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Abstract. A method is proposed for studying the uniformity of electrochemical coating on the 
outer wall of a thin metal rod by determining the parameters of natural oscillations of this rod, 
which is clamped on one side. The parameters are studied by analyzing the natural frequencies of 
the rod. The uneven coating of the rod wall causes a change in the frequency of transverse modes 
and the shape of the bending line of the rod axis. The mechanical vibrations of the rod are excited 
by the interaction of an external magnetic field with the Ampere force arising from the current 
flowing through the rod. A method of adaptive tuning of the spectral components of the excitation 
current is developed by modifying the coefficients of a digital filter through which a noise-like 
signal pass. The coefficients of the digital filter are changed adaptively, based on the analysis of 
the signal spectrum obtained in response to the excitation in the first step. The oscillation is excited 
by mixing the noise-like signal and the signal received in response to the excitation in the previous 
step after averaging with a sliding window, the coefficients of which are obtained from the 
resonance characteristics of the mechanical oscillatory system. A gradual change in the ratio of 
the amplitude of the noise-like and stationary components of the excitation signal causes a smooth 
increase in the amplitude of oscillation at a frequency approaching the frequency of the rod's 
natural oscillations. A numerical and full-scale experiment is carried out to excite mechanical 
vibrations of a thin metal rod, the end of which is clamped on one side. 
Keywords: thermostability, coatings, mechanical impedance, mechanical modes, noise-like 
signal, sliding window truncation, adaptive selection of filter coefficients. 

1. Introduction 

Coatings applied to the surfaces of components enhance their heat resistance, wear resistance, 
and corrosion resistance. To apply metallic coatings, methods such as surfacing [1] and 
electrochemical chroming [2, 3] are commonly used, while for forming oxide coatings, plasma 
electrolytic oxidation [4, 5] and ion-plasma (magnetron) sputtering of dielectric materials [6] are 
employed. 

The quality of the coating is assessed using various methods, which are chosen based on the 
purpose and the feasibility of application or accessibility to the surface. Image processing methods 
are used to assess the condition of coatings [7]. The authors of [8] developed a method for 
determining the homogeneity coefficient of cast aluminum blanks, which allows predicting the 
development of damage in surface layers after mechanical processing. 

The results of an analytical study on the behavior of coated components with cracks are 
described in [9]. The paper [10] provides an overview of methods for studying thin coatings on a 
surface made of ferromagnetic material and classifies methods for studying chromium coatings. 
The eddy-current method is more accessible and efficient for the study of metal coatings [11]. 

We consider a mechanical system which is formed by a rod with the metal coating under study. 
The analytical solution to this problem is quite complex and can be found only with certain 
simplifications and generalizations [12]. The authors [13] developed a method for determining the 
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first natural frequency of an elastic rod for a three-mass and multi-mass discrete-continuous 
vibrational system, analytically derived the frequency equation, and compared the results of 
theoretical studies with those obtained using the finite element method. The influence of the 
mechanical properties of a metal part on the natural frequencies of the oscillatory system of which 
this part is a part is considered in [14].  

Coatings applied to a surface can change the physical and technical properties of that surface. 
Ensuring the desired properties depends on the quality of the coating, its thickness and uniformity. 
These parameters are controlled when accessing the surface. However, the study of the coating in 
the core of a thin metal rod causes certain difficulties. Therefore, the development of a method for 
detecting coating inhomogeneity on the outer surface of a thin metal rod is an urgent task. 

The aim of the study is to develop a method for excitation and maintenance of mechanical 
vibrations at the frequencies of natural transverse vibrations of a metal rod to assess the change in 
the frequency of these modes when the uniformity of the electrochemical coating on the outer wall 
of this rod changes. The natural vibrations of a mechanical system depend on many parameters 
related to the geometric position and interconnections of the set of points that make up this system. 
One of the most informative methods for studying and identifying mechanical objects is to find 
the parameters of the object's natural oscillations.  

The parameters of natural oscillations depend on the way the rod is mounted. When the rod is 
rigidly mounted at the ends of the rod, the frequencies of the modes with higher amplitudes depend 
more on the length of the rod and less on the unevenness of the coating. The frequency of the 
transverse wobble modes is more sensitive to the method of fixing one end of the rod.  

The studies have shown that in the presence of a continuous coating and without coating, the 
frequencies of transverse vibration modes of a rod fixed at one end are practically the same. The 
presence of an uneven internal coating causes a deviation in the vibration frequencies of transverse 
modes by fractions of a Hz, specifically in the range of tenths or hundredths of a Hz. The accuracy 
of the mode frequency determination depends on the time of signal observation. Therefore, it is 
necessary to excite an oscillation at the frequency of the mode under study and hold this oscillation 
for a sufficiently long time to determine the oscillation frequency with sufficient accuracy. 

