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Abstract. The research explores the influence of sampling frequency on the amplitude analysis
error for signals with diverse functional forms, and delineates the approach for ascertaining the
optimal sampling frequency for amplitude analysis of signals under dynamic monitoring. A
method for determining the sampling frequency of amplitude analysis based on the maximum
error criterion is proposed through theoretical derivation of sine function and its composite forms.
The correctness of the proposed method is further verified through numerical simulation analysis
using MATLAB software. The results indicate that the Nyquist sampling criterion does not meet
the precision requirements for amplitude analysis; the impact of odd multiples and even multiples
sampling frequencies on the accuracy of signal amplitude analysis is different; the maximum
amplitude error is closely related to the order of the signal; and the even multiples sampling
frequency is more reasonable for amplitude analysis. The proposed sampling frequency
determination method was applied to the construction of dust removal impact testing system and
the fatigue damage analysis of a four-section boom pump truck structure, demonstrating the
feasibility of this method in engineering applications. The research in this paper provides
theoretical and methodological support for the economic collection and efficient processing of
massive condition monitoring signals in engineering practice.

Keywords: condition monitoring, sampling frequency, maximum error, magnitude analysis,
damage analysis, signal sampling criteria.

1. Introduction

Structural health monitoring (SHM) synthesizes expertise from diverse disciplines,
encompassing modern sensor technology, network communication, signal processing, data
management, early warning technology and structural analysis, etc. [1]. The dynamic signals of a
structure usually contain abundant health status information. By collecting and analyzing these
dynamic signals, the safety status, fatigue life, and overall performance of the structure can be
monitored and assessed [2-5]. The sampling frequency exerts a pivotal influence not only on the
precision of dynamic signal analysis but also on the real-time assessment of structural safety and
the forecasting of structural degradation trends. An appropriately selected sampling frequency can
diminish the costs associated with monitoring and enhance the efficiency of data processing.
Excessive sampling frequencies may lead to a dramatic increase in data volume, imposing higher
demands on data acquisition, processing, and storage capabilities of the monitoring system;
insufficient sampling frequencies may fail to preserve the critical points of dynamic monitoring
signals, resulting in significant discrepancies between monitoring outcomes and actual conditions.
Ensuring both the precision of signal analysis and the reliable operation of the monitoring system,
the economic collection of dynamic signals has become a critical issue in state monitoring
systems.

Common signal sampling methods include up-sampling, down-sampling, under-sampling, etc.
[6-8]. Wu [9] focused on the strategy of sampling frequency selection in parameter estimation
under unknown time shift stat. Renner [10] determined the effect of sampling frequency on metrics
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of impact kinetics during landing, walking, and running. Do [11] optimized the sampling
frequency for coastal seawater quality based on mathematical models and natural and human
activities. Hua [12] analyzed the impact of sampling frequency on the time-domain signal
amplitude, and determined the maximum sampling frequency limit of undistorted signals, thereby
providing reference for the determination of the sampling frequency for the real-time monitoring
of the deflection of small-and medium-span bridges. Romagnoli [13] originally sampled at 4 Hz,
then resampled at 2 Hz, 1 Hz, 0.4 Hz and 0.2 Hz, and automatically analyzed using CTG Analyzer.
The results obtained through automatic analysis were compared with visual labeling to obtain the
optimal sampling frequency. Xiao [14] down-sampled the signals with frequencies ranging from
1 Hz to 500 Hz to examine the discrepancies between the original signals and the down-sampled
ones, and the minimum sampling frequency is derived from the results of the study. Saatci [15]
derived the constraint conditions for sampling frequency using the geometric method of bandpass
sampling theorem. This unified structure directly links the geometric method of bandpass
sampling theorem with optimization problems, and verifies the effectiveness of this method in
terms of minimum sampling frequency and computational efficiency through numerical
simulation. Zhuo [16] proposed and evaluated a compressed sensing AE signal acquisition system.
Li [17] proposed a new wavelet based spatiotemporal sparse quaternion dictionary learning
(WSTS-QDL) algorithm for reconstruction of multi-channel vibration data. Ji [18] proposed a
phased array image method based on compressive sampling and data fusion for wireless structural
damage monitoring. Liang [19] chose the random demodulation system is to realize compressive
sensing, and the corresponding hardware and software systems were designed, to compress and
sample signal and reduce the sampling rate and the amount of data at the same time.

