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Abstract. Slider-crank mechanisms are widely used in various industrial and technological 
machines. This paper considers a generalized diagram of a slider-crank mechanism, on the 
connecting rod of which an imbalanced mass can be fixed. In such a case, the slider-crank 
mechanism can be employed as an inertial vibration exciter. The aim of this research is to justify 
the geometric parameters of the mechanism to ensure a predetermined elliptical trajectory of the 
imbalanced mass motion. The research methodology involves the analytical derivation of the 
motion equations for a connecting rod point and solving the problem of synthesizing the geometric 
parameters of the mechanism based on the given trajectory of this point. The obtained results are 
presented in the form of displacements and trajectories for the connecting rod point of a specific 
slider-crank mechanism. The major novelty of this research lies in the further development of the 
theory of slider-crank mechanism synthesis for use in inertial vibration exciters. The derived 
analytical dependencies can be utilized by designers and engineers in the development of new 
types of vibration exciters for various industrial and technological vibratory equipment.  
Keywords: vibratory equipment, structural diagram, kinematic diagram, connecting rod, elliptical 
trajectory, geometric parameters, displacement, analytical dependencies. 

1. Introduction 

Slider-crank mechanisms are integral components in the design and operation of various 
industrial and technological equipment, in particular, vibratory machines that are widely employed 
across industries for material handling, conveying, screening, sieving, and compaction processes 
[1], [2]. These mechanisms are valued for their ability to convert rotational motion into precise 
reciprocating motion, making them ideal for generating controlled vibrations [3], [4].  

The implementation of slider-crank mechanisms as part of inertial vibration exciters offers a 
robust solution for controlling the frequency, amplitude, and trajectory of vibrations of the 
corresponding working members (plates, trays, sieves, etc.) [5]-[7]. By attaching an unbalanced 
mass to the crank, slider, or connecting rod, the mechanism can induce periodic oscillations, which 
are transmitted to the equipment, enabling the desired vibratory motion [8], [9]. This method 
allows for the tuning of vibrations to match specific operational requirements, thus enhancing the 
efficiency and precision of vibratory processes [10], [11]. For example, the studies [12]-[14] focus 
on the development and analysis of mathematical models, motion dynamics, and the impact of 
design parameters on the locomotion performance of wheeled vibration-driven robots, with an 
emphasis on vibro-impact systems, impact gap effects, and pantograph-type suspensions. 

The effectiveness of slider-crank mechanisms in vibration exciters is largely dependent on 
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their geometric parameters, which dictate the resulting motion of the unbalanced mass and, 
consequently, the vibration characteristics [15], [16]. A key challenge in their design is ensuring 
that the mechanism produces a well-defined, stable trajectory, typically elliptical, that aligns with 
the operational needs of the equipment [17]. Understanding and optimizing the trajectory-based 
synthesis of slider-crank mechanisms is therefore critical to advancing the performance of 
vibratory equipment across a range of industrial applications [18], [19]. 

In this context, the study of slider-crank mechanism implementation in vibration exciters 
focuses on the analytical and practical aspects of design optimization, with the aim of achieving 
reliable, high-performance vibratory systems [20], [21]. Following the authors’ previous research 
[22]-[24] on the potential use of slider-crank mechanisms in drives of vibratory machines, this 
article explores the synthesis of these mechanisms for generating controlled vibrations, 
contributing to the development of more efficient and versatile vibratory equipment. The major 
scientific novelty of this research lies in the further development of the theory of slider-crank 
mechanism synthesis for use in inertial vibration exciters. Herewith, the main aim of the paper is 
to justify the geometric parameters of the mechanism to ensure a predetermined elliptical 
trajectory of the connecting rod point at which the imbalanced mass can be fixed. 

2. Research methodology 

The generalized kinematic diagram of the crank-slider mechanism is presented in Fig. 1. It 
consists of the stationary base and three movable links: crank OA, connecting rod AB, and slider 
B. The links are connected by three revolute joints (hinges) located at points O, A, and B. The 
slider B translationally moves along the fixed guide 𝑏. The angular position of the crank OA is 
described by the generalized coordinate 𝜑ሺ𝑡ሻ. The positions of all the members of the mechanism 
depend on the coordinate 𝜑ሺ𝑡ሻ and geometrical parameters defined in Fig. 1. Adopting the 
Cartesian coordinate system 𝑥𝑂𝑦, let us deduce the analytical expressions for determining the 
corresponding coordinates of the points A, B, C, and M: 𝑥஺ሺ𝑡ሻ = 𝑙ଵ ∙ cos൫𝜑ሺ𝑡ሻ൯ ,   𝑦஺ሺ𝑡ሻ = 𝑙ଵ ∙ sin൫𝜑ሺ𝑡ሻ൯, (1)𝑥஼ = 𝑙ସ ∙ sinሺ𝛼ሻ ,   𝑦஼ = −𝑙ସ ∙ cosሺ𝛼ሻ. (2)

