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Abstract. The work presents a solution to the bending problem of an infinite piecewise 
homogeneous isotropic plate with an elastic circular washer and a radial through straight crack. It 
was assumed that under the action of an external loads at infinity, the edges of the crack are 
smoothly contacted on area of constant width (strip contact) on the upper base of the plate. The 
solution of the problem is built using the methods of the theory of functions of a complex variable 
and complex potentials and is reduced to a system of singular integral equations, which is 
numerically solved using the method of mechanical quadrature A numerical analysis of the 
problem is conducted and graphic dependencies of contact force, coefficients of intensity of 
moments and forces at various parameters of the problem were constructed. 
Keywords: plate, crack, closure, plane problem, bending, linear conjugation, singular equations, 
contact force. 

1. Introduction 

Lamellar structural elements are widely used in various fields of engineering. They may 
contain finite inclusions of a technological nature and during operation, cracks may appear in such 
elements, abruptly reducing the permissible load level that the structure can withstand. It is clear 
from the physical considerations that, under the conditions of plate bending, the crack edges will 
be in contact. Therefore, from scientific and technical task of mechanics it is relevant to develope 
methods that determine the stress-strain state of plates with cracks which edges are in contact 
during bending. One of the main tasks in assessing the strength of a structural element with cracks 
is to determine the coefficients of the intensity of forces and moments, which are used to 
characterize the stress-strain state around the crack peaks, as well as to determine the critical load 
that can be applied to the plate. 

Research on the stress-strain state of plates with cracks during bending using the 
Kirchhoff-Love theory is given in [1-4]. In these works, it was assumed that the edges of the crack 
are in contact along the entire length on the upper or lower base of the plate. Kalthoff J. F., 
Shatsky I. P., Bürgel A. [5] experimentally investigated the contact of crack edges during the 
bending of a plate and confirmed the presence of a membrane component of the stress field near 
the crack, which is a direct consequence of the contact interaction of the crack edges during the 
bending of the plate.  

In the work of J. P. Dempsey, I. I. Shekhtman, and L. I. Slepyan [6], the problem of bending a 
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plate with a through crack, where the edges of the crack are in contact over the height of the plate, 
was the first time analytically solved. The bending of a circular plate with a system of through 
straight cracks, the edges of which are in contact over the height of the plate, is considered in [7]. 
The stress-strain state of a plate with a crack, the edges of which are in contact under the action of 
external load, and on the continuation of which plastic zones were formed, was investigated in 
works [8, 9]. The study of the stress-strain state of bodies with interphase cracks with contact 
zones was carried out in works [10, 11]. The influence of the contact of the edges of a 
thermoisolated interfacial crack under thermomechanical loading on the stress-strain state was 
studied in [12]. The stress-strain state of a beam with a crack, the edges of which are in contact 
and on the continuation of which a plastic zone was formed, was investigated in [13]. Therefore, 
problems of bending plates with a system of cracks, the edges of which are in contact, are relevant. 
The work formulates a model of the smooth contact of the crack edges on area of constant width 
for the bending problem of a piecewise homogeneous plate. This model makes it possible to 
estimate more accurately the influence of a crack on the stress-strain state of the plate and on its 
strength. 

2. Problem statement 

Consider an infinite piecewise homogeneous isotropic plate of thickness 2ℎ with a circular 
interfacial materials separation zone of radius 𝑅 and a radial crack of length 2𝑙, which is free from 
external loading. It is assumed that under the action of bending moments at infinity (Fig. 1(a)) the 
edges of the crack come into smooth contact along the region of constant width (strip contact) on 
the upper base of the plate (Fig. 1(b)). 

 
a) 

 
b) 

Fig. 1. a) The scheme of the plate loading and crack placement and b) the scheme of the crack edge contact  

