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Abstract. The multi-degree-of-freedom engine mount system presents a coupling issue that 
significantly impacting its vibration isolation performance. Although the optimization theories for 
decoupling 6-degree-of-freedom (6-DOF) and 12-degree-of-freedom (12-DOF) engine mount 
systems are relatively well-developed, previous studies have predominantly focused on engine 
response and often overlook the impact of car body vibrations. To address this gap, this article 
conducts an in-depth investigation into how the elasticity of the car body affects the vibration 
isolation performance of the engine mount system. Initially, the dynamics of the engine mount 
system are modeled with 6 degrees of freedom, incorporating an elastic base with 9 and 12 degrees 
of freedom, respectively. The study then analyzes how body elasticity influences the natural 
frequencies and modal shapes of the engine mount system. Subsequently, the sensitivity of the 
engine mount system is assessed using Isight analysis to evaluate the three directional stiffnesses 
of the mount. Finally, the decoupling optimization of the 12-degree-of-freedom engine mount 
system is performed using the NLPQL (Sequential Quadratic Programming) method. The findings 
indicate that: (1) considering the car body’s influence directly affects the natural characteristics 
and decoupling efficiency of the engine mount system; (2) body elasticity in the Z-direction has 
the greatest impact on the system’s vertical natural frequency; and (3) the NLPQL method 
effectively enhances the decoupling rate of the engine mount system.  
Keywords: engine mount system, natural frequency, formation, NLPQL. 

1. Introduction 

The engine mount system serves as a critical vibration isolation element between the engine 
and the vehicle body, and its performance significantly impacts the vehicle’s noise, vibration, and 
harshness (NVH) characteristics [1]. Historically, studies on engine mount system coupling have 
been based on the assumption of a six-degree-of-freedom engine mount system with its lower 
attachment point connected directly to a rigid foundation [2]. However, with the trend towards 
lightweight automotive designs, this assumption has proven to be inherently limiting. There is a 
growing need to develop more accurate models of engine mounting systems that account for an 
elastic base. 

In designing a powertrain engine mount system, achieving full decoupling under excitation is 
desired. The system is often subjected to specific excitations with a single frequency, treated as a 
pure response system. Decoupling the powertrain engine mount system is crucial for enhancing 
vibration isolation performance. This involves selecting appropriate parameters, such as the 
position, mounting angle, stiffness, and damping characteristics of each engine mount, and 
ensuring proper matching of natural frequencies. 

Consequently, significant research has focused on decoupling and optimizing the design of 
powertrain engine mount systems, particularly rubber engine mounts. Jeong and Singh [3] 
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introduced a torque axis (TRA) decoupling condition for an undamped rubber engine mount 
system and verified this condition. Courteille [4] conducted a multi-objective robust optimization 
of a powertrain engine mount system using a Pareto-based genetic algorithm. Park and Singh [5] 
extended the TRA decoupling theory by addressing powertrain rubber engine mounts with 
proportional and non-proportional damping. They further explored the frequency-varying 
characteristics of hydraulic engine mounts and developed analytical models using transfer 
functions and mechanical modeling methods [6]. Liette [7] advanced this by extending the 
decoupling theory to a 24-degree-of-freedom model to account for coupled powertrain and frame 
effects. Tan [8] proposed a comprehensive vehicle model to optimize parameters for isolating 
vibrations transmitted from the powertrain to the chassis. Angrosch [9] demonstrated the 
effectiveness of implementing two decoupling concepts in multi-body system dynamics 
simulation and optimized engine mount system design based on torque axis decoupling. Ooi [10] 
focused on optimizing engine mount system design by considering the dynamic stiffness and 
damping of rubber mounts to improve model accuracy. Zhou [11] outlined a methodology for 
engine mount system design, including vibration decoupling, simulation analysis, and topology 
optimization, demonstrating its feasibility through experiments. Truong N H [12] and colleagues 
developed hybrid algorithms (HNSGA-III and MOPSO) combining particle swarm optimization 
with genetic algorithms for engine mount system optimization. Cai [13] employed Chebyshev 
polynomials and the vertex method to analyze and optimize the system’s natural characteristics. 
Lü [14] proposed a new reliability analysis method incorporating correlation and interval variables 
to assess the impact of uncertain information on system output. Wu [15] decoupled and optimized 
a 12-degree-of-freedom engine mount system using Isight and MATLAB, based on Hu’s [16] 
theory of complete decoupling of the elastic base torque axis. Additionally, Lee [17] investigated 
whether car body elasticity should be considered in engine mount system decoupling for 
comparative analysis. 

Analytical studies on the coupling characteristics of engine mounts that consider elastic bases 
are limited. Most existing research focuses on the differences in natural frequencies between 
engine mount systems with 6 degrees of freedom (6-DOF) and those with 9 or 13 degrees of 
freedom. In this paper, we derive the dynamic models for engine mount systems with 6, 9, and 12 
degrees of freedom, including cases with a rigid base and an elastic base at the lower attachment 
point of the engine mount. The natural frequencies for these models are computed using 
parameters provided by an original equipment manufacturer. First, we compare the natural 
frequencies of a 9-degree-of-freedom engine mount system with the lower attachment point 
connected to a rigid versus an elastic foundation. The comparison reveals that the most significant 
differences in natural frequencies are observed in the vertical direction. When comparing with the 
12-degree-of-freedom engine mount system with an elastic base, significant changes are noted 
across all six directions. Next, we compare the 6-degree-of-freedom engine mount system with a 
rigid base to the 12-degree-of-freedom engine mount system with an elastic base, analyzing each 
mode of vibration. The study also examines how varying the three-point engine mount stiffness 
by factors of 0.1, 0.5, 1, 2, 5, and 10 affects the natural frequency of the engine mount system, 
highlighting the sensitivity of the natural frequencies to changes in stiffness in different directions. 
Finally, we apply the NLPQL algorithm for multi-objective optimization, using the stiffness and 
mounting position of the engine mount as design variables. The optimization aims to maximize 
the decoupling rate for each vibration mode and minimize the displacement response of the 
vehicle’s center of mass. The numerical results demonstrate that, when considering body coupling, 
the proposed optimization method effectively addresses the engine mount system coupling 
problem and significantly improves the decoupling rate across different vibration modes. 