 
Fig. 1. Generalized kinematic diagram of the crank-slider mechanism 

In order to determine the coordinates of the point B, let us first determine the following 
changeable geometrical parameters: distance 𝑆ଵሺ𝑡ሻ between the points C and A; distance 𝑆ଶሺ𝑡ሻ 
between the points C and A; angle 𝜓ሺ𝑡ሻ between the lines CO and CA: 

𝑆ଵሺ𝑡ሻ = ට𝑙ଵଶ + 𝑙ସଶ − 2 ∙ 𝑙ଵ ∙ 𝑙ସ ∙ sin൫𝛼 − 𝜑ሺ𝑡ሻ൯, (3)
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𝜓ሺ𝑡ሻ = arcsin൫൫𝑙ଵ ∙ cos൫𝛼 − 𝜑ሺ𝑡ሻ൯൯ 𝑆ଵሺ𝑡ሻ⁄ ൯, (4)𝑆ଶሺ𝑡ሻ = 𝑆ଵሺ𝑡ሻ ∙ sin൫𝜓ሺ𝑡ሻ൯ + ටሺ𝑙ଶ + 𝑙ଷሻଶ − ൫𝑆ଵሺ𝑡ሻ ∙ cos൫𝜓ሺ𝑡ሻ൯൯ଶ. (5)

Therefore, the coordinates of the slider B can be calculated as follows: 𝑥஻ሺ𝑡ሻ = 𝑥஼ + 𝑆ଶሺ𝑡ሻ ∙ cosሺ𝛼ሻ ,   𝑦஻ሺ𝑡ሻ = 𝑦஼ + 𝑆ଶሺ𝑡ሻ ∙ sinሺ𝛼ሻ. (6)

Considering the point M, at which the imbalanced mass can be attached, its coordinates can 
be presented as follows: 𝑥ெሺ𝑡ሻ = 𝑥஺ሺ𝑡ሻ + ൫𝑥஻ሺ𝑡ሻ − 𝑥஺ሺ𝑡ሻ൯ ∙ 𝑙ଶ ሺ𝑙ଶ + 𝑙ଷሻ⁄ ,    𝑦ெሺ𝑡ሻ = 𝑦஺ሺ𝑡ሻ − ൫𝑦஺ሺ𝑡ሻ − 𝑦஻ሺ𝑡ሻ൯ ∙ 𝑙ଶ ሺ𝑙ଶ + 𝑙ଷሻ⁄ . (7)

Substantiating Eqs. (1-6) into Eq. (7), the final analytical expressions for defining the 
coordinates of the point M can be derived in the following form: 

𝑥ெሺ𝑡ሻ = ⎝⎜
⎜⎛ 𝑙ଵ ∙ 𝑙ଶ ∙ cos൫𝛼 − 𝜑ሺ𝑡ሻ൯ ∙ cosሺ𝛼ሻ + 𝑙ଵ ∙ 𝑙ଷ ∙ cos൫𝜑ሺ𝑡ሻ൯ +

+𝑙ଶ ∙ 𝑙ସ ∙ sinሺ𝛼ሻ + 𝑙ଶ ∙ cosሺ𝛼ሻ ∙ ඪሺ𝑙ଶ + 𝑙ଷ − 𝑙ସሻ ∙ ሺ𝑙ଶ + 𝑙ଷ + 𝑙ସሻ − 𝑙ଵଶ ++𝑙ଵ ∙ ቆ𝑙ଵ ∙ ൫cos൫𝛼 − 𝜑ሺ𝑡ሻ൯൯ଶ ++2 ∙ 𝑙ସ ∙ sin൫𝛼 − 𝜑ሺ𝑡ሻ൯ ቇ ⎠⎟
⎟⎞

𝑙ଶ + 𝑙ଷ , 

𝑦ெሺ𝑡ሻ = ⎝⎜
⎜⎛ 𝑙ଵ ∙ 𝑙ଶ ∙ cos൫𝛼 − 𝜑ሺ𝑡ሻ൯ ∙ sinሺ𝛼ሻ − 𝑙ଶ ∙ 𝑙ସ ∙ cosሺ𝛼ሻ +

+𝑙ଵ ∙ 𝑙ଷ ∙ sin൫𝜑ሺ𝑡ሻ൯ + 𝑙ଶ ∙ sinሺ𝛼ሻ ∙ ඪሺ𝑙ଶ + 𝑙ଷ − 𝑙ସሻ ∙ ሺ𝑙ଶ + 𝑙ଷ + 𝑙ସሻ − 𝑙ଵଶ ++𝑙ଵ ∙ ቆ𝑙ଵ ∙ ൫cos൫𝛼 − 𝜑ሺ𝑡ሻ൯൯ଶ ++2 ∙ 𝑙ସ ∙ sin൫𝛼 − 𝜑ሺ𝑡ሻ൯ ቇ ⎠⎟
⎟⎞

𝑙ଶ + 𝑙ଷ . 

