times. Wang et al. [4] optimized the M/G/1
queue with a T-policy, accounting for server failures and typical startup durations using various
system performance metrics. Choudhury and Tadj [4] examined an M/G/1 queue with two service
phases, focusing on server failures and delayed repairs. Their work generalized both the traditional
M/G/1 queue with random breakdowns and delayed repairs, as well as the M/G/1 queue with a
second optional service and server breakdowns. Jain and Agrawal [3] investigated optimal
strategies for bulk queues with different types of server breakdowns, assuming that breakdowns
occur only when the server is active and require a random, limited number of repair steps.

This is the first study to analyze a two-stage heterogencous queueing system with generally
distributed variable batch size service and bulk arrivals. Notably, in the existing literature on two-
stage heterogeneous queueing models, only bulk arrivals have been considered, with no studies
addressing bulk service in such systems. This gap in the literature inspired the development of this
paper. Our study stands out in several ways: it introduces a variable batch size service queueing
model, which has greater practical relevance, within the framework of a two-stage heterogeneous
system. Additionally, using Lee's method, we derive the probability generating function for the
queue length distribution at any given time epoch under steady-state conditions.

This paper aims to discuss the following comparisons: the threshold value against the overall
average cost and performance metrics, the probability of breakdown against the overall average
cost and performance metrics, the renovation rate versus the overall average cost and performance
metrics, and the arrival rate versus the performance metrics.
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2. Model description and system equations

The single server architecture is used in a real-world setting during the refining of crude oil.
There are several organic molecules in petroleum. Refining petroleum is the process of removing
impurities and separating its components into usable products.

The refining process consists of two service phases: Phase I focuses on separating water and
removing sulfur compounds, while Phase II involves the fractionation process.

Crude oil is a stable mixture of oil and saltwater. In Phase I, a significant volume of crude oil
is passed between two highly charged electrodes to remove the saltwater. The water droplets are
vaporized and separated. The water-free oil is then treated with copper oxide, which reacts with
sulfur-containing compounds in the petroleum to form a copper sulfide precipitate in the reactor
(Server I). In Phase II, this precipitate is removed through filtration.

In Phase II, the majority of the crude oil is heated in a furnace to a temperature of 400 degrees
Celsius, causing all components except the asphalt residue cake to vaporize. The vapor passes
through the fractionation column (Server II), a tall, cylindrical tower containing multiple
horizontal stainless steel trays. Each tray is equipped with a chimney covered by a loose cap. In
the fractionation process, trays at lower levels handle components with high boiling points, while
trays at higher levels handle those with low boiling points. This process yields uncondensed gas
and petroleum products such as naphtha, kerosene, diesel oil, heavy oil, and road tar. If either
Server I or Server II experiences a malfunction, the renovation process is initiated immediately.
Once the renovation is complete, normal service resumes.

Before leaving, the operator must complete tasks such as cleaning and inspecting the tools.
Upon returning to the crude petroleum refining process, if the available crude oil quantity is less
than the required batch size, the operator focuses on other tasks until a sufficient quantity is
available.

The described process can be modeled as an My /G (a, b)/1 queueing system with two stages
of heterogeneous service and server breakdowns. Arrivals follow a Poisson process with an arrival
rate X. The server activates to provide service to a batch of size min(é,b) customers, where
b = a, once it detects at least a customers are waiting in the queue. The service consists of two
consecutive phases: Phase I (FPS) and Phase II (SPS), both operating under a First-Come-First-
Served (FCFES) discipline. Service times are assumed to follow general distributions with a
specified probability density function (PDF).

The server is subject to breakdowns during both service phases, with a breakdown probability
of (m;) during Phase I and (7r,) during Phase II. In the event of a breakdown in any phase, the
server is immediately sent for repairs. Once repaired, the server resumes service for the remaining
customers in the batch.

After completing each SPS, the server performs closedown tasks during its closedown time
(C). If the queue length is less than a, the server takes a series of random-length vacations.
Otherwise, it continues to serve the next batch.