In this paper, the impact of sampling frequency on amplitude analysis error is explored on sine
function and its composite forms. A general formula for determining the sampling frequency
based on the maximum error criterion was proposed. Furthermore, the method was applied to the
structural health monitoring of a four-arm concrete pump truck and the construction of a dust
removal impact testing system, and its feasibility has been verified.

2. Generalized sampling theorem

Discrete signals are usually obtained by sampling continuous signals, which only reflect partial
information of the original signal. The selection of sampling frequency is related to the purpose
and accuracy of signal analysis. Frequency domain analysis in engineering generally follows the
Nyquist sampling theorem: the sampling frequency f; must be greater than or equal to twice the
highest frequency f; in the signal, as shown in Eq. (1) [20]:

fs 2 2fo. (1)
To facilitate computer processing, Eq. (2) is generally used:
fi = 2.56f,. 2)

In practical engineering applications, in order to ensure the accurate capture of the frequency
components of the original signal and avoid frequency aliasing, considering that the filter cannot
have ideal cutoff characteristics and there is a certain range of transition bands after the cut-off
frequency f,, generally Eq. (3) is used:

fs 2 B~Dfo. A3)

The above sampling criteria are based on the aliasing problem in frequency domain analysis,
without considering the impact of sampling frequency on the accuracy of time domain analysis.
As shown in Fig. 1(a)-(d), sine signal with natural frequency of 2 Hz is sampled at sampling rates
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of 2 times, 2.56 times, 3 times, and 4 times (4 Hz, 5.12 Hz, 6 Hz, and 8 Hz), and triggered at zero
time, Fig. 1(a) is sampled at 2 times the fundamental frequency, and the peak and valley values of
the sampled signal are both zero; Fig. 1(b) shows a sampling rate of 2.56 times (5.12 Hz), with a
peak value of 0.8819 and a valley value of -0.9808; Fig. 1(c) shows a 3 times (6 Hz) sampling rate
with a peak value of 0.8660 and a valley value of —0.8660; Fig. 1(d) shows a 4 times (8 Hz)
sampling rate with a peak value of 1 and a valley value of —1. The results indicate that the sampled
signals can only partially restore the original signal information, and the higher the sampling
frequency, the more complete the reconstruction of the original information. Therefore, the
Nyquist sampling theorem is the most basic condition to avoid aliasing in the frequency domain.
The examples shown in Fig. 1 illustrate that the Nyquist sampling theorem is difficult to meet the
requirements of time-domain analysis.
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Fig. 1. Example of signal sampling lack fidelity

3. Sampling criterion of maximum amplitude error

Spectrum analysis mainly characterizes the overall frequency domain information of signals,
but it is difficult to express the subtle characteristics. Many signal analyses are based on time-
domain features. For example, the structural alternating stress used for fatigue damage analysis is
a typical sine signal, and structural fatigue damage is the logarithm of the amplitude of the
alternating stress. The larger the amplitude of the alternating stress, the greater the structural
damage caused by each alternating cycle. Therefore, studying the sampling criteria for amplitude
analysis is of great significance for the design and operation of condition monitoring systems
based on time-domain signal analysis.

3.1. Sinusoidal signal

As shown in Fig. 2(a), the frequency of the sine signal is f; and the amplitude is A. If the
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sampling frequency is f;, 4 is the sampling frequency ratio, and the phase angle between two
adjacent sampling points is a (where o = 2771). For the sinusoidal signal in Fig. 2(a), the most ideal

sampling scheme is: when the sampling frequency f; is an even multiple of the original signal
frequency f,, the peaks and valleys of the sinusoidal signal can be precisely captured and the
amplitude of the discrete signal obtained after sampling has zero error compared to the amplitude
of the continuous signal before sampling.