(8)

By finding the derivatives of the coordinates 𝑥ெሺ𝑡ሻ and 𝑦ெሺ𝑡ሻ with respect to time, it is 
possible to determine the corresponding velocities ൫𝑥ሶெሺ𝑡ሻ,𝑦ሶெሺ𝑡ሻ൯ and accelerations ൫𝑥ሷெሺ𝑡ሻ,𝑦ሷெሺ𝑡ሻ൯ of the point M. Due to the large analytical expressions, let us omit their 
presentation here. 

In general, the studied slider-crank mechanism with an imbalanced mass placed on the 
connecting rod is characterized by five unknown geometric parameters (𝑙ଵ, 𝑙ଶ, 𝑙ଷ, 𝑙ସ, 𝛼) that 
determine the trajectory of the point M on the connecting rod. Therefore, the primary task of 
synthesizing the mechanism for its use as a vibration exciter is to establish analytical dependencies 
for calculating these geometric parameters to ensure a predetermined trajectory of the point M. 

First, let us impose the constraints on the geometric parameters that define the feasibility of 
the considered slider-crank mechanism: 𝑙ଵ + 𝑙ସ < 𝑙ଶ + 𝑙ଷ,   0 ≤ 𝛼 < 𝜋. (9)

The angle between the major axis of the elliptic path of the point M on the connecting rod and 
the horizontal 𝑥-axis depends on the lengths of the links (𝑙ଵ, 𝑙ଶ, 𝑙ଷ, 𝑙ସ) and angle 𝛼 as follows: 

𝛽 = 𝛼 − arcsin ൬ 𝑙ସሺ𝑙ଵ + 𝑙ଶ + 𝑙ଷሻ൰ ∙ ൬1 − 𝑙ଶሺ𝑙ଶ + 𝑙ଷሻ൰. (10)
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The lengths of the major and minor axes of the elliptic path of the point M on the connecting 
rod can be approximately determined as follows: 

𝑙௠௔௝. = 2 ∙ 𝑙ଵ + ቆටሺ𝑙ଵ + 𝑙ଶ + 𝑙ଷሻଶ − 𝑙ସଶ − ටሺ𝑙ଶ + 𝑙ଷ − 𝑙ଵሻଶ − 𝑙ସଶ − 2 ∙ 𝑙ଵቇ ∙ ൬1 − 𝑙ଷ𝑙ଶ + 𝑙ଷ൰, (11)𝑙௠௜௡. = 2 ∙ 𝑙ଵ ∙ ൬1 − 𝑙ଶ𝑙ଶ + 𝑙ଷ൰. (12)

3. Results and discussion 

Let us consider an example of synthesizing the geometric parameters of a slider-crank 
mechanism, where the connecting rod point is required to move along an elliptical trajectory with 
the following ellipse parameters: 𝛽 = 20°, 160°, 𝑙௠௔௝. = 20 mm, 𝑙௠௜௡. = 0, 4, 8, 12, 16, 20 mm. 
By adopting the crank length 𝑙ଵ = 10 mm and the distance 𝑙ସ = 50 mm based on the specific 
design of the vibration exciter [24], the remaining geometrical parameters (𝑙ଶ, 𝑙ଷ, 𝛼) of the 
mechanism can be determined by solving the system of Eqs. (10-12), taking into account the 
constraints presented in Eqs. (9). Due to the large analytical expressions obtained for 𝑙ଶ, 𝑙ଷ, 𝛼, let 
us omit their presentation in this paper and let us just give the final results of calculations 
conducted in the Mathematica software for different values of 𝛽 and 𝑙௠௜௡.:  

– 𝛽 = 20° and 𝑙௠௜௡. = 0, 4, 8, 12, 16, 20 mm: 𝑙ଶ = 502, 360, 234, 128, 46, 0 mm, 𝑙ଷ = 0, 90, 
156, 192, 182, 61 mm, 𝛼 = 20°, 21.3°, 22.9°, 25.2°, 29.7°, 0…180°. 

