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Abstract. Active Structural Acoustic Control (ASAC) is an effective method for sound radiation 
control. To solve the coupling effect or inconvenience problems existed in the application of 
conventional methods, by utilizing the characteristic of intuitive representation of radiated sound 
power through force radiation modes, the control forces are designed to make the total excitation 
force vector orthogonal to each dominant force radiation mode. Therefore, an ASAC method by 
utilizing force radiation modes is proposed, and detailed theoretical research and numerical 
calculation analysis are carried out. The research results indicate that the control force requirement 
can be intuitively obtained through the force radiation modes, and decoupled control of radiated 
sound power corresponding to each force radiation mode is achieved by the proposed method. 
Thus, the control strategy and system construction can be greatly simplified, and structural 
acoustic radiation can be effectively controlled. 
Keywords: force radiation modes, active structural acoustic control, decoupling, radiated sound 
power. 

1. Introduction 

At present, high-end equipment is increasingly developing in the direction of high speed, 
heavy load, lightweight and extreme operating environment, which brings more serious structural 
vibration and noise problems. In especial, the effective control of low-frequency vibration and 
noise problems is an urgent problem to be solved. Active structural acoustic control (ASAC) is an 
effective acoustic control method with little influence on physical characteristics of the controlled 
system, which can make up for the shortcomings of traditional control methods and has advantages 
of satisfactory control effect in low and medium frequency band.  

Fuller [1] took the lead in the ASAC theoretical study, demonstrating that it was possible to 
suppress the sound radiation of structure by applying secondary force sources to the surface of 
vibrating structure and achieve noise control in the sound field. Wu adopted a structural noise 
reduction approach by simultaneously modifying the structural modal velocity distribution and 
the system capability of disturbance rejection through active left-right eigenvector assignment 
control actions [2]. Bai also proposed an ASAC scheme, in which the left eigenvectors of a closed 
loop system were controlled to be orthogonal with the excitation force vector for the active 
structural acoustic control by use of the dependent modal space control method [3]. By taking 
advantage of the fact that decoupling between structural vibration and acoustic radiation can be 
realized, many scholars have made extensive researches on ASAC based on acoustic radiation 
mode (ARM) and many constructive research results were achieved [4-7]. In recent years, with 
the rapid development of acoustic metamaterial theory, various types of actively tuned acoustic 
metamaterial have also been utilized to conduct ASAC research [8-10], which further enriching 
the theoretical research and engineering application of ASAC. 

From the control target view, the existed ASAC researches can be divided into two categories 
roughly: acoustic power components control by structural mode (SM) and ARM. Because of the 
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coupling relationship between SM and radiated sound power, noise reduction is not assured in SM 
based ASAC methods. For the ARM based ASAC methods, although the decoupling control of 
the radiated acoustic power can be realized, the distribution information of control forces cannot 
be intuitively determined, and there are still some inconvenient problems in practical application. 

Yamaguchi [11, 12] introduced structural admittance matrix to extend the concept of ARM to 
force radiation mode (FRM), and stated out that FRM method was the most effective means to 
analyze the relationship between excitation force distribution and radiated sound power. Ji used 
the FRM to study the influence law of excitation force on structural sound radiation and the design 
of low noise structure [13, 14]. Since the radiated sound power is expressed by the excitation force 
as the variable, FRM represents the relationship between the excitation force and the radiated 
sound power more intuitively, and it is also convenient to obtain the control force distribution 
requirements in ASAC. According to above facts, FRM is introduced into ASAC in this paper, 
relevant theoretical study and numerical simulation are conducted in detail, and an FRM based 
ASAC method is proposed by configuring the control force distribution to make the total 
excitation force vector orthogonal to each dominant FRM. 

2. Theories 

2.1. Basic concepts  

Consider an arbitrary vibrator structure immerged in homogeneous fluid with sound velocity 𝑐 and density 𝜌, radiating in free space at frequency 𝜔. If the vibrating surface is discritized into 𝑁 elements, the surface pressure vector 𝐩 can be expressed by normal velocity vector 𝐯 (𝑒ିఠ௧ 
is assumed for simple form): 𝐩 = 𝐙𝐒𝐯 = ሺ𝐑ᇱ + 𝑗𝐗ᇱሻ𝐒𝐯, (1)

where, 𝑗 = √−1, 𝐩 and 𝐯 are (𝑁 × 1) vectors of surface pressure and normal velocity on the 
discritized vibrating boundary surface respectively, 𝐒 is an (𝑁 × 𝑁) diagonal matrix with area of 
the 𝑖-th element 𝑠 (𝑖 = 1,2, … ,𝑁) in diagonal position, 𝐙 is an (𝑁 × 𝑁) impedance matrix of the 
vibrating structure surface with real part matrix 𝐑ᇱ and imaginary part matrix 𝐗ᇱ. 