2. The model of the system 

The oscillations are excited by generating a mechanical force when an alternating current flows 
in a magnetic field. The system with a rod clamped on one side can be considered an oscillating 
system with many modes. The force applied to excite the rod is distributed across all modes. To 
study the oscillating system's behavior, a set of harmonic forces interacting with the rod to produce 
its velocity must be formed. The force applied causes a velocity increase proportional to the 
impedance at that frequency. 

A proposed approach finds the rod impedance by generating an excitation signal where the 
total velocity of all modes has a predetermined value. The Ampere force is used to displace the 
rod. When current flows through part of the rod in a magnetic field, a mechanical force acts on it, 
causing displacement perpendicular to the magnetic field lines. This rod movement in the 
magnetic field causes the Lorentz force, inducing an electromotive force. So, the mechanical force 
is generated by the current, and the rod's speed is determined by the voltage, which relates to the 
current and speed, setting parameters like maximum current energy used for excitation. The 
excitation process uses digital processing of sampled data. 

The excitation of transverse vibrations of a coated rod is carried out using a broadband signal. 
At frequencies close to natural frequencies, the energy of the broadband signal remains in the form 
of vibrations. After obtaining the signal of the rod's vibration amplitude, frequency bands with 
residual vibrations are identified. Using this result, the spectral density of the broadband signal is 
adjusted for re-excitation in the next iteration. All components of the spectrum contribute to the 
oscillations depending on the distance to the frequency under study. The response is associated 
with an increase in the velocity of the rod at different frequencies. Due to the random appearance 
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of the spectrum under the influence of a noise-like excitation signal, the response spectrum is 
averaged by the resonance characteristic for further processing. 

The differential equation of forced transverse vibrations of an elastic beam with consideration 
of external viscous friction and longitudinal force is: 

𝜌𝐹𝑤ሷ − 𝑏ଶ𝜌𝐹𝑤ሶ + 𝜕ଶ𝜕𝑥ଶ ቆ𝐸𝐼 𝜕ଶ𝑤𝜕𝑥ଶቇ − 𝜕𝜕𝑡 ൬𝑁 𝜕𝑤𝜕𝑥൰ = 𝑞ሺ𝑥, 𝑡ሻ, (1)

where 𝑤 = 𝑤ሺ𝑥, 𝑡ሻ is the deflection function, 𝑞 = 𝑞ሺ𝑥, 𝑡ሻ is the external distributed transverse 
load, 𝑁 = 𝑁ሺ𝑥ሻ is the longitudinal force, 𝐼 = ∬ሺிሻ 𝑧ଶ𝑑𝐹 is axial moment of inertia of the beam 
section, 𝐸 is Young’s modulus, 𝜌 is the density, 𝐹 = 𝐹ሺ𝑥ሻ is the cross-sectional area, 𝑏ଶ𝜌𝐹𝑤ሶ 𝑑𝑥 
external viscous friction force. We put 𝑏ଶ = 0, 𝑁 = 0 above and obtain 𝜌𝐹𝑤ሷ + డమడ௫మ ቀ𝐸𝐼 డమ௪డ௫మቁ =𝑞ሺ𝑥, 𝑡ሻ. Suppose that 𝑞ሺ𝑥, 𝑡ሻ = 0 and the rod is homogeneous. Then the equation has such a form: డర௪డ௫ర + ఘிாூ డమ௪డ୲మ = 0. Its solution can be found by the Fourier method.  

Let us formulate the boundary conditions for this equation. In a rigid fixation for 𝑥 = 0, the 
deflection and angle of rotation of the end are zeros: 

𝑤ሺ0, 𝑡ሻ = 0,    𝜕𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥 |௫ୀ = 0, (2)

and at the free end for 𝑥 = 1, the bending moment and transverse force are zero: 

𝑀 = 𝐸𝐼 𝜕ଶ𝑤ሺ𝑥, 𝑡ሻ𝜕𝑥ଶ ห  𝑥 = 𝑙 = 0,     𝑄 = 𝜕𝜕𝑥 ቆ𝐸𝐼 𝜕ଶ𝑦ሺ𝑥, 𝑡ሻ𝜕𝑥ଶ ቇ ห  𝑥 = 𝑙 = 0. (3)

However, by using linear combinations of trigonometric and hyperbolic functions, the general 
solution to the equation of the corresponding Sturm-Liouville problem can be written in terms of 
such functions: 𝑆ሺ𝛼ሻ = ଵଶ ሺ𝑐ℎ𝛼 + cos𝛼ሻ, 𝑇ሺ𝛼ሻ = ଵଶ ሺ𝑠ℎ𝛼 + sin𝛼ሻ,  𝑈ሺ𝛼ሻ = ଵଶ ሺ𝑐ℎ𝛼 − cos𝛼ሻ, 𝑉ሺ𝛼ሻ = ଵଶ ሺ𝑠ℎ𝛼 − sin𝛼ሻ, that is 𝑤ሺ𝑥ሻ = 𝐴𝑆ሺ𝛼𝑥/𝑙ሻ + 𝐵𝑇ሺ𝛼𝑥/𝑙ሻ + 𝐶𝑈ሺ𝛼𝑥/𝑙ሻ + 𝐷𝑉ሺ𝛼𝑥/𝑙ሻ. 