– 𝛽 = 160° and 𝑙௠௜௡. = 0, 4, 8, 12, 16, 20 mm: 𝑙ଶ = 502, 360, 234, 128, 46, 0 mm, 𝑙ଷ = 0, 90, 
156, 192, 182, 61 mm, 𝛼 = 160°, 161.3°, 162.9°, 165.2°, 169.7°, 0…180°. 

Considering the obtained modeling results shown in Fig. 2, the simulated trajectories of the 
connecting rod point M fully satisfy the prescribed parameters of the elliptical paths for the 
mentioned sets of the synthesized geometrical dimensions of the links. Herewith, it is necessary 
to mention that circular trajectory of the connecting rod point can be described at any value of 𝛼. 

The next stage of verifying the correctness of the derived analytical expressions involves 
justifying the feasibility of altering the inclination angle of the major axis of the elliptical trajectory 
of the connecting rod point relative to the horizontal axis. By setting the angle 𝛽 equal to 0, 30°, 
60°, 90°, 120°, 150°, 180° and adopting the following parameters for the elliptical trajectory: 𝑙௠௔௝. = 22 mm, 𝑙௠௜௡. = 4 mm, the corresponding geometric dimensions of the mechanism’s links 
were synthesized based on the system of equations (10-12): 𝑙ଶ =88 mm, 𝑙ଷ = 22 mm, 𝛼 = 5°, 35°, 
65°, 95°, 125°, 155°, 185°, and the resulting paths of the connecting rod point are plotted in 
Fig. 3(a). The shape of the elliptical trajectory and the synthesized lengths of the links remain 
unchanged with variations in the angle 𝛽. Therefore, to adjust the inclination angle of the elliptical 
path of the connecting rod point relative to the horizontal axis, it is sufficient to rotate the entire 
mechanism around the driving crank hinge. This conclusion will be applied in the further design 
of a controllable inertial vibration exciter based on the slider-crank mechanism. 

The final stage of the research involves conducting virtual experiments to explore the 
capabilities of generating elliptical trajectories by the connecting rod point using the SolidWorks 
software. The following parameters of the mechanism are studied: 𝛼 = 90°, 𝑙ଵ = 20 mm,  𝑙ସ = 40 mm, 𝑙ଶ = 0, 10, 20, 30, 40, 50, 60, 70, 80 mm, 𝑙ଷ = 80, 70, 60, 50, 50, 30, 20, 10, 0 mm. 
The corresponding simulation results are presented in Fig. 3(b). As shown in the SolidWorks 
simulation window, the connecting rod point can perform a circular motion (when it is at the hinge 
joining the crank to the connecting rod) and can move along a linear trajectory (when it coincides 
with the hinge joining the connecting rod to the slider). All intermediate positions of the 
connecting rod point provide elliptical trajectories of motion. 

Thus, by adjusting the parameters 𝛼, 𝑙ଶ, and 𝑙ଷ, which define the position of the connecting 
rod point, it is possible to achieve the desired shape of the elliptical trajectory along which the 
imbalanced mass of the inertial vibration exciter can potentially move. This allows for controlling 
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the trajectory of the working member of a vibratory machine (conveyor, sieve, screen, etc.). 

 
a) 𝛽 = 20° 

 
b) 𝛽 = 160° 

Fig. 2. Trajectories of the connecting rod point at different prescribed parameters of the elliptic paths 

 
a) Modeling in Mathematica software 

 
b) Simulation in SolidWorks 

Fig. 3. Trajectories of the connecting rod point at different angles 𝛽 and lengths 𝑙ଶ and 𝑙ଷ 

The proposed approach of equipping the inertial vibration exciter with the slider-crank 
mechanism allows for adjusting the motion parameters of an imbalanced mass, which is crucial 
for optimizing the performance of vibratory equipment. The parametric synthesis technique 
considered above enables achieving the desired shapes and amplitude range of vibrations, which, 
in turn, can affect the efficiency and productivity of the vibratory equipment. 
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4. Conclusions 

The paper considers the generalized kinematic diagram of the slider-crank mechanism, on the 
connecting rod of which there can be fixed the imbalanced mass of the inertial vibration exciter. 
The kinematic analysis of the mechanism is performed and the analytical expressions for 
determining the coordinates of the connecting rod point are derived. Based on the performed 
analysis, the technique of synthesizing the geometrical dimensions of the mechanism is developed 
that allows the point to generate elliptical trajectories with the prescribed parameters: the lengths 
of the major and minor axes and the angle between the major axis and the horizontal plane. The 
proposed technique was tested during mathematical modeling of the connecting rod point motion 
in the Mathematica software. In addition, the virtual experiments of the slider-crank mechanism 
motion are carried out in the SolidWorks software. The obtained results substantiate the 
possibilities of utilizing the slider-crank mechanisms in inertial vibration exciters. 
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