In engineering, the phase relationship between the sampling trigger time and the original signal
is usually random, so it is difficult to simultaneously collect the peak and valley points. As shown
in Fig. 2(b), wherea; + a, = a, a is the phase difference between two consecutive sampling
points, a is the phase difference between the peak point and the previous sampling point, @, is
the phase difference between the peak point and the subsequent sampling point.
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0.5m 1.57 m time(s) 0.5n m 1.5 Lr time(s)

S,
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a) Example of optimal sampling b) Example of general sampling
Fig. 2. Schematic diagram of even sampling ratio

1) If a; < a,, the maximum value after sampling is Sy,.x = S; = Acos(a,), the minimum
value is Spyip = S3 = —S; = —Acos(a;).

2) If a; > a,, the maximum value after sampling is S,,,x = S, = Acos(a,), the minimum
value is Sppin = S, = =S, = —Acos(ay).

3) If ¢y = a, = a/2, the maximum value after sampling is S, = Acos(a/2), the minimum
value is Sy, = —Acos(a/2).

The above analysis indicates that different sampling strategies will result in different maximum
and minimum sampling values. Due to the randomness of sampling, the most conservative method
is to determine the sampling frequency based on the maximum sampling error criterion.

The theoretical derivation approach is as follows: let f = min(a4, @), then g € (0, %), the

maximum value after sampling is Sy,.x = Acos(f), and the minimum value is S;,;, = —Acos(f).
The amplitude relative error after sampling is:
a-1 Asin(5+ﬁ) —Asin(3—”+/3)
2 2 2 — 4)
8y = 1 =1 — cos(B).

Eq. (4) is an increasing function between 0 and % When the sampling frequency ratio is even
multiple, the maximum error of sampling amplitude can be derived from Eq. (4) as follows:

Samax = 1 — cos (%) (5)

The minimum error of sampling amplitude is:
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Samin = 0. (6)

According to Eq. (5), as 4 increases, the maximum amplitude error rapidly decreases; When
A =2, then 8. = 1, indicating that the Nyquist sampling frequency cannot meet the analysis
requirements based on time-domain features. Therefore, signal analysis based on amplitude
characteristic parameters requires higher sampling frequency than that signal analysis based on
frequency spectrum.

3.2. Composite functions of sinusoidal signals

Complex engineering systems generally exhibit nonlinear characteristics and are subject to the
coupling effects of multiple dynamic factors during their operation. Exploring the relationship
between the sampling frequency and error of the composite function of sine signals is of great
significance.

3.2.1. f, = sin™x

For this function, the derivation method for the maximum amplitude sampling error is the same
as the sine signal in Section 3.1. Considering the case where n is an even number, the signal period
is 7 and the amplitude is A/2. For instance, n = 2, then f,, = sinx. The curve of this function is
shown in Fig. 3(a). If the sampling frequency is f;, A is the sampling frequency ratio, and the phase
angle between two adjacent sampling points is «.

According to the derivation method of Eq. (5), the maximum sampling amplitude error can be
obtained as:

=1—{cos™ () — sinn (=
Omax = 1 (cos (2/1) sin (2/1)). (7
The minimum error of sampling amplitude is:
5Amin =0. (8)

For f, = Asin™x, the detailed reasoning process is as follows: If n is odd, then the signal
period is 27 and the amplitude is A. If n = 3, the form of the composite function is f, = sin3x,
the corresponding curve is shown in Fig. 3(b). According to the derivation method of Eq. (5), the
maximum sampling amplitude error can be obtained as:

s
Sax = 1 — coS™ (I) 9)
3.2.2. f(x) = Asin(x) + B
For f(x) = Asin(x) + B, the signal period is 2m and the amplitude is A. Ifa = 1, b = 1, then

f(x) =1 + sin(x), the corresponding curve is shown in the Fig. 3(c), the maximum sampling
amplitude error can be deduced as:

Bamax = 1= cos (). (10)
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Fig. 3. Sampling schematic
4. Numerical simulation
4.1. Sinusoidal signal

At odd sampling frequency ratio, it is impossible to simultaneously collect the maximum and
minimum values of the sinusoidal signal, so deriving the relationship between the sampling
frequency ratio and the maximum amplitude error using theoretical methods is difficult.
Therefore, numerical simulation methods are selected for exploration.

For the sinusoidal signal described in Section 3.1. The numerical simulation approach is as
follows: 1) Change the phase difference between the signal occurrence time and the sampling
trigger time within the range of 0 to . 2) Sample the original signal under each phase difference
condition, and then extract the sampled amplitude. 3) As the phase difference gradually increases
from 0 to «, the sampling amplitude will go through optimal sampling and worst sampling. The
maximum and minimum errors corresponding to each sampling frequency can be extracted. To
ensure the accuracy of simulation analysis, numerical simulations were conducted using
MATLAB software and appropriate sampling intervals were set. For sine signals, the relationship
between the sampling frequency ratio and the relative error of the sampling amplitude is shown in
Fig. 4(a), 4(b):

1) As the sampling frequency ratio increases, the maximum and minimum error curves of the
sampling amplitude decrease in a zigzag pattern and tend towards zero.

2) For the maximum error in sampling amplitude, the error corresponding to the even sampling
frequency ratio is greater than the error corresponding to the adjacent odd sampling frequency
ratio.

3) When the sampling frequency ratio is even multiple, the minimum amplitude error is 0.
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4) Odd multiples of sampling frequency ratio are more optimal considering the maximum
amplitude error, while even multiples of sampling frequency ratio are more optimal considering

the minimum amplitude error.
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Fig. 4. Numerical solution for amplitude error

4.2. Sinusoidal complex function signals

For the sinusoidal composite function signal described in Section 3.2. The method of
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numerical analysis of sine signals in Section 4.1 is also used to explore the composite forms of
sine function. The analysis results are shown in Fig. 4(c), 4(d), 4(e), and 4(f):

1) Forsin™x, When n is an odd number, as the sampling frequency ratio increases, the
maximum amplitude error curve shows a sawtooth shaped and tends to zero. The higher the signal
order, the greater the maximum amplitude error.

2) For sin™x, When n is even, the maximum amplitude error curve shows a decreasing trend,
and the higher the signal order, the greater the maximum amplitude error; When only n = 2, the
maximum amplitude error curve shows a sawtooth shaped decrease and tends towards zero.

3) For f(x) = a + bsin(x), the relationship between the maximum sampling amplitude error
and the sampling frequency ratio is the same as that of a sine signal.

In practical engineering applications, it is difficult to accurately control the sampling trigger
time and signal generation time, and it is not easy to obtain the amplitude sampling result with the
minimum error. Therefore, selecting the sampling frequency based on the maximum error
criterion is more in line with engineering practice.

5. Application example
5.1. Sampling frequency for dust removal impact testing system

Modal analysis was conducted on the hammer impact system (as shown in Fig. 5), and the
first-order natural frequency of the system was 645.67 Hz. During the experiment, the hammer
was raised to a 90° position and released to fall freely. When it fell to 0°, the hammer hit the
impact bar. The impact signal of force sensor installed on the impact rod was sampled at different
fundamental frequency (645 Hz) multiples. The peak value of the impact force at different
sampling frequencies is shown in Table 1, and the impact force waveform is shown in Fig. 6.
Table 1 and Fig. 6 shows that the peak impact force decreases sharply with decreasing sampling
frequency. The actual sampling error and the theoretical maximum sampling error calculated by
Eq. (5) are shown in Table 1 and Fig. 7. Table 1 and Fig. 7 shows that the actual sampling error
and the theoretical maximum sampling error have the same trend. The actual sampling signal
inevitably couples errors caused by other factors, so the actual sampling error is slightly greater
than the theoretical sampling error. The project conducted actual testing with a sampling frequency
of 10 kHz, and both the theoretical and actual sampling errors were less than 5 %, which is an
engineering application of the research results described in this article.