2.1. Notations and assumptions

This work employs the following notations.

A is the arrival rate , let ¢y and p, represent the service rate during peak periods in phases I and
IT respectively, X(z;) is the PGF of X, which is the group size random variable, and is the
probability that X = k. Assume that S1(.), S2(.), R1(.), R2(.), and V(.) represent the CDF of
service time in phase I, services time in phase II, renovation time in phase I, renovation time in
phase II, and vacation time, respectively, define S°;(t;),S%,(¢t;) ,R%(¢1), R%,(t,) and VO(t,)
as the remaining service time in regular period in phase I of a batch time at time t;, remaining
service time in regular period in phase II of a batch time at time t;, remaining renovation time in
phase I and phase II respectively and denote S;(6;), S,(6,), R,(0;), R,(6;), and V(6,) the LST
of 1, S5, R1, R, and V respectively.

2 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627



A COST MODEL ANALYSIS IN THE PROCESS OF REFINING PETROLEUM USING SUPPLEMENTARY VARIABLE TECHNIQUE.
PALANIAMMAL S, KUMAR K

Ng, (t;) — size of the queue at time t;.
Ng, (t;) — customers using the service at the moment ¢;.

Y; (t;) = 0 — whenever the server is away; = 1 if the server is performing phase I service while
being busy; = 2 if the server is performing phase II service while being busy; = 3 if the server is
undergoing initial step of renovation; = 4 if the server is undergoing final step of renovation; = 5
if the server is performing a shutdown task.

Z,(t,) =j if the server is taking a vacation, it will begin during the idle period.

3. PGF of the queue size at different epochs

(a) Close down completion epoch:

(C(A-X(z) = 1) X8 PPz,

C(zy) = (-1 + X (z)) 0
(b) Vacation completion epoch:
V(zy) = (V(K M(Z1)) - 1)[C(7& M(Zl)) Yo 1 P(l)Z‘ f 3 q121i ] .

(-1 +1X(z))

(c) Service in phase I completion epoch:
Py(z)
{(Sl(x 7()((21)) - 1)2 (P(l)(z1 —Z L) + R(l)(z1 - Z1L) + ql(zl - 211))1

+(5, (A — X (2)) — DV (A — AX (2))C((A — KX (2,)) — 1) Yo pMy
+(S (K- 21X (z)) = )(V(A - X (21)) — 1) T8 g3, ) O
(k= 2x () (1 + m Ry (A = X (20)) = 7,8, (K = ’X(20))Ry (R - 7X(z1)) )
X Ry (A= 2X(20) (22 = & (k- X (2)))

(d) Service in phase II completion epoch:

P,(z,)
(52(7& 7&X(Z1)) - 1) o (P(Z)(Z1 z") + Ri(z)(z1b —z)+ Po(l)(z1b - Z1i))

(- 2x(2) (1 + R (A~ X () - ;S (A - M@ R(A- 1 ()))) P
X (zl’J -S,(x- ZX(zl)))

(e) Renovation in phase I completion epoch:
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Ri(z1) B ~
1 (By (A= XX (2)) = 1) (5 (A — XX (2)) — 1)

x yb1 (Pl.(l)(zlb -z + Ri(l)(zlb -z + q;(z,? - Zli))
+my (R (A — X (z)) — 1)($1(A — 1X(2)) — 1)
| X 7(%— KX (20))C(( = 7K (z) — 1) 80 PV, | ©
_ b (R (A= 2 (@) — D) (G (- X (2) - (7 (3 - WX () = 1) T i)
(X - X (z)) (1 + Ry (A= XX (21)) — 1,8y (A — KX (2,)) Ry (X — ZX(Zl)))
X Ry (A= 2X(20) (z:® = § (k- WX(2)))

(f) Renovation in phase II completion epoch:

m,(Ry(A—1X(21)) — 1) (S, (A — X (z)) - 1)
XYa (1)1-(2)(21[7 -z + RL-(Z)(Z1b -z + Po(l)(Z1b - Z1i))