In the middle plane of the plate, we choose a Cartesian coordinate system 𝑂𝑥𝑦𝑧̃, directing the 
axis 𝑂𝑧̃ perpendicular to it, and the origin of the coordinates 𝑂 coincides with the center of the 
circular washer, and the crack located along the 𝑂𝑥. Additionally, in this plane, we introduce a 
polar coordinate system 𝑟 and 𝜃 with the pole at the point 𝑂 and the polar axis along the 𝑂𝑥. We 
assume that the center of the crack has the coordinate 𝑥଴, where 𝑥଴ ൐ 𝑅 ൅ 𝑙. We associate a 
Cartesian coordinate system 𝑂ଵ𝑥ଵ𝑦ଵ with the crack. Quantities related to the washer will be 
denoted with index 1, and those related to the matrix with index 2. The points of the plane 𝑂𝑥𝑦, 
coinciding with the crack ends will be denoted by 𝑎 and 𝑏, the area in the middle of the circular 
tough washer – as 𝑆ା ሺ𝑆ଵሻ, outside – as 𝑆ି ሺ𝑆ଶሻ, the line where the crack is located – as 𝐿ଵ, and 
the separation boundary of materials – by 𝐿. The distributed bending moments at infinity are 
denoted by 𝑀௫ஶ and 𝑀௬ஶ (Fig. 1(a)). 

Due to the contact of the crack edges, the solution to the problem will be sought in the form of 
solutions of two interrelated problems: the problem of plate bending (classical plate bending 
theory) and the plane problem of elasticity theory under the following boundary conditions: 
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𝜎௬భ௬భ± = −𝑁ሺ2ℎሻ ,     𝜎௫భ௬భ± = 0,     𝑃± = 0,     𝜕௫భሾ𝑢ஈଵሿ + 𝛼ℎൣ𝜕௫భ௬భଶ 𝑤൧ = 0,      𝑀௬భ± = 𝛽ℎ𝑁,     𝑥ଵ ∈ 𝐿ଵ, (1)𝑃௥ଵ = 𝑃௥ଶ,     𝑀௥ଵ = 𝑀௥ଶ,     𝑢௥ଵ = 𝑢௥ଶ,     𝑢ఏଵ = 𝑢ఏଶ,     𝑤ଵ = 𝑤ଶ,     𝜕௥𝑤ଵ = 𝜕௥𝑤ଶ,     𝑥 ∈ 𝐿, (2)

where 𝛼 = 0,5 ⋅ ሺ1 + ሺ1 − 𝛾ሻଶሻ, 𝛽 = 1 − 𝛾 3⁄ , 𝛾 = ℎ ଵ/ℎ, 𝑁 − contact force between the edges 
of the crack; 𝜎௫భ௬భ, 𝜎௬భ௬భ – components of the stress tensor, 𝑢௥௝ and 𝑢ఏ ௝, 𝑢ஈଵ – components of 
the displacement vector in the plane problem; here and henceforth, the index 𝑗 takes two values: 
1 and 2; 𝑤௝ – deflection of the plate, 𝑀௥௝, 𝑀௬భ – bending moments, 𝑃௬భ, 𝑃௥ ௝ – shearing force 
generalized in the sense of Kirchhoff; ሾ𝑓ሿ = 𝑓ା − 𝑓ି, the “+” and “–” signs indicate the boundary 
values of the function when the point of the plane approaches the crack at 𝑦ଵ → ±0,  𝜕௫𝑓 = 𝜕𝑓/𝜕𝑥. 

3. Solution 

Using the complex potentials of the plane problem and the plate bending problem [14], 
satisfying the boundary conditions Eqs. (1)-(2), the solution of the problem is reduced to linear 
conjugation problems, based on which a system of singular integral equations is obtained for the 
unknown displacement jumps 𝐺௝ሺ𝜂ሻ and rotation angle jumps 𝑌௝ሺ𝜂ሻ on the crack edges, which 
takes the form: 

𝑖 ⋅ න ቄ𝑌ଵሺ𝜂ሻ ⋅ 𝐾ሺ𝜂, 𝜉ሻ + 𝑌ଵሺ𝜂ሻ ⋅ 𝐿ሺ𝜂, 𝜉ሻቅ 𝑑𝜂ଵ
ିଵ = 𝑖𝑐ᇱ෩ + 𝑚෥ ⋅ 𝛽ℎ𝑁𝑀௬ஶ + 𝑃ሺ𝜉ሻ,    𝜉 ∈ ሾ−1, 1ሿ,  (3)

නቄ𝐺ଵሺ𝜂ሻ ⋅ 𝑅ሺ𝜂, 𝜉ሻ + 𝐺ଵሺ𝜂ሻ ⋅ 𝑆ሺ𝜂, 𝜉ሻቅ 𝑑𝜂ଵ
ିଵ = −0,5𝜋 ⋅ ℎ𝑁𝑀௬ஶ ,     𝜉 ∈ ሾ−1, 1ሿ, (4)

where: 