The radiated sound power 𝑊 can be obtained by surface pressure 𝐩 and normal velocity 𝐯: 

𝑊 = 14 ሾ𝐩𝐒𝐯∗ + 𝐩ୌ𝐒𝐯ሿ, (2)

where, superscript “*”, “T” and “H” denote conjugate transpose and conjugate transpose operator 
respectively.  

Substituting Eq. (1) into Eq. (2), then the radiated sound power 𝑊 can be obtained as: 

𝑊 = 12 𝐯ୌ𝐒𝐑ᇱ𝐒𝐯 = 𝐯ୌ𝐑𝐯, (3)

where 𝐑 = 𝐒𝐑ᇱ𝐒 𝟐⁄ , which is an (𝑁 × 𝑁) real symmetric matrix. 
The relationship between normal velocity 𝐯 and excitation force 𝐅 can be expressed as: 𝐯 = 𝐆𝐐𝐅, (4)

where 𝐆 is an (𝑁 × 𝑁) coordinate transformation matrix, and 𝐐 is structural admittance matrix. 
Substituting Eq. (4) into Eq. (3), the radiated sound power 𝑊 can be rewritten as: 𝑊 = 𝐅ୌ𝐐ୌ𝐆𝐑𝐆𝐐𝐅 = 𝐅ୌ𝐓𝐅, (5)
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where 𝐓 = 𝐐ୌ𝐆𝐑𝐆𝐐，which is an (𝑁 × 𝑁) Hermitian matrix. From the physical definition of 
the acoustic power 𝑊 in Eq. (5), it can be deduced that 𝑊 > 0 will be always true except the 
excitation force vector equals 0. Therefore, 𝐓 is positive definite and Hermitian, and it can be 
expressed by the eigenvalue decomposition as: 𝐓 = 𝐃𝐀𝐃ୌ, (6)

where 𝐀 is a diagonal matrix with eigenvalues 𝜆 (𝑖 = 1,2, … ,𝑁) decreasing monotonically along 
the diagonal, 𝐃 represents an (𝑁 × 𝑁) matrix whose columns are eigenvectors 𝐝  (𝑖 = 1,2, … ,𝑁). Since 𝐓 is positive definite and Hermitian, all of its eigenvalues 𝜆 are positive 
real and its eigenvectors 𝐝 are orthogonal to each other. Each eigenvector 𝐝 represents a 
particular excitation force pattern on the vibrating surface, so it’s termed as Force Radiation Mode 
specifically. 

From Eq. (5), matrix 𝐓 depends on matrix 𝐐 and 𝐑. By the definition, 𝐐 is related to the 
stiffness matrix and mass matrix of the structure, while 𝐑 is related to the geometry of the 
vibrating surface and excitation frequency. Therefore, FRMs are not only dependent on the 
geometry and excitation frequency but also the material properties and boundary conditions of the 
flexible structure. 

2.2. Decoupling control of acoustic radiation  

Substituting Eq. (6) into Eq. (5), the radiated sound power 𝑊 becomes: 

𝑊 = 𝐅ୌ𝐃𝐀𝐃ୌ𝐅 = 𝐲𝐀𝐲ୌ = 𝜆|𝑦|ଶே
ୀଵ , (7)

where 𝐲 = 𝐅ୌ𝐃, which is the amplitude coefficient matrix of FRM. As can be seen from Eq. (7), 
the total radiated sound power is the sum of corresponding components of each order of FRM, 
and there is no spillover effect between each FRM, which means the radiated sound power can be 
decoupled by the FRMs. In practical applications, since the first several eigenvalues are far larger 
than others, the radiated sound power would be mainly contributed by corresponding dominant 
FRMs. 