2. Modeling of engine mount system 

The generalized coordinates of the fuel-fired four-cylinder engine are denoted as  𝑞௘ሺ𝑡ሻ = [𝑥௣ 𝑦௣ 𝑧௣ 𝜃௣௫ 𝜃௣௬ 𝜃௣௭], where 𝑥௣, 𝑦௣, and 𝑧௣ represent the engine’s translational 
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movements along the three coordinate axes, and 𝜃௣௫, 𝜃௣௬, and 𝜃௣௭ denote the rotational 
movements around these axes. The 6-degree-of-freedom (6-DOF) engine mounting system is 
illustrated in Fig. 1. 

 
Fig. 1. 6-degree-of-freedom engine mount system 

The stiffness 𝐾௠௜ and damping 𝐶௠௜ of the 𝑖th engine mount element in local coordinates are 
shown in Eq. (1): 

𝐾௠௜ = ൥𝑘௨௜ 0 00 𝑘௩௜ 00 0 𝑘௪௜൩ ,     𝐶௠௜ = ൥𝑐௨௜ 0 00 𝑐௩௜ 00 0 𝑐௪௜൩. (1)

The local engine mount stiffness matrix 𝐾௠௜ and damping matrix 𝐶௠௜ are transformed into the 
engine coordinates 𝑂௣-𝑋௣-𝑌௣-𝑍௣ using the rotation matrix 𝑇. In these engine coordinates, the 
stiffness matrix and damping matrix are represented as shown in Eq. (2): 

𝐾௜ = 𝑇𝐾௠௜𝑇் = ቎𝑘௫௫ 𝑘௫௬ 𝑘௫௭𝑘௫௬ 𝑘௬௬ 𝑘௬௭𝑘௫௭ 𝑘௬௭ 𝑘௭௭ ቏ ,     𝐶௜ = 𝑇𝐶௠௜𝑇் = ൥𝑐௫௫ 𝑐௫௬ 𝑐௫௭𝑐௫௬ 𝑐௬௬ 𝑐௬௭𝑐௫௭ 𝑐௬௭ 𝑐௭௭ ൩. (2)

The rotation matrix 𝑇 is shown in Eq. (3): 

𝑇 = ൥cos𝛼௨௜ cos𝛽௨௜ cos𝛾௨௜cos𝛼௩௜ cos𝛽௩௜ cos𝛾௩௜cos𝛼௪௜ cos𝛽௪௜ cos𝛾௪௜൩. (3)

Therefore, the 𝑖th engine mount element translational displacement of see Eq. (4): 𝑞௜௘ሺ𝑡ሻ = 𝑥௣ + 𝑦௣ + 𝑧௣ + ൫𝜃௫௣ + 𝜃௬௣ + 𝜃௭௣൯ × 𝑢௜௘ . (4)𝑢௜௘ = [𝑥௜௘𝑦௜௘𝑧௜௘]் is the position of the 𝑖th engine mount element relative to the center of 
mass of the four-cylinder engine. 

Then Eq. (4) can be rewritten as Eq. (5): 𝑞௜௘ሺ𝑡ሻ = 𝑡௥௣ + 𝑡ఏ௣ × 𝑢௜௘ . (5)

The equation, 𝑡௥௣ = [𝑥௣𝑦௣𝑧௣], 𝑡ఏ௣ = [𝜃௫௣𝜃௬௣𝜃௭௣]. 
Using the diagonal matrix method to represent the second term of the right-hand side of the 

Eq. (5) by cross-multiplication, Eq. (5) can be expressed as Eq. (6): 
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𝑞௜௘ሺ𝑡ሻ = 𝑡௥௣ + 𝐴௜௘𝑡ఏ௣, (6)

where, the matrix 𝐴௜௘see Eq. (7): 

𝐴௜௘ = ቎ 0 𝑧௜௘ −𝑦௜௘−𝑧௜௘ 0 𝑥௜௘𝑦௜௘ −𝑥௜௘ 0 ቏. (7)

Solve for the displacement 𝑞௜௘ሺ𝑡ሻ of the 𝑖th engine mount element according to Eqs. (5-7) See 
Eq. (8): 𝑞௜௘ሺ𝑡ሻ = 𝑃௜௘𝑞௘ሺ𝑡ሻ, (8)

where, 𝑃௜௘ is shown in Eq. (9): 

𝑃௜௘ = ቎1 0 0 0 𝑧௜௘ −𝑦௜௘0 1 0 −𝑧௜௘ 0 𝑥௜௘0 0 1 𝑦௜௘ −𝑥௜௘ 0 ቏. (9)

Based on the above derivation the force 𝑓௜௘ሺ𝑡ሻ and moment 𝑇௜௘ሺ𝑡ሻ acting on the engine for the 𝑖th engine mount can be obtained as: 𝑓௜௘ሺ𝑡ሻ = −𝐾௜𝑃௜௘𝑞௘ሺ𝑡ሻ, (10)𝑇௜௘ሺ𝑡ሻ = −𝐴௜௘೅𝑓௜௘ሺ𝑡ሻ = 𝐴௜௘𝑓௜௘ሺ𝑡ሻ. (11)