Table 1. Comparison between actual sampling error and theoretical sampling error

Sampling Sampling Sampling peak Theoretical maximum Actual
frequency ratio frequency (kHz) value (KN) sampling error sampling error
46 30 458 0.0011 -

30 20 449 0.0055 0.02
16 10 438 0.0192 0.044
8 5 421 0.0761 0.081
3 2 313 0.25 0317

Impact hammer

Force Sensor
Impulse bar

Dynamic signal
acquisition device

Impact position

Plinth
Fig. 5. Dust removal impact testing system
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5.2. Effect of sampling frequency on the accuracy of fatigue damage analysis
5.2.1. Theoretical analysis of fatigue damage

The fatigue performance of engineering structures is related to the material and structural. The
S-N curve is often used to describe the relationship between the alternating stress amplitude of the
material and its fatigue life [21]:

IgN; = a + blgo;, (11

where a, b are constants, usually determined by experiments; g; is the fatigue strength, which is
the amplitude of the cyclic alternating stress; N; denotes the corresponding fatigue life.
The damage caused by a stress cycle with an amplitude of Eq. (11) is given as:

D, = L 1o-a-tiees (12)
N;

If the even-fold sampling frequency ratio is A, the symmetric cyclic stress amplitude is o,
according to Section 3.1, the stress amplitude corresponding to the maximum amplitude error is:

T

05 = 0,C0S (I) (13)

o5 1s the sampling result of stress cycle amplitude. By substituting Eq. (13) into Eq. (12),
Eq. (14) can be obtained:

T

DS _ 10—a—blg<a'acos(/1)). (14)

Dy is the damage value corresponding to gg. By combining Eq. (12) and (14), the relationship
between the maximum damage error and the sampling frequency ratio A can be obtained:

s
5. = |D0 - Dsl _ DO - Ds _ 10—a—blgaa — 10—a—blg(aacos(7)) (15)
v DO B DO - 10—a-blgoa .
Simplification of Eq. (15) gives:
5, = 1 — 10701e(cos(3)), 16)
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5.2.2. Numerical simulation of fatigue damage error
If the S-N curve of the material is:
IgN; = 12.47 — 3.331go;. (17)

Carried the parameter b = —3.331 in Eq. (17) into Eq. (16):
5D =1— 103.331g(cos(%)). (18)

Fig. 8 shows the relationship curve between 6, and A in Eq. (20), and the results indicate that:

1) As the sampling frequency ratio increases, the maximum fatigue damage error 6, decreases
in a sawtooth pattern and tends to zero.

2) The maximum damage error is greater than the corresponding amplitude error at the same
sampling frequency ratio, so the requirement for sampling frequency in damage analysis is higher
than that in amplitude analysis.

1.0

Maximum sampling amplitude error
***** Maximum sampling damage error

Relative error of sampling amplitude

0.0 1 o v \( \'/\Vj;'"’\1"”\1\-*-—\\/—,-\
5 10 15 20 25 30 3 40 45 50
Sampling frequency ratio

Fig. 8. Damage error versus frequency ratio
5.2.3. Sampling frequency for structural health monitoring of pump truck booms

Taking the four-section arm pump truck in the literature [22] as an example, the proposed
sampling frequency determination method is applied to structural health monitoring system. The
pumping frequency of the pump truck is 0-0.4 Hz, and the first-order natural frequency of its arm
under different deployment postures is 0.39 Hz-0.67 Hz. Therefore, a frequency of 0.67 Hz is
taken as the basis for determining the sampling frequency of the health monitoring system.