𝐾ሺ𝜂, 𝜉ሻ = − 1𝜋 ቊ 𝜅̃ଶ𝜂 − 𝜉 + 𝜆2 ቊ൜𝑔෤𝐴ሚସ ൬1 + 1𝑋ଶ൰ + ൫𝑎෤ − 𝐴ሚହ𝐴ሚଵଷ൯ 12𝑋ଶቋ 1𝑇       + 1𝑇𝑋 − 1 ቊ𝑔෤𝐴ሚସ ቆ𝜅̃ଶ𝑋 − 𝑋 − 3𝑋ଷቇ− 𝐴ሚଷ𝑔෤𝑋ቋ 
      + 𝑔෤𝐴ሚସሺ𝑇𝑋 − 1ሻଶ ൬𝑋 + 4𝑋 − 5𝑋ଷ൰ − 2𝑔෤𝐴ሚସ𝑋 ൬𝑋 − 1𝑋൰ 1ሺ𝑇𝑋 − 1ሻଷቋൡ, 𝐿ሺ𝜂, 𝜉ሻ = − 𝜆2𝜋 ൝1𝑇 ൭𝜅̃ଶ𝑔෤𝐴ሚସ − 1𝑋ଶ ቆ𝐴ሚସ − 𝑎෤2 + 𝐴ሚହ𝐴ሚଵଷ2 ቇ൱ + 𝜅̃ଶ𝑔෤𝐴ሚସ𝑇𝑋 − 1 ൬ 3𝑋ଷ − 𝑋 − 2𝑋൰ 
      + 𝜅̃ଶ𝑔෤𝐴ሚସሺ𝑇𝑋 − 1ሻଶ ൬𝑋 + 1𝑋ଷ − 2𝑋൰ቋ, 𝑃ሺ𝜉ሻ = −𝑚෥ + 𝑔෤𝐴ሚସ 𝐵ᇱ𝑋ଶ ൬𝜅̃ଶ + 1 − 3𝑋ଶ൰ − 2𝐴ሚଵଷ 𝐴𝑋ଶ, 𝑅ሺ𝜂, 𝜉ሻ = 1𝜂 − 𝜉 − 𝜆𝑔𝐴ସ2ሺ𝑇𝑋 − 1ሻ ൜1𝑋 − ൬ 1𝑋ଶ + 1൰ ൜𝑋 + 1𝑋 − ൬𝑋 − 1𝑋൰ 1𝑇𝑋 − 1ൠ       + ൬𝑋 − 1𝑋൰ ൜ 4𝑋ଶ 1𝑇𝑋 − 1 + 2𝑋ଶ − 2𝑋 ൬𝑋 − 1𝑋൰ 1ሺ𝑇𝑋 − 1ሻଶൠቋ + 𝜆𝑔ିଵ𝐴ଷ2𝑋ሺ𝑇𝑋 − 1ሻ + 𝜆𝐴ସ2𝑇 ൬𝐵଼𝑋ଶ − 𝑔൰, 𝑆ሺ𝜂, 𝜉ሻ = −𝜆2 ቊ1𝑇 ൬𝐵ଽ𝑋ଶ + 𝑔𝐴ସ൰ − 𝑔𝐴ସ𝑇𝑋 − 1 ൜𝑋 − 1𝑋ଷ − ൬𝑋 − 1𝑋൰ 1𝑇𝑋 − 1 + 1𝑋ଶ ൬ 1𝑇𝑋 − 1 + 2൰ൠቋ, 
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𝑌ଵሺ𝑡ሻ = 𝑄ଶ𝑄ሺ𝑡ሻ𝑀௬ஶ = 𝑌ଵଵሺ𝑡ሻ + 𝑖𝑌ଵଶሺ𝑡ሻ,     𝐺ଵ(𝑡) = −𝑖ℎଶ(𝑀௬ஶ)ିଵ𝑔ᇱ(𝑙𝜂) = 𝐺ଵଵ(𝜂) + 𝑖𝐺ଵଶ(𝜂), 𝑄௝ = 𝐸௝ℎଷ,     𝐷௝ = 2𝑄௝ ቀ3൫1 − 𝜐௝ଶ൯ቁିଵ ,       𝑚෥ = −ቀ𝐷෩ଶ(1 − 𝜐ଶ)ቁିଵ ,     𝐷෩ଶ = 2൫3(1 − 𝜐ଶଶ)൯ିଵ,  𝜅̃௝ = ൫3 + 𝜐௝൯൫1 − 𝜐௝൯ ,      𝐵 = −1 − 𝜌2 𝑚෥ ,      𝜇௝ = 𝐸௝ቀ2൫1 + 𝜐௝൯ቁ ,      𝜅௝ = ൫3 − 𝜐௝൯൫1 + 𝜐௝൯, 