Combining Eqs. (10-11) yields the final vibration differential Eq. (12) for the six-degree-of-
freedom engine mount system: 𝑀௘𝑞ሷ ௘ሺ𝑡ሻ + 𝐶௘𝑞ሶ ௘ሺ𝑡ሻ + 𝐾௘𝑞௘ሺ𝑡ሻ = 𝑓௘ሺ𝑡ሻ, (12)

where, the mass matrix 𝑀௘, the stiffness matrix 𝐾௘, and the damping matrix 𝐶௘ see Eqs. (13-14): 

𝑀௘ =
⎣⎢⎢
⎢⎢⎢
⎡𝑚௘ 0 0 0 0 00 𝑚௘ 0 0 0 00 0 𝑚௘ 0 0 00 0 0 𝐼௫௫௘ −𝐼௫௬௘ −𝐼௫௭௘0 0 0 −𝐼௫௬௘ 𝐼௬௬௘ −𝐼௬௭௘0 0 0 −𝐼௫௭௘ −𝐼௬௭௘ 𝐼௭௭௘ ⎦⎥⎥

⎥⎥⎥
⎤, (13)

𝐾௘ = ෍ 𝑃௜௘೅𝐾௜𝑃௜௘ଷ௜ୀଵ ,      𝐶௘ = ෍ 𝑃௜௘೅𝐶௜𝑃௜௘ଷ௜ୀଵ , (14)

where, 𝑚௘ and 𝐼௘௫௫, 𝐼௘௬௬, 𝐼௘௭௭, 𝐼௘௫௬, 𝐼௘௫௭, 𝐼௘௬௭ denote the mass and the corresponding inertia of 
the engine, respectively. 

2.1. 12-degree-of-freedom and 9-degree-of-freedom engine mount systems 

The 12-degree-of-freedom engine mount system, comprising a rigid car body and four 
bushings, is illustrated in Fig. 2. The body coordinates for the 12-degree-of-freedom system are 
denoted as 𝑞௖ሺ𝑡ሻ = [𝑥௕,𝑦௕ , 𝑧௕,𝜃௫௕,𝜃௬௕,𝜃௭௕], where 𝑥௕, 𝑦௕, and 𝑧௕ represent the translational 
movements of the car body along the coordinate axes, and 𝜃௫௕, 𝜃௬௕, and 𝜃௭௕ denote its rotational 
movements around these axes. The displacement of the 𝑖-th engine mount element relative to the 
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car body is given by 𝑢௜௖ = [𝑥௜௖ ,𝑦௜௖ , 𝑧௜௖]. The displacement of the 𝑖th engine mount element with 
respect to the car body is described by 𝑞௜௖ሺ𝑡ሻ, as given in Eq. (15): 𝑞௜௖ሺ𝑡ሻ = 𝑃௜௖𝑞௖ሺ𝑡ሻ. (15)

where, 𝑃௜௖ is denoted see Eq. (16): 

𝑃௜௖ = ቎1 0 0 0 𝑧௜௖ −𝑦௜௖0 1 0 −𝑧௜௖ 0 𝑥௜௖0 0 1 𝑦௜௖ −𝑥௜௖ 0 ቏. (16)

 
Fig. 2. 12-degree-of-freedom engine mount system 

The forces 𝑓௜௘ሺ𝑡ሻ, 𝑓௜௖ሺ𝑡ሻ acting on the four-cylinder engine and the car body by the 𝑖th engine 
mount element can be solved in conjunction with Fig. 2 see Eqs. (17-18): 𝑓௜௘ሺ𝑡ሻ = −𝐾௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ − 𝐶௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ + 𝐾௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ + 𝐶௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ, (17)𝑓௜௖ሺ𝑡ሻ = −𝐾௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ − 𝐶௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ + 𝐾௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ + 𝐶௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ. (18)

The moments 𝑇௜௘ሺ𝑡ሻ, 𝑇௜௖ሺ𝑡ሻ of the 𝑖th engine mount acting on the four-cylinder engine and the 
car body are shown in Eqs. (19-20): 𝑇௜௘ሺ𝑡ሻ = 𝐴௜௘𝐾௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ + 𝐴௜௘𝐶௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ − 𝐴௜௘𝐾௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ − 𝐴௜௘𝐶௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ, (19)𝑇௜௖ሺ𝑡ሻ = 𝐴௜௖𝐾௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ + 𝐴௜௖𝐶௜𝑃௜௖೅𝑞௖ሺ𝑡ሻ − 𝐴௜௖𝐾௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ − 𝐴௜௖𝐶௜𝑃௜௘೅𝑞௘ሺ𝑡ሻ. (20)

The forces and moments 𝑓௞௖ሺ𝑡ሻ, 𝑇௞௖ሺ𝑡ሻ acting on the car body by the 𝑘th bushing are given in 
Eqs. (21-22): 𝑓௞௖ሺ𝑡ሻ = −𝐾௞௖𝑃௞௖೅𝑞௖ሺ𝑡ሻ, (21)𝑇௞௖ሺ𝑡ሻ = 𝐴௞௖𝐾௞௖𝑃௞௖೅𝑞௖ሺ𝑡ሻ, (22)

where the matrix 𝐴௜௘ is the same as Eq. (7), and the skew-symmetric matrices 𝐴௜௖, 𝐴௞௖ and the 
matrix 𝑃௞௖ are represented as follows in Eqs. (23-25): 

𝐴௜௖ = ቎ 0 𝑧௜௖ −𝑦௜௖−𝑧௜௖ 0 𝑥௜௖𝑦௜௖ −𝑥௜௖ 0 ቏, (23)