Ry(z1) = . " - - (6
S (- @) (14 mRs (- X (2) — Sy (- KX @0)) Ry (- WX (2,)) ©)
x Ry (1 — XX (z)) (zlb ~-$5 (- ZX(zl)))
4. Some important performance measures
Expected length of busy period:
E(T: E(T.
5@ = EDED) o) ompm, B0 =BG +mER). ()
i=0 %i»
Expected length of the idle period:
E(D) =E() +E),
EW) _ E(WV) (8)

E(l) = = ’
(h) 1 72001 (0)  1-— { ajﬁn i- J}P(l)

where I; is the random variable denoting the “Idle period due to multiple vacation process”, E(C)
is the expected closedown time.
Expected queue length at an arbitrary time epoch:

EQ)
(b = 521)*Hy1 + (b = 521)%(b — 511)*V1) TS Pi(l) )
+((b = 521)*Hyz — (b — 521)*(b — 511)*V12) Z%_(l) iP'(l)
+(b = 5200 (b = $11)°L T{g P(Z) + (b —s531)*(b — 511)2L2 2no lP(Z)
+((b = 531)*Hyz + (b — 521)%(b — 511)*V13) B o 4di

+((b = 521)?Hyq — (b = 551)*(b — 511)*V14) Zn 0 lql ®

+(b = 521)?Hys 2020 (b = DCY + (b — 550)Hye X224 (b(b — 1) — i(i — D)
+(b = 521)2Hps X2 (b = D(CP + Po) + (b - sn) Hae
_ SrA(b® - 1) — i - D)(C® +Py) )
2(AX1)2(b — 511)%(b — 521)? '
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Hyy = 2mTy1S11R1 (V1 + C1) + Ty1S11 (Vo + Co + 2V, Cy) — 2T11S1,(Vy + 1),

Hip =T1S11(V1 + C1),  Hyz = 2myTy1S14R11 Vi + T11S11Vo — 2T11 51,5V,

Hyy = T11511 V1, Hys = 2m1T11 511 Ry — 2T11 544, Hig = T11511,

T = (AX1)(b —s11),  Haps = 2m1T51521Rp1 — 2721552, Hae = 121521,

Ty = X)) —s51), Vi = (V1(Mz) - 2V2(M1)) , o Vi = 2V (AXY),

Vis = V1 (AX3), Vig = 2V (RXy), L= ((ZX1)C2 - (MZ)Cl)' Ly = 2(AX,)C;.

Expected waiting time:

EQ)

EW) = AE(X)

(10)

5. Cost model

We begin by making the following assumptions to generate the expression for calculating the
total average cost: Let Cg be the initial start up cost, Cj, represent the holding expense per client,
C, represent the operating cost per hour, C,. represent the prize for each unit of vacation time, C,,q
represent the phase I renovation cost per unit of time, C,,, represent the phase II renovation cost
per unit of time, and C, represent the time-per-closedown cost. The cycle’s length is calculated
by adding the busy and idle periods. Now, the expected length of cycle E(T,), is obtained as:

E(T))=E()+E(B) = % +E)+ (E(Szla)—-ll_—PE;f)SZ))'
i=0 "i

(11)

The Total average cost per unit is given by.

Total average cost = Start-up cost per cycle + Renovation cost per cycle in phase I and phase
IT + Holding cost of customer in the queue + Operating cost * p + Closedown time cost — Reward
due to Vacation per cycle.

Total average cost:

ERE®B) . EW) )
ET)  TPW=0)" CuE(C) | oy + CE(Q) + Colp), (12)

Cs + (Cop1 + Crp2) )
c

where, p = R2(E(X))°[E(Sy) + mERDIIE(S,) + mE(R,)]/b.
In the section below, we provide a few numerical examples to further clarify the
aforementioned answer.

6. A numerical example

Numerical methods are used to calculate the queue size distribution’s unknown probability.

The zeros of the function in Matlab z,? — (1 — m)S; (X — XX (z,)) — 7S, (A — AX (2,))R (A —
X (Zl)) are discovered, and several simultaneous equations are resolved.