𝜇෤௝ = 1𝐷௝൫1 − 𝜐௝൯ ,     𝐴 = − 𝜌 + 14𝐷෩ଶ(1 + 𝜐ଶ) ,     𝜌 = 𝑀௫ஶ𝑀௬ஶ,      𝐵′෩ ଵ = 0,     𝐵′෩ ଴ = −𝐴ሚ′ഥ ଴,     𝐴ሚ௝ = 𝜇෤௝ + 𝜇෤ଷି௝𝜅̃௝ ,     𝑔෤ = −𝐴ሚଵ𝐴ሚଶିଵ,      𝐴𝐴ଷ = 𝜇෤ଵ𝜅̃ଶ − 𝜇෤ଶ𝜅̃ଵ,     𝐴𝐴ସ = 𝜇෤ଶ − 𝜇෤ଵ,     𝐴ሚସ = 𝐴𝐴ସ𝐴ሚଵି ଵ,     𝐴ሚଷ = 𝐴𝐴ଷ𝐴ሚଶିଵ, 𝐴ሚହ = 𝜇෤ଶ(1 + 𝜅̃ଵ)𝐴ሚଵି ଵ,     𝐴ሚଵଶ = 𝐴ሚସ − 𝑔෤ିଵ𝐴ሚଷ,     𝑎෤ = 𝐴ሚଷ𝑔෤ିଵ + 𝐴ሚସ,     𝐴ሚଵଷ = 𝐴ሚଵଶ/(1 − 𝐴ሚସ), 𝐵଼ = 𝐴ହ(𝑔ିଵ𝐴ଷ − 1)𝐴଺,     𝐵ଽ = 𝐴ସ + 𝐴ହ൫𝐴ସଶ − 𝑔ିଵ𝐴.ଷ൯𝐴଺,     𝐵ହ = 𝜇ଶ(1 + 𝜅ଶ)𝐴ଵିଵ, 𝐴ሚଷ = 𝜇ଵ𝜅ଶ − 𝜇ଶ𝜅ଵ,     𝐴𝐴ሚସ = 𝜇ଶ − 𝜇ଵ,     𝑔 = −𝐴௔𝐴ଶିଵ,     𝐴ଷ = 𝐴𝐴ሚଷ𝐴ଶିଵ,     𝐴ସ = 𝐴𝐴ሚସ𝐴ଵିଵ, 𝐴𝐴௝ = 𝜇௝ + 𝜇ଷି௝𝜅௝ ,     𝐴଺ = (1 − 𝐴ସଶ)ିଵ,     𝐵଼ = 𝐴ହ(𝑔ିଵ𝐴ଷ − 1)𝐴଺, 𝐵ଽ = 𝐴ସ + 𝐴ହ൫𝐴ସଶ − 𝑔ିଵ𝐴.ଷ൯𝐴଺,     𝐵ହ = 𝜇ଶ(1 + 𝜅ଶ)𝐴ଵିଵ,     𝑇 = 𝑋෨଴ + 𝜆𝜂,     𝑋 = 𝑋෨଴ + 𝜆𝜉, 
where 𝐸௝ – Young’s modulus, 𝜐௝ – Poisson’s ratios; 𝑌ଵଵ(𝑡), 𝑌ଵଶ(𝑡), 𝐺ଵଵ(𝑡) and 𝐺ଵଶ(𝑡) – real 
functions.  