𝐴௞௖ = ቎ 0 𝑧௞௖ −𝑦௞௖−𝑧௞௖ 0 𝑥௞௖𝑦௞௖ −𝑥௞௖ 0 ቏, (24)
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𝑃௜௞௖ = ቎1 0 0 0 𝑧௜௞௕ −𝑦௜௞௕0 1 0 −𝑧௜௞௕ 0 𝑥௜௞௕0 0 1 𝑦௜௞௕ −𝑥௜௞௕ 0 ቏, (25)

where 𝑥௞௖, 𝑦௞௖, 𝑧௞௖ is the position of the 𝑘th bushing element in the car body center of mass 
coordinates. Therefore, the stiffness and damping matrices 𝑘௖, 𝑐௖ of individual bushings in their 
respective local coordinates are shown in Eq. (26): 

𝑘௖ = ቎𝑘௫௞ 0 00 𝑘௬௞ 00 0 𝑘௭௞቏ ,     𝑐௖ = ቎𝑐௫௞ 0 00 𝑐௬௞ 00 0 𝑐௭௞቏. (26)

The stiffness matrix 𝐾௞௖ and damping matrix 𝐶௞௖ for the 𝑘th bushing in body coordinates are 
shown in Eq. (27): 𝐾௞௖ = 𝑃௞௖𝑘௖𝑃௞௖೅ ,        𝐶௞௖ = 𝑃௞௖𝑐௖𝑃௞௖೅ . (27)

The stiffness matrix and damping matrix of the car body consisting of 4 bushings are shown 
in Eq. (28): 

𝐾௖ = ෍ 𝐾௞௖ସ௞ୀଵ ,       𝐶௖ = ෍ 𝐶௞௖ସ௞ୀଵ . (28)

Therefore, the vibration differential equation for the 12-degree-of-freedom engine mount 
system is Eq. (29): 𝑀𝑞ሷሺ𝑡ሻ + 𝐶𝑞ሶ ሺ𝑡ሻ + 𝐾𝑞ሺ𝑡ሻ = 𝑓ሺ𝑡ሻ, (29)

where, 𝑀 is the mass matrix of the engine mount system of the 12-degree-of-freedom engine, 𝐶 
is the damping matrix, 𝐾 is the stiffness matrix, and 𝑓ሺ𝑡ሻ is the input excitation. Where, the 
matrices 𝑀, 𝐾, 𝐶, see Eqs. (30-34): 𝑀 = ൤𝑀௘ 00 𝑀௖൨, (30)𝐶 = ቂ 𝐶௘ −𝐶௘→௖−𝐶௖→௘ 𝐶௖ + 𝐶௖ଵቃ ,     𝐶௘→௖ = 𝐶௖→௘ = ෍ 𝑃௜௘೅𝐶௜ଷ௜ୀଵ 𝑃௜௖ ,     𝐶௖ଵ = ෍ 𝑃௜௖೅ଷ௜ୀଵ 𝐶௜𝑃௜௖ , (31)𝐾 = ቂ 𝐾௘ −𝐾௘→௖−𝐾௖→௘ 𝐾௖ + 𝐾௖ଵቃ ,     𝐾௘→௖ = 𝐾௖→௘ = ෍ 𝑃௜௘೅𝐾௜ଷ௜ୀଵ 𝑃௜௖ ,     𝐾௖ଵ = ෍ 𝑃௜௖೅ଷ௜ୀଵ 𝐾௜𝑃௜௖, (32)𝑓ሺ𝑡ሻ = ൤𝑓௘ሺ𝑡ሻ𝑓௖ሺ𝑡ሻ൨, (33)

𝑀௖ =
⎣⎢⎢
⎢⎢⎢
⎡𝑚௖ 0 0 0 0 00 𝑚௖ 0 0 0 00 0 𝑚௖ 0 0 00 0 0 𝐼௫௫௖ −𝐼௫௬௖ −𝐼௫௭௖0 0 0 −𝐼௫௬௖ 𝐼௬௬௖ −𝐼௬௭௖0 0 0 −𝐼௫௭௖ −𝐼௬௭௖ 𝐼௭௭௖ ⎦⎥⎥

⎥⎥⎥
⎤, (34)

where, 𝐾௘→௖, 𝐶௖→௘, 𝐾௖→௘, 𝐶௘→௖ are the coupling stiffness matrix and damping matrix between 
the engine and the car body, 𝑓௘ሺ𝑡ሻ, 𝑓௖ሺ𝑡ሻ are the engine excitation and road excitation, and 𝑀௖ is 
the car body mass matrix. 

When only nine degrees of freedom are considered, only the 𝑋 and 𝑌 directions and the 
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vertical direction of the car body are considered in the engine mount system. In this case, the 
matrices 𝑃௜௖ and 𝑃௜௞௖ of the 12-degree-of-freedom-based engine mount system are: 

𝑃௜௖ = ቎1 0 −𝑦௜௖0 −𝑧௜௖ 𝑥௜௖0 𝑦௜௖ 0 ቏ ,     𝑃௜௞௖ = ቎1 0 𝑧௜௞௕0 −𝑧௜௞௕ 00 𝑦௜௞௕ −𝑥௜௞௕ ቏. (35)

2.2. Natural frequencies and decoupling rates for 6-degree-of-freedom, 9-degree-of-
freedom, and 12-degree-of-freedom engine mount systems 

The differential equations for the dynamics of the 6-degree-of-freedom, 9-degree-of-freedom, 
and 12-degree-of-freedom engine mount systems are treated as undamped forms, see  
Eqs. (36-37): 𝑀௘𝑞ሷ ௘(𝑡) + 𝐾௘𝑞௘(𝑡) = 0, (36)𝑀𝑞ሷ(𝑡) + 𝐾𝑞(𝑡) = 0. (37)