The following suppositions are used to analyse a numerical model.

The arrival batch size distribution has a mean of 2 and a geometric standard deviation of 2 -
Erlangen, Phase I and Phase II vacation, shutdown, and renovation times are exponential with
parameters « = 10, § = 8, y; =7 and y, = 7 respectively, m; = 0.2 and 7, = 0.4.

(i) Start-up costs =3 .4.

(i1) Holding costs =%.0.50 / customer.

(iii) Operating costs =.5 / unit time.

(iv) Reward due to vacation = %.2 / unit time.
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(v) Renovation cost in phase [ = %.0.4 / unit time.
(vi) Renovation cost in phase II =.0.5 / unit time.
(vii) Closure time cost =%.0.25 / unit time.

7. Effect of cost averages and threshold values

We have numerically examined the model to show the effects of the suggested model.

In refining of crude petroleum process, crude oil goes in bulk into the reactor (server I) for
treating with copper oxide for forming copper sulphide precipitate following Poisson distribution,
whose service follows an exponential distribution. 12 tons of crude oil can be handled by the
reactor. After that, the bulk amount of crude oil with sulphide precipitate is heated upto 400 °C
furnace. The vapor in bulk is passing through the fractionation column (server II) and it also
following Poisson distribution, whose service is also follows an exponential distribution. When
the operator completes the service and discovers that the number of tonnes available is below the
threshold, he begins the closedown.

A My/G(a,b)/1 queueing system with two stages of heterogeneous services, repeated
vacations, and closedown with server breakdown can be used to model the system described
above. Operating costs will be higher if the filter press starts with a threshold value of 2, which is
the minimum capacity and higher yet if the threshold value is set at 12, which is the maximum
capacity. We want to get the best threshold value.

Table 1. Comparison of the threshold value to the overall average cost and performance metrics
(Server breakdown) withA =4, yuy =7, u, =9
A | Ex(Q) | Ex(B) | Ex(I) | Ex(W) | TAC
2.79 0.46 0.45 0.35 8.98
2.96 0.41 0.50 0.35 8.25
3.25 0.40 0.52 0.39 7.97
3.42 0.39 0.60 0.45 7.69
4.89 0.38 0.70 0.49 7.25
5.26 0.38 0.75 0.50 7.11
5.86 0.37 0.80 0.60 6.86
5.25 0.36 0.79 0.65 6.88
10 | 5.70 0.37 0.70 0.70 7.55
11 | 6.15 0.37 0.70 0.79 7.99
12 | 6.85 0.38 0.66 0.80 9.25

O (00 ||\ [ | |WIN

Table 2. Comparison of the threshold value to the overall average cost and performance metrics
(Server breakdown) withA =4, uy =7, u, =9

a | E(Q) | E.(B) | E,(D | E,(W) | TAC
2 2.58 0.36 0.47 0.30 8.26
3 2.76 0.34 0.55 0.32 7.63
4 3.02 0.34 0.63 0.35 7.04
5 3.32 0.33 0.71 0.39 6.60
6 3.66 0.33 0.78 0.43 6.32
7 4.02 0.33 0.78 0.48 6.20
8 4.41 0.33 0.84 0.53 6.20
9 4.83 0.34 0.83 0.58 6.30
10 5.28 0.34 0.83 0.63 6.47
11 5.77 0.34 0.83 0.70 6.70
12 6.31 0.34 0.82 0.76 6.98

It is clear that Table 1 shows that the management must set the minimum threshold value at 8
in a filter press for a vegetable oil refinery with a 12 ton per hour capacity in order to reduce the
overall average cost.
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TOTAL AVERAGE COST

THRESHOLD VALUE

Fig. 1. Threshold value vs. total average cost

TOTAL AVERAGE COST

THRESHOLD VALUE

Fig. 2. Threshold value vs. total average cost

Table 3. Comparison of the probability of breakdown value
to the overall average cost and performance metrics