The stress of the pump truck arm structure consists of two parts: One part is the long time-range
stresses caused by quasi-static loads such as changes of the pump truck’s boom posture; One part
of the vibration stress is caused by periodic pumping loads, which contains a high frequency
component and requires a high sampling frequency. The vibration stresses include the forced
response to periodic pumping excitation and the free vibration response to pumping impact, which
correspond to the pumping frequency response and the intrinsic frequency of the boom structure,
respectively.

The monitoring strain signals of monitoring points 1# and 2# of the pump truck during a certain
period of time are shown in Fig. 9. According to the Nyquist sampling theorem, a frequency of
2 Hz satisfies the anti-aliasing requirements. The actual sampling error and theoretical sampling
error under different sampling frequencies calculated by Eq. (20) are shown in Table 2 and
Table 3. As can be seen from Table 2 and Table 3, the theoretical maximum sampling error
corresponding to the Nyquist sampling frequency is 0.8898, and the actual sampling error
corresponding to measurement point 2# is 0.1414; when the sampling frequency reaches 20 Hz,
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the theoretical error is less than 5 %, and when the sampling frequency is 50 Hz, the theoretical
error is less than 0.5 %. The actual sampling error is smaller than the theoretical maximum
sampling error. Therefore, it is feasible in engineering to determine a sampling frequency of 50 Hz
based on the maximum error sampling criterion.

Stresses/MPa

250

Stresses/MPa
)
S
8

a
S

100
0

10‘00 15‘00 2600
Time/s Time/s
a) 1# monitoring point b) 2# monitoring point

Fig. 9. Strain course of monitoring point

L L L .
1000 1500 2000 500

500

2500 2500

Table 2. Comparison between actual sampling error
and theoretical sampling error for monitoring points 1#

Sampling Sampling Calculated Theoretical maximum Actual
frequency ratio frequency (Hz) damage values sampling error sampling error
150 100 1.22E-05 0.0017 -
75 50 1.22E-05 0.0034 0
30 20 1.22E-05 0.0412 0
15 10 1.22E-05 0.0808 0
8 5 1.22E-05 0.4551 0
3 2 1.18E-05 0.8898 0.0328
1.5 1 9.95E-06 1 0.1844
0.75 0.5 9.95E-06 1 0.1844
Table 3. Comparison between actual sampling error
and theoretical sampling error for monitoring points 2#
Sampling Sampling Calculated Theoretical maximum Actual
frequency ratio frequency (Hz) damage values sampling error sampling error
150 100 3.96E-05 0.0017 -
75 50 3.96E-05 0.0034 0
30 20 3.96E-05 0.0412 0
15 10 3.86E-05 0.0808 0.0253
8 5 3.40E-05 0.4551 0.1414
3 2 3.40E-05 0.8898 0.1414
1.5 1 1.82E-05 1 0.5400
0.75 0.5 1.55E-05 1 0.6161

6. Conclusions

1) The Nyquist sampling theorem is mainly applied to frequency-domain analysis, which is

the most basic condition to avoid signal aliasing distortion. The Nyquist sampling theorem is

difficult to meet the accuracy requirements of time-domain signal analysis. The requirement for
sampling frequency in amplitude analysis of dynamic signals is higher than that in spectrum
analysis, and the requirement for sampling frequency in structural damage analysis is higher than
that in amplitude analysis.

2) For amplitude and damage analysis, the odd and even multiples of sampling frequency have

different impact on analysis accuracy, and it is more reasonable to use even multiples of sampling

frequency to control the maximum error. For the composite forms of a sinusoidal function, the

11
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higher the order of the dynamic signal, the higher the sampling frequency required for amplitude
analysis.

3) The sampling frequency determination method based on the maximum error criterion is
applied to the health monitoring of a four-arm concrete pump truck and the dust removal impact
testing system, verified the feasibility of the proposed method. The method proposed in this paper
provides a theoretical basis for the controllable precision acquisition and efficient processing of
complex dynamic signals in engineering applications.
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