Set the solution of Eq. (36-37) as 𝑋(௘) = 𝐴(𝑒)𝑒௝ఠ௧, then the main vibration pattern 𝐴 of the 6-
degree-of-freedom, 9-degree-of-freedom, and 12-degree-of-freedom engine mount systems is 
obtained from Eq. (38): ൣ𝐾(௘) − 𝜔௜ଶ𝑀൧𝐴 = 0. (38)

To verify the accuracy of Eqs. (1-38), the authors validate the mathematical modes of the 9 
degrees of freedom mount system. Combining Eqs. (1-38), the data from the Shangguan [18] 
article are cited to obtain the values of the intrinsic frequency for the first six orders of the 9 
degrees of freedom mount system. Details are shown in Table 1. 

Table 1. Natural frequencies of 9-degree-of-freedom engine mount system 
Directional 9 degree of freedom 9 degree of freedom [18] 𝑋 7.39 7.41 𝑌 7.17 7.24 𝑍 10.48 10.50 𝑅௑௑ 16.39 16.47 𝑅𝑦𝑦 10.26 10.37 𝑅𝑧𝑧 12.23 12.30 

As can be seen from Table 1, the difference between the intrinsic frequency of the 9-degree-
of-freedom mount system obtained by the mathematical formulation derived in the article and that 
obtained by the Shangguan [18] article is very small. Therefore, the accuracy of the mathematical 
formulas derived in this paper is verified. 

The energy approach is used to solve for the energy occupied by each order of the engine 
mount system, corresponding to the decoupling rate of the engine mount system. The parameters 
about the engine mount system are shown in Tables 2 to 6. 

Table 2. Engine and car body related mass and inertia parameters 

 𝑀௘ 
(kg) 

𝐼௫௫ 
(kg.m2) 

𝐼௬௬ 
(kg.m2) 

𝐼௭௭ 
(kg.m2) 

𝐼௫௭ 
(kg.m2) 

𝐼௫௬ 
(kg.m2) 

𝐼௬௭ 
(kg.m2) 

Engine 168.8 14.036 5.8191 10.579 0.428 0.394 0.155 
Car 

body 892.2 264.7 1658.5 2219 –253.2 235 226.4 
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Table 3. Engine center of mass, car body center of mass and position  
of each engine mount in car coordinates (unit: mm) 

Coordinate Engine center of 
gravity 

Car body center of 
gravity 

Left engine 
mount 

Right engine 
mount 

Rear engine 
mount 

X 1400 0 1090.1 1983.4 272.4 
Y -20 0 –150.2 –72.7 337.6 
Z 140 0 355.8 174.1 –114.1 

Table 4. Mounting angle of each engine mount (Unit Deg) 
 Right engine mount Left engine mount Rear engine mount 

Local coordinate 𝑋 𝑌 𝑍 𝑋 𝑌 𝑍 𝑋 𝑌 𝑍 
U 0 90 –90 0 90 –90 0 90 –90 
V –90 0 90 –90 0 90 –90 0 90 
W 90 –90 0 90 –90 0 90 –90 0 

Table 5. Installation position (automotive coordinate system) and stiffness of each bushing 
Bushing 𝑋 / mm 𝑌 / mm 𝑍 / mm Stiffness / N/mm 

Left front bushing 538.80 –748.30 22.80 21.20(X,Y,Z) 
Right front bushing 538.80 748.30 22.80 21.20(X,Y,Z) 
Left rear bushing 3041.10 –741.50 –3.44 20.20(X,Y,Z) 

Right rear bushing 3041.10 741.50 –3.44 20.20(X,Y,Z) 

Table 6. Initial static stiffness of each engine mount 
Engine mount static stiffness (N/mm) 𝑘௨ 𝑘௩ 𝑘௪ 

Left engine mount 400.00 160.00 156.00 
Right engine mount 85.00 166.00 105.00 
Rear engine mount 39.00 176.00 168.00 

Based on the above analysis the 6th order frequency comparison between the 9 degree of 
freedom and 12 degree of freedom engine mount system considering elastic base can be solved as 
follows. 

Table 7. Natural frequencies of 6, 9 and 12 degree of freedom engine mount systems 
Directional 6 degrees of freedom 9 degrees of freedom 12 degrees of freedom 𝑋 6.4363 6.4711 6.9723 𝑌 6.0118 6.0831 8.1630 𝑍 7.0323 9.0520 10.2849 𝑅௑௑ 13.3917 13.4880 13.6062 𝑅௒௒ 12.4801 12.5404 13.0689 𝑅௓௓ 7.8439 7.8392 8.12358 

Table 7 shows that the comparison of 6-degree-of-freedom, 9-degree-of-freedom, and 12-
degree-of-freedom engine mount systems has the greatest influence in the 𝑍-direction, especially 
considering that the 12-degree-of-freedom engine mount system also affects its natural frequency 
in the 𝑌-direction and 𝑅௭௭-direction. Therefore, for the engine mount system, the lower point of 
the engine mount cannot be directly connected to the rigid foundation, and the elastic foundation 
of the car body must be considered. 