T p Ex(Q) Ex(B) Ex(l) Ex(W) TAC
0 | 074 | 578 1.78 0.96 1.60 10.30
0.1 | 076 | 6.23 1.88 0.96 1.65 10.34
02079 | 6.74 2.00 0.95 1.72 10.42
03081 | 733 2.14 0.95 1.79 10.53
04 | 0.83 | 8.60 2.30 0.95 1.88 10.70
0.5 085 | 879 2.50 0.95 1.97 10.94
0.6 | 0.88 | 9.73 2.75 0.94 2.09 11.26
0.7 1 090 | 10.87 | 2.06 0.94 2.23 11.69
0.8 1092 | 1230 | 3.45 0.94 241 12.27
091095 | 1412 | 3.97 0.94 2.64 13.07
1 1097 | 1657 | 4.68 0.93 2.95 14.19
Table 4. Comparison of the probability of breakdown value
to the overall average cost and performance metrics
0 | 064 4.78 0.78 0.26 0.60 9.30
0.1 | 0.66 | 5.23 0.88 0.26 0.65 9.35
02 | 069 | 574 1.00 0.25 0.72 9.42
03071 | 633 1.14 0.25 0.79 9.54
04073 | 7.60 1.30 0.25 0.88 9.71
051075 | 7.79 1.50 0.25 0.97 9.94
0.6 | 0.78 | 8.73 1.75 0.24 1.09 10.26
0.7 | 0.80 | 9.87 1.06 0.24 1.23 10.69
0.8 082 | 11.29 | 245 0.24 141 11.28
0.9 | 0.85 | 13.11 2.97 0.24 1.64 12.08
1 | 087 | 1556 | 3.68 0.23 1.95 13.20
Table 5. Renovation rate vs overall average cost and performance metrics
:81 p EX(Q) Ex(B) Ex(I) Ex(W) TAC
1 {096 | 3592 | 13.08 | 0.23 13.36 | 40.20
2 | 0.80 | 12.26 1.98 0.24 1.53 14.20
3 1075] 8.19 1.41 0.25 1.02 10.36
4 1072 | 691 1.21 0.25 0.86 9.84
5 1070 | 6.31 1.10 0.25 0.79 9.61
6 | 0.69 | 596 1.04 0.25 0.75 9.49
7 1069 | 574 1.00 0.25 0.72 9.42
8 | 0.68 | 5.59 0.97 0.26 0.70 9.38
9 10.68 | 548 0.94 0.26 0.68 9.34
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Table 6. Renovation rate vs overall average cost and performance metrics
Ba| p | Ex(Q) | Ex(B) | E,() | E,(W) | TAC

1 1096 | 3692 | 13.08 | 0.23 13.36 | 41.20
2 1 0.80 | 12.26 1.98 0.24 1.54 12.20
3 1075 ] 8.19 1.41 0.25 1.02 10.36
4 1072 | 691 1.21 0.25 0.86 9.84
5 1070 | 6.31 1.10 0.25 0.79 9.61
6 | 0.69 | 596 1.04 0.25 0.75 9.49
7 10.69 | 574 1.00 0.25 0.71 9.42
8 1 0.68 | 5.59 0.97 0.26 0.70 9.38
9 10.68 | 548 0.94 0.26 0.69 9.34
5 =
8 W @
e [0}
A &
= ¢
N <
E 2
5 =
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BREAKDOWN VALUE BREAKDOWN VALUE
Fig. 3. Breakdown value vs. total average cost Fig. 4. Breakdown value vs. total average cost
— =
1) 0
8 S
w L
Q o
& &
Y <
Z .
-
5 5
o =
RENOVATION RATE RENOVATION RATE
Fig. 5. Renovation rate vs. total average cost Fig. 6. Renovation rate vs. total average cost

From Table 4, Figs. 4 and 5 it has been noticed that the server’s busiest time grows as the rate
of renovation does. and E (Q) reduce.