Given the boundary conditions, a nontrivial solution exists if the determinant of the 
corresponding system of linear homogeneous equations with respect to 𝐴, 𝐵, 𝐶, 𝐷 is zero. In this 
case, we obtain the following nonlinear equations for finding the frequencies of natural vibrations 

of the rod 1 + 𝑐ℎ𝛼cos𝛼 = 0, and the frequency is determined by the formula 𝜈 = ଷగ ⋅ ఈమమ ටாூఘி 

oscillations/min, where 𝑙 is the length of rod. The equation’s roots are searched by Shakhno’s 
method [15]. Here is a brief description of the method. Consider the equation 𝑓ሺ𝑥ሻ = 0. It is 
known that Newton’s method has a quadratic order of convergence of iterations. Its disadvantage 
is the need to analytically find the values of derivatives. Therefore, various modifications of 
Newton’s method are known. In particular, the derivative is often replaced by a difference relation. 
Shakhno S.M. [15] proposed two-stage modification: 

𝑦 = 𝑥 − (2𝑥 − 2𝑥ିଵ)𝑓(𝑥)𝑓(2𝑥 − 𝑥ିଵ) − 𝑓(𝑥ିଵ) , 𝑥ାଵ = 𝑦 − (2𝑦 − 2𝑥)𝑓(𝑦)𝑓(2𝑦 − 𝑥) − 𝑓(𝑥). (4)

In the case of equation 1 + 𝑐ℎ𝛼cos𝛼 = 0 with accuracy 10ି we obtain that 𝛼ଵ = 1.875104, 𝛼ଶ = 4.694091, 𝛼ଷ = 10.995540. 
Now suppose that, in addition to the reference sample, there are two samples with unevenly 

applied coatings. The first is rigidly connected to the free end of the reference rod, and the second 
to the free end of the first. We are interested in answering the following question: is it possible to 
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determine the uniformity of the coating based on the natural vibration frequencies? It can be 
substantiated that in such a system, the natural vibration frequency of the first and second samples 

will be determined by the following formulas 𝜔ଵ,ଶ = ට(భାమ)∓ඥ(భାమ)మିଷభమభ⋅మ . 
Putting 𝑚ଵ = 𝑚(1 + 𝛼), 𝑚ଶ = 𝑚(1 + 𝛼), (𝑚 is the reference mass), we will establish the 

following asymptotic of the ratio of the frequencies of natural oscillations of the two samples: 

𝜔ଶ𝜔ଵ   = ඨ𝑚ଵ + 𝑚ଶ + ඥ(𝑚ଵ + 𝑚ଶ)ଶ − 3𝑚ଵ ⋅ 𝑚ଶ𝑚ଵ + 𝑚ଶ − ඥ(𝑚ଵ + 𝑚ଶ)ଶ − 3𝑚ଵ ⋅ 𝑚ଶ ∼ ቌ1 − 12  𝜀ଶ1 + 12  𝜀ଶቍ
ଵ/ଶ , 𝜀 → 0 . 

The obtained expressions show that it will not be possible to establish the homogeneity of the 
applied coatings analytically through the ratio of the natural oscillation frequencies. 

The principle of operation of the developed device is to pick up the excitation signal, which 
passes through a metal rod in the form of a current. The selection begins with a random signal. 
The current at random frequencies interacts with the magnetic field acting on the rod element and 
moves it. Due to resonance, the energy of the random frequency components remains in the 
oscillating system. The displacement velocity in the form of voltage is sampled and then each of 
the spectral components is averaged. To enhance the excitation at frequencies, close to the 
resonance, another random signal is generated and convolved with the averaged response signal 
characteristic. The discrete signal for excitation of oscillations is formed by the formula  𝑖 = 𝐾 ⋅ 𝑠 + ௨ೋ , where 𝐾 is the coefficient that depends on the difference between the set and 
excited energies,  𝑠 is random values with a normal distribution law, 𝑘 is the coefficient of 
correspondence between the current and the oscillation amplitude, 𝑢 is the result of processing 
the oscillation rate from the previous step, and 𝑛 ∈ ሾ0,𝑁 − 1ሿ. The current is passed through the 
rod for several periods. After that, the voltage 𝑢(𝑡) is recorded and discretized into a discrete set 
of values 𝑢. Using these discrete values, the spectrum of the response signal is searched  𝑈 = ଵଶగ ∑ 𝑢 ⋅ 𝑒ିଶగ⋅⋅ೖಿேିଵୀ . 