3. Modal analysis of engine mount system considering 12-degree-of-freedom elastic base 

3.1. Comparison of formation differences between 6-degree-of-freedom and 12-degree-of-
freedom engine mount systems 

Based on the differential equations describing the dynamics of the 6-degree-of-freedom and 
12-degree-of-freedom engine mount systems presented in the previous section, we solve the 
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corresponding formation equations. The resulting formations for both systems are illustrated in 
Fig. 3. 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 3. Comparison of 6-degree-of-freedom and 12-degree-of-freedom engine mount system formations 

Fig. 3 illustrates the differences between the 6-degree-of-freedom and 12-degree-of-freedom 
engine mount systems as they rotate the formation along and around the three coordinate axes. 
The variables 𝑦, 𝑥, 𝑧, 𝑅௑௑ (pitch), 𝑅௓௓ (droop), and 𝑅௒௒ (sideways inclination) are numbered 
sequentially from 1 to 6 in the graph. The figure demonstrates significant differences in the 
formations of each engine mounting system when considering the elastic base of the body. 
Specifically, the formation in the 𝑋-direction is represented by both the 𝑋-direction and the 𝑅௒௒ 
direction. The maximum variation in the 𝑍-direction is observed in the vertical direction, while 
the 𝑌-direction is represented by the 𝑅௒௒ direction. The pitch direction is associated with the  𝑥-direction, the droop direction is reflected in the 𝑅௓௓ direction, and the sideways inclination is 
represented by both the 𝑥-direction and the 𝑅௓௓ direction. Consequently, treating the engine as a 
six-degree-of-freedom system mounted on a rigid base led to accuracy issues, underscoring the 
necessity of examining it on an elastic base. 

3.2. Sensitivity analysis of three-way stiffness of engine mounts under elastic base 

To facilitate the observation of the impact of engine mount stiffness in three directions on the 
system’s natural frequency, the stiffness is incrementally increased by factors of 0.1, 0.5, 1, 2, 5, 
and 10. This variation allows for the analysis of the natural frequency changes in the engine mount 
system, with the natural frequency of the coupled system being normalized for comparison. 

Fig. 4 shows that by changing the left engine mount, right engine mount, and rear engine mount 
in the 𝑋-direction stiffness, the 𝑋-direction natural frequency of the engine mount coupling system 
increases as the 𝑋-direction stiffness of the engine mount increases. Also, there is some influence 
in the 𝑍 direction. However, the right engine mount and the rear engine mount are more sensitive 
to the natural frequency of the coupled system in the 𝑍-direction relative to the left engine mount. 
The 𝑋-direction stiffness change has almost no change in the other directions of the engine mount 
coupling system's natural frequency. 

The stiffness of the left engine mount in the 𝑌-direction exhibits significant sensitivity to the 𝑌-direction (transverse) natural frequency of the engine mount coupling system. Specifically, 
lower values of 𝑌-direction stiffness are more sensitive to transverse sway and pitch of the coupled 
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system, whereas higher values of stiffness in the 𝑌-direction predominantly influence the lateral 
inclination intrinsic frequency of the system. Despite these variations, changes in 𝑌-direction 
stiffness have minimal impact on the longitudinal and vertical directions of the coupled system, 
as illustrated in Fig. 5(a). 

 
a) 

 
b) 

 
c) 

Fig. 4. Effect of engine mount 𝑋-direction stiffness variation  
on the natural frequency of the engine mount system 

Similarly, increasing the 𝑌-direction stiffness of the right engine mount results in a higher pitch 
natural frequency of the coupled system. However, this adjustment has negligible effects on the 
natural frequencies in the other five directions, as shown in Fig. 5(b). 

The impact of varying the 𝑌-direction stiffness of the rear engine mount on the transverse 
intrinsic frequency of the coupled system mirrors that of the left engine mount, with an increase 
in stiffness leading to a higher transverse frequency. Additionally, lower stiffness values are more 
sensitive to changes in the pitch intrinsic frequency of the coupled system, while having minimal 
effect on the natural frequencies of the remaining four directions, as depicted in Fig. 5(c). 

 
a) 

 
b) 

 
c) 

Fig. 5. Effect of engine mount 𝑌-direction stiffness variation  
on the natural frequency of the engine mount system 

The impact of varying the 𝑍-direction stiffness of the three engine mounts on the coupled 
system’s droop is distinct. Specifically, the left and right engine mounts exhibit greater sensitivity 
to changes in the vertical natural frequency of the coupled system at lower 𝑍-direction stiffness 
values. Conversely, the vertical natural frequency of the coupled system increases with rising 𝑍-direction stiffness values, as indicated in Figs. 6(a) and 6(c). Additionally, the right engine 
mount significantly influences the transverse sway and pitch natural frequencies of the coupled 
system. Notably, at higher stiffness values, the pitch natural frequency of the coupled system 
increases markedly, as illustrated in Fig. 6(b). 

By analyzing the effects of different engine mount stiffnesses on the 12-degree-of-freedom 
elastic base engine coupled system, it is observed that the 𝑍-direction stiffness of the rear engine 
mount has the greatest sensitivity to the vertical natural frequency of the coupled system. In 
contrast, the 𝑍-direction stiffness values of the left and right engine mounts also influence the 
coupled system’s vertical natural frequency, though to a lesser extent. The most significant 
impacts on the lateral sway natural frequency of the coupled system are attributable to the 𝑍-
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direction stiffness of the right engine mount, as well as the 𝑌-direction stiffness values of the left 
and rear engine mounts. Additionally, the 𝑌-direction stiffness of the right engine mount, along 
with the lower 𝑌-direction stiffness of the left engine mount, shows heightened sensitivity to the 
pitch natural frequency of the coupled system. 

 
a) 

 
b) 

 
c) 

Fig. 6. Effect of engine mount Z-direction stiffness variation  
on the natural frequency of the engine mount system 