8. Comparison of the arrival rate and performance metrics

The expected queue length (Q), expected idle period length E (1), expected busy period length
E(B), and expected waiting time E (W) are computed for a variety of arrival rates and a variety
of service rates and are shown in Tables 1-5. Assuming thata =2, b =5,A=4and u =5.

Tables 5 to 9 show that as arrival rates rise, so does the anticipated queue length E(Q) (refer
columns 1 and 3 of each table). However, for a specific arrival rate, projected queue length
decreases as service rate rises (considering the entire tables together). For instance, if the service
rate is 2.0, then we have E(Q) = 0.6331 for 0.5 (see Table 5). As opposed to E(Q) = 0.4203 for =
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0.5 when service rate = 4.0 (see Table 9). Similar findings are also seen for the performance
indicators E(B), E(I), and E(W). In fact, these patterns reflect the effectiveness of conventional

queuing models.

Table 7. Performance measurements vs arrival rate (u = 2)

A | P |EQ@) | E(@®B | EWM|EW)
05017 | 0.53 1.91 0.28 0.53
1 1033 | 1.18 2.13 0.27 0.59
1.5]0.50 | 2.41 2.31 0.26 0.80
2 1066 | 5.00 3.15 0.25 1.25
0.5]0.17 | 0.53 1.91 0.28 0.53
1 1033 1.18 2.13 0.27 0.59
Table 8. Performance measurements vs arrival rate (4 = 2.5)
A | P | E(Q) | E(B) | EW) | EW)
0.5 ] 021 | 0.63 2.80 0.27 0.63
1 1041 | 1.65 3.96 0.25 0.82
1.5 1 0.62 | 4.04 4.26 0.25 1.35
2 1082 | 12.19 | 8.74 0.23 3.05
» oL, [
= >
w ]
5 g
£ £ -
D 7]
& |
= s |
- z
s s
4 X o-
o o
[T [T
4 @
a &
ARRIVAL RATE ARRIVAL RATE

Fig. 7. Performance measurements vs. arrival rate

Fig.

8. Performance measurements vs. arrival rate

Table 9. Performance measurements vs arrival rate (1 = 3)

x| P | EWQ|E® | EWD|EW
05014 | 048 1.84 0.29 0.48
1 1028 | 094 1.98 0.28 0.48
1.5 042 | 1.74 2.15 0.28 0.58
2 1056 | 313 2.21 0.26 0.78
251070 | 5.86 248 0.25 1.17
3 1083 | 1322 | 4.46 0.24 2.20
351097 | 9748 | 27.64 | 0.23 13.93
Table 10. Performance measurements vs arrival rate (4 = 3.5)
A | P | E(Q | Ex(B) | E(I) | Ex(W)
05012 | 044 1.76 0.32 0.44
1 1024 ] 0.81 1.85 0.30 0.45
1.5 036 | 1.39 1.95 0.29 0.46
2 1048 | 230 2.13 0.28 0.57
2.5 10.60 | 3.81 2.59 0.26 0.76
3 1072 | 6.66 3.05 0.25 1.11
35084 | 13.81 3.52 0.24 1.97
05012 | 044 1.76 0.32 0.44
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PERFORMANCE MEASUREMENTS
PERFORMANCE MEASUREMENTS

L -----.l

ARRIVAL RATE ARRIVAL RATE
Fig. 9. Performance measurements vs. arrival rate ~ Fig. 10. Performance measurements vs. arrival rate

9. Conclusions

In this study, we analyze the behavior of server failures without interruption in an
My/G(a,b)/1 queueing system with two phases of heterogeneous service. We derive the
probability generating function for the queue size at any given time epoch and at various
completion epochs, and calculate several important performance indicators. The numerical results
obtained support the theoretical development of the model. A pricing model is also proposed,
along with a specific example of the model. The numerical outcomes indicate that, as a result of
server breakdowns, the expected queue length, the server’s busy period, and the customers’
waiting times all increase, while the server’s idle period decreases. Furthermore, it is observed
that as the renovation rate increases, the expected queue duration decreases.
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