To the Eqs. (3), (4) we add additional conditions: 

න𝑌ଵ(𝜂)𝑑𝜂ଵ
ିଵ = 0,     න𝜂𝑌ଵଵ(𝜂)𝑑𝜂ଵ

ିଵ = 0,     න𝐺ଵ(𝜂)𝑑𝜂ଵ
ିଵ = 0, (5)

which express respectively single-valued rotational angles and deflection of the plate when 
bypassing the contour of each crack. 

From the boundary Eq. (1), we obtain: 

𝐺ଵଵ(𝜂) + 𝛼(1 + 𝜅̃ଶ)(1 + 𝜅ଶ)(1 + 𝜐ଶ)𝑌ଵଶ(𝜂) = 0,     𝜂 ∈ ሾ−1, 1ሿ. (6)

Thus, to determine the unknown functions 𝑌ଵ(𝜂) and 𝐺ଵ(𝜂) we have a system of integral 
Eqs. (3)-(6). 

4. Numerical analysis and conclusions 

A numerical analysis of the problem was carried out, which is presented in Fig. 2-4 at  𝜐ଵ = 𝜐ଶ = 0.3, 𝛾 = 0.13. It should be noted, that the consolidated coefficients of the intensity of 
forces 𝐾ே∗ = 𝐾ே ൫𝑀௬ஶ√𝑙൯⁄  and moments 𝐾ெ∗ = 𝐾ெ ൫𝑀௬ஶ√𝑙൯⁄  are related by the dependence 𝐾ே∗ 𝐾ெ∗⁄ = 3𝛼(1 + 𝜐ଶ) (3 + 𝜐ଶ)⁄ , therefore, we do not provide graphical dependencies for 𝐾ே∗ . 

Fig. 2a illustrates graphical dependence of the consolidated contact force between the edges 
of the crack 𝑁∗ = ℎ𝑁/𝑀௬ஶ on the consolidated coordinate 𝜉 = 𝑥ଵ 𝑅⁄  for 𝑛෤ = 𝐸ଵ/𝐸ଶ = 0.1,  𝜌 = 𝑀௫ஶ/𝑀௬ஶ = 1, 𝑅 = 𝑙. Curve 1 is obtained at 𝜀 = 𝜆 = 1/1.1 (𝜀 = 𝑅/𝑑, 𝜆 = 𝑙/𝑑), curve 2 – at 𝜀 = 𝜆 = 1/1.2, curve 3 – at 𝜀 = 𝜆 = 1/1.5, curve 4 – at 𝜀 = 𝜆 = 1/2, curve 5 – at 𝜀 = 𝜆 = 0. 
As we can see from this figure, as the crack approaches the circular boundary, the magnitude of 
the contact force 𝑁∗ between the edges of the crack increases compared to an isolated crack, and 
for the peak closer to the washer 𝑎 (𝜉 = −1) it is larger than farther from the hole 𝑏 (𝜉 = 1). 
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a) 

 
b) 

Fig. 2. Graphical dependence of the consolidated contact force between the edges of the crack 

Fig. 3 and Fig. 4 shows the graphical dependence for coefficients of the intensity of moments 
at vertices a and b on 𝜀 = 𝑅/𝑑 at 𝑛෤ = 𝐸ଵ/𝐸ଶ = 0.1 and 𝑛෤ = 𝐸ଵ/𝐸ଶ = 10 respectively, when  𝜌 = 𝑀௫ஶ/𝑀௬ஶ = 1. Solid lines represent the curves for coefficients of the intensity of moments, 
obtained, taking into account the contact of the crack edges, dashed lines – without considering 
the contact between the crack edges. Curves 1 are constructed at 𝜆 = 𝑙/𝑑 = 0.2, curves 2 – at  𝜆 = 0.5, curves 3 – at 𝜆 = 0.8. As can be seen from Fig. 4 when 𝑛෤ = 𝐸ଵ/𝐸ଶ = 0.1 coefficients of 
the intensity of moments increases with the increase of the relative radius 𝜀 = 𝑅/𝑑 of the circular 
interfacial materials separation zone, but at 𝑛෤ = 𝐸ଵ/𝐸ଶ = 10 (Fig. 4) coefficients of the intensity 
of moments with the same parameters of the problem decrease with the increase of 𝜀 = 𝑅/𝑑. 

 
Fig. 3. Graphical dependence of the consolidated coefficients of the intensity of moments on 𝜀 for 𝑛෤ = 0.1 

 
Fig. 4. Graphical dependence of the consolidated coefficients of the intensity of moments on 𝜀 for 𝑛෤ = 10 
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