4. Sensitivity and vibration isolation analysis of engine mount system with 12-degree-of-
freedom elastic base 

4.1. Sensitivity analysis 

Based on the vibration differential equations of a 12-degree-of-freedom engine mount system 
Eq. (29), the sensitivity of the system to variations in engine mount stiffness can be analyzed using 
Isight software. In this analysis, (1) the design variables consist of 12 parameters corresponding 
to the stiffness of each engine mount, and (2) the output responses are the rigid body modal 
frequencies and the decoupling rates. The Pareto plot of the output sensitivity and the 
corresponding results are presented in Fig. 7. 

a) b) c) 

d) e) f) 
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g) h) i) 

j) k) l) 
Fig. 7. Sensitivity of engine mount parameters for each direction 

Before optimizing the engine mounting parameters, it is essential to first determine the value 
range of the design variables. The sensitivity of these variables to the design response varies across 
different value ranges; therefore, sensitivity analysis can identify the intervals with high 
sensitivity, which should be considered for the design variables’ value range. As illustrated in 
Fig. 7, the stiffness of the 12-degree-of-freedom engine mount system exhibits varying 
sensitivities in different directions, directly impacting the system's vibration isolation 
effectiveness. 

4.2. Vibration isolation performance analysis 

According to Eq. (12) and Eq. (29), it is possible to obtain the effect of considering the elastic 
action of the car body on the vibration isolation performance of the engine mount system for the 
same excitation. 

Fig. 8 shows the effect of an elastic car body on the vibration isolation performance of the 
engine mount system. Fig. 8(a) shows the frequency response characteristics of the engine center-
of-mass displacement response in the 𝑥௘ direction considering body elasticity (12-DOF) versus 
(6-DOF) without considering the effect of car body elasticity; Fig. 8(b) shows the frequency 
response characteristics of engine center-of-mass displacement response around𝑦௘direction 
considering body elasticity (12-DOF) and without body elasticity (6-DOF); Fig. 8(c) shows the 
frequency response characteristics of engine center-of-mass displacement response around 𝑧௘ 
direction considering body elasticity (12-DOF) and without body elasticity (6-DOF); Fig. 8(d) 
shows the frequency response characteristics of engine center-of-mass displacement response 
around x direction considering car body elasticity (12-DOF) and without body elasticity (6-DOF); 
and Fig. 8(e) shows the frequency response characteristics of engine center-of-mass displacement 
response around 𝑥 direction considering car body elasticity (12-DOF) and without Fig. 8(d) shows 
the frequency response characteristics of the engine center of mass displacement response in the 
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𝑥-direction with and without considering the body elasticity (6-DOF); Fig. 8(e) shows the 
frequency response characteristics of the engine center of mass displacement response in the 𝑌-direction with and without considering the car body elasticity (12-DOF); Fig. 8(f) shows the 
frequency response characteristics of the engine center of mass displacement response in the 𝑧-direction with and without considering the car body elasticity (6-DOF); and Fig. 8(g) shows the 
frequency response characteristics of the engine center of mass displacement response in the 𝑧-direction with and without considering the car body elasticity (6-DOF). frequency response 
characteristics around the 𝑍-direction. From Fig. 8, the car body elasticity has a great influence on 
the vibration isolation performance of the engine mount system. Meanwhile, the displacement 
frequency response of the engine center of mass of the 12-degree-of-freedom engine mount system 
considering car body elasticity all has two resonance peaks; The 6-degree-of-freedom engine 
mount system without considering the effect of body elasticity has only one resonance peak. This 
is mainly due to the resonance of the body’s intrinsic frequency within 5 Hz, and due to the 
coupling effect between the engine and the car body. 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 8. Effect of elastic car body on vibration isolation performance of engine mount system 

4.3. Decoupling optimization 

The objective of optimizing the engine mount system is to reduce the coupling among different 
modes, appropriately configure the modal frequencies of each mode, and enhance the system's 
vibration isolation performance. To achieve this, this paper focuses on optimizing the 12-degree-
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of-freedom engine suspension system by considering the car body’s impact. The goal is to 
maximize the decoupling rate for the first six modes while minimizing the car body displacement 
response. The following sections describe the design of the objective function, the selection of 
design variables, the setting of constraints, and the choice of optimization algorithms. 

(1) Design of the objective function. 
The object of this study is for a 4-cylinder engine, with the engine 6th order decoupling rate 

maximum and body vibration displacement response as the objective function. The specific 
objective function is designed as the following equation: 𝑀𝑖𝑛𝐹ଵ(𝑥) = 6 − ൫𝑇௫௘ + 𝑇௬௘ + 𝑇௭௘ + 𝑇ఏ௫௘ + 𝑇ఏ௬௘ + 𝑇ఏ௭௘ ൯, (39)𝑀𝑖𝑛𝐹ଶ(𝑥) = 𝑞௖ , (40)

where, 𝑇௫௘, 𝑇௬௘, 𝑇௭௘, 𝑇ఏ௫௘, 𝑇ఏ௨௬௘, 𝑇ఏ௭௘ are the decoupling rates of the 6th order vibration of the 
engine of the 12-degree-of-freedom engine mount system considering the body influence, and 𝑞௖car body displacement response. 

(2) Design variables. 
Engine mount stiffness and mounting position directly affect the degree of coupling of the 

engine mount system. Therefore, engine mount stiffness and mounting position are used as design 
variables for decoupled optimization of the engine mount system. At the same time, the number 
of engine mounts in this study is 𝑛 = 3. The range of values selected for the specific engine mount 
stiffness and mounting position are shown below. 