The response is associated with an increase in the speed of the string at different frequencies. 
Given the random nature of the spectrum due to the random nature of the excitation signal, the 
response spectrum is averaged by the resonance response for further processing. All components 
of the spectrum, depending on their distance from the frequency under study, contribute to the 
oscillations. The averaged values of the discrete spectral components are sought by the following 
Eq. (6): 

𝑈 =  𝑈 ⋅ 𝑛ଶ𝑘 ⋅ 𝑛 + 𝑗 ⋅ 𝑄 ⋅ (𝑘ଶ − 𝑛ଶ)ே ଶ⁄ ିଵୀଵ , (5)

where 𝑄 is the averaging quality factor. By selecting this coefficient, you can optimize the 
excitation process by changing it from a low value to a high value as the amplitude of oscillations 
increases. For each of the spectral components, the dispersion in time is searched: 

𝐷𝑈 = ඨ 1𝑀ଶ ൣ𝑈 − 𝑈,൧ଶெିଵୀ , (6)

where 𝑈  is the average value of the spectral component for 𝑀 successive excitation cycles, and 𝑈, is the amplitude of the spectral component during the excitation cycles. Based on the found 
spectrum, the average amplitude value is searched for each of the spectral components. After 
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averaging, the time form is searched for 𝑢. The process is repeated until one of the following 
conditions is met: the dispersion of a spectral component has reached a minimum; the maximum 
number of cycles has passed; the energy of the residual vibration in the rod has reached a specified 
value. 

3. Results 

The developed method was used to excite the vibrations of the rod in a magnetic field. The 
natural frequencies of the rod were investigated in the range up to 1 kHz. The block diagram of 
the device for selecting the excitation waveform of the rod is shown in Fig. 1. The voltage 
proportional to the rod movement speed and the excitation current were measured by  
analogue-to-digital converters ADC1 and ADC2. The excitation signal was supplied to the 
voltage-current converter from the output of the digital-to-analog converter DAC1. The noise-like 
signal was generated by a physical noise source, the amplitude of which was controlled by the 
voltage from the output of DAC2. 

 
Fig. 1. Block diagram of the device for excitation of rod vibrations (𝑠ேைூௌா  is the source of a noise-like 

signal, 𝑖 is the excitation current, 𝑖ேைூௌா is the excitation noise current, 𝐾 is the coefficient of influence, 𝑍 
the electrical impedance, 𝑈 is the voltage, 𝑢 is the voltage at the output of the converter, ADC1 is the 

voltage drop signal, ADC2 is the excitation signal, DAC1 is the signal from a digital-to-analog  
converter, DAC2 is the signal of the digital-to-analog converter, 𝑈 → 𝐼 is the voltage  

to current converter, 𝐼 → 𝑈 is the current to voltage converter) 

To investigate the operation of the described method of selecting the excitation signal, a 
numerical experiment was carried out during which the corresponding parameters were selected. 

 
Fig. 2. Results of rod oscillation excitation 

The maximum voltage value was taken: 𝑈 = 2; the impedance at the selected frequency is 
accepted: 𝑍 = 1; force to speed ratio: 𝑘 = 0.7; averaging factor 𝑎 = 0.993. The results of the 
increase in the rod oscillation velocity due to the selection of the excitation signal parameters are 
shown in Fig. 2. The developed method was used to excite the vibrations of the rod in a magnetic 
field. The natural frequencies of the rod were investigated in the range up to 10 kHz. Therefore, 
the sampling frequency was chosen to be 22 kHz. The processing was carried out in frames of 𝑁 = 2000.  
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The graph above shows that at the beginning of the excitation, the random signal generated a 
random rod velocity waveform until modes appeared. After that, the excitation signal was held 
until the velocity increased to a steady-state value.  

4. Conclusions 

A method of excitation of natural vibrations of a metal rod by gradual tuning of the filter 
coefficients, which, using a noise-like signal, forms the spectrum of the excitation signal, has been 
developed, which made it possible to maintain the rod modes for a long time and increase the 
accuracy of measuring the frequencies of transverse vibration modes. A sequence of calculations 
for tuning the excitation signal is proposed and the criteria for the end of the tuning process are 
introduced. The developed research method is verified by means of numerical experiment and 
using laboratory tests when a metal rod is excited by a pinch on one side. 
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