Left engine mounting location: 1080.1 < 𝑥ଵ < 1100.1,      − 160.2 < 𝑦ଵ < −140.2,      262.4 < 𝑧ଵ < 282.4. 
Right engine mount mounting position: 1973.4 < 𝑥ଶ < 1993.4,      − 82.7 < 𝑦ଶ < −62.7,      327.6 < 𝑧ଶ < 347.6. 
Rear engine mount mounting location: 1339.5 < 𝑥ଷ < 1359.5,       164.1 < 𝑦ଷ < 184.1,      − 124.1 < 𝑧ଷ < −104.1. 
Left engine mount stiffness: 28 < 𝐾𝑢ଵ < 52,      112 < 𝐾𝑣ଵ < 208,      109.2 < 𝐾𝑤ଵ < 202.8. 
Right engine mount stiffness: 59.5 < 𝐾𝑢ଶ < 110.5,      116.2 < 𝐾𝑣ଶ < 215.8,       73.5 < 𝐾𝑤ଶ < 136.5. 
Rear engine mount stiffness: 27.3 < 𝐾𝑢ଷ < 50.7,       123.2 < 𝐾𝑣ଷ < 228.8,      117.6 < 𝐾𝑤ଷ < 218.4. 
(3) Constraints. 
The idle speed of the 4-cylinder engine is 750 r/min, which corresponds to an excitation 

frequency of 25 Hz. Consequently, to avoid resonance, the natural frequency around the crankshaft 
should be less than 1/√2 times the idle excitation frequency, which is approximately 17 Hz. To 
prevent resonance, the natural frequencies of the engine mounting system must not coincide with 
each other, the intrinsic body frequency (1-3 Hz), or the unsprung mass beating frequency  
(15-18 Hz). Therefore, the frequency range of the first six modes of the 12-degree-of-freedom 
engine mount system, considering the influence of the car body, should be controlled between 5 
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and 15 Hz. Additionally, the modal frequencies of the engine mount system should be spaced at 
least 1 Hz apart to avoid overlap. In summary, the mathematical model for optimizing the 
decoupling of the 12-degree-of-freedom engine mount system is established with these 
considerations: 𝑀𝑖𝑛𝐹ଵ(𝑥) = 6 − ൫𝑇௫௘ + 𝑇௬௘ + 𝑇௭௘ + 𝑇ఏ௫௘ + 𝑇ఏ௬௘ + 𝑇ఏ௭௘ ൯, (41)𝑀𝑖𝑛𝐹ଶ(𝑥) = 𝑞௖ , (42)𝑠. 𝑡.      5 Hz < 𝑓௜ < 15 Hz,        𝑖 = 𝑥,𝑦, 𝑧,𝜃௫,𝜃௬,𝜃୸. (43)

(4) Optimization methods. 
The NLPQL algorithm has a fast convergence speed for multi-objective optimization 

problems, and good results are obtained by applying NLPQL to the decoupled optimization of the 
engine mount system. Therefore, the optimization algorithm of the 12-degree-of-freedom engine 
mount system considering the body displacement response adopts the NLPQL algorithm. The 
specific steps are: (1) Prepare the program to solve the decoupling degree and intrinsic frequency 
of the 12-degree-of-freedom system as well as the vibration displacement response of the body; 
(2) Set up the input/output variables, constraints, optimization objective, and optimization 
algorithm in the software; and (3) Select NLPQL as the optimization algorithm to obtain the 
maximum value of the decoupling rate of the engine in the 6th order as well as the minimum value 
of the vibration displacement response of the car body. 

 
Fig. 9. Comparison of decoupling ratio of each order of engine mount system before and after optimization 

4.4. Analysis of optimization results 

Fig. 9 shows that the decoupling rate of the engine mount system in the 𝑋-direction increases 
from 79.99 % to 80.505 %; the decoupling rate of the engine mount system in the 𝑌-direction 
increases from 61.745 % to 70.594; and the decoupling rate of the engine mount system in the 𝑧-direction increases from 69.463 % to 70.438 %; similarly, the decoupling rate of the engine 
mount system around the 𝑋-direction increases from the original 88.927 % to 90.013 %; the 
decoupling rate of the engine mount system around the 𝑌-direction increased from 93.902 % to 
98.017 %; and in the engine mount system around the 𝑍-direction the decoupling rate increased 
from 77.445 % to 95.407 %. 
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5. Conclusions 

The main innovation of the article is the introduction of engine excitation and the consideration 
of body vibration for the decoupled optimization design of the 12 DOF mount system. In the 
article, the NLPQL algorithm for 12 DOF mount systems with maximum mount decoupling ratio 
and minimum engine displacement response is simultaneously considered to optimize the 
suspension position and stiffness to achieve the best vibration isolation performance of the mount 
system. The dynamics of engine mount systems with 6 degrees of freedom (DOF), 9 DOF, and 12 
DOF have been modeled. The intrinsic frequencies, corresponding mode shapes, and decoupling 
rates of these systems are analyzed. A comparative study investigates the differences in natural 
frequencies among the 6-DOF, 9-DOF, and 12-DOF engine mount systems. The 12-DOF engine 
mount system, which demonstrates the highest decoupling rate in the first six modes and the lowest 
displacement response of the car body, is chosen as the target for multi-objective optimization. In 
this optimization, engine mount stiffness and mounting position are treated as design variables. It 
is shown that connecting the lower point of the engine mount directly to a rigid foundation 
improves the accuracy of the results. A comparison between the traditional 6-DOF system and the 
12-DOF engine mount system with an elastic foundation reveals significant differences in the 
sixth mode. Variations in the stiffness of the 3-point engine mount, including the stiffness values 
in the 𝑋-, 𝑌-, and 𝑍-directions, significantly influence the system’s sensitivity to each natural 
frequency mode. Furthermore, the decoupling rate of each mode in the 12-DOF engine mount 
system is significantly enhanced by employing the NLPQL algorithm. 
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