Supposing the total excitation force distribution on the flexible structure is composed by 𝑚 
primary forces 𝐅 and 𝑛 secondary control forces 𝐅௦: 𝐅 = 𝐅 + 𝐅௦. (8)

Combining Eq. (7) and Eq. (8), the sound power 𝑊 can be written as a Hermitian quadratic 
form with the secondary control force 𝐅௦ as the independent variable: 𝑊 = 𝐅௦ୌ𝐚𝐅௦ + 𝐅௦ୌ𝐛 + 𝐛𝑨ୌ𝐅𝒔 + 𝐜, (9)

where: 𝐚 = 𝐃𝐀𝐃ୌ, (10)𝐛 = 𝐃𝐀𝐃ୌ𝐅, (11)𝐜 = 𝐅௦ୌ𝐃𝐀𝐃ୌ𝐅. (12)

According to the quadratic optimal theory, the optimal secondary control force 𝐅௦ can be 
obtained by minimizing the radiated sound power 𝑊: 
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𝐅௦ = −𝐚ିଵ𝐛. (13)

The minimum value of the radiated sound power 𝑊 is: 𝑊 = 𝑐 − 𝐛ୌ𝐚ିଵ𝐛. (14)

It can be seen from the observation of Eq. (7) that the perfect ASAC control can be obtained 
if the corresponding FRM amplitude can be set to 0. To satisfy this condition, in addition to 
making the control force 𝐅௦ = −𝐅 (both applied at the same position, with equal magnitude and 
opposite direction), we can also make the total excitation force vector 𝐅 orthogonal to each 
dominant FRM by assigning a certain secondary control force distribution. 

For acoustic radiation problems, the radiated acoustic field is generated by the excitation 
forces. Fig. 1 compares the principles of several common ASAC methods. As can be seen from 
the figure, in the SM control methods, the radiated sound power 𝑊 is obtained by structural mode 
amplitude (thus vibration response) in a quadratic form indirectly. Coupling occurs not only 
between control force and vibration response, but also between vibration and acoustic radiation in 
the SM control methods. Therefore, the control spillover effect is very significant, and the control 
system design will be very complicated. For the ARM control methods, the radiated sound power 𝑊 is obtained by normal velocity in a quadratic form indirectly. Decoupling of structural vibration 
and acoustic radiation can be realized, and its control system design is simpler than the SM control 
method, but there is still coupling between the control force and the structural vibration response, 
and the control spillover effect also appears, so it is still difficult to realize the decoupling control 
of acoustic radiation. Different from the two mentioned methods, the radiated sound power 𝑊 is 
obtained by excitation force 𝐅 in a quadratic form directly, decoupling relationship between the 
control force and the sound radiation is established by using the FRM control method without the 
coupling effect, which can greatly simplify the control system and improve the control effect and 
robustness. This is the exact advantage of using the FRM control method for sound radiation 
analysis and control. 

 
a) SM control methods 

 
b) ARM control methods 

 
c) FRM control methods 

Fig. 1. The principles comparison of different ASAC methods 

3. Numerical simulations 

3.1. Simulation settings  

The numerical simulation and analysis of ASAC using FRM control methods are carried out 
by taking a rectangular simply supported plate excited by vertical harmonic point force as an 
example. The plate size is 1.0 m (𝐿௫)×0.8 m (𝐿௬), and the thickness ℎ is 0.005 m. The primary 
excitation force 𝐅(𝑡) = 𝐹𝑒ఠ௧ is a single simple harmonic force with amplitude 𝐹 = 1 N, applied 
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near a corner ൫𝐿௫ 4⁄ , 𝐿௬ 4⁄ ൯ of the flexible plate. The density of the air medium 𝜌 is 1.21 kg/m3, 
and the sound velocity 𝑐 is 343 m/s. The parameters of the plate material are as follows: Young’s 
modulus 𝐸 is 2×1011 Pa, Poisson's ratio 𝜈 is 0.28, density 𝜌 is 7800 kg/m3. The first 6 structural 
modal frequencies are shown in Table 1. 

Table 1. The first 6 structural modal frequencies 
Order (1, 1) (1, 2) (2, 1) (2, 2) (1, 3) (3, 1) 

Modal frequency / Hz 30.6 66.5 86.7 122.6 126.3 180.1 

As know from the acoustic radiation law of the plate, the radiation efficiency of odd-odd modes 
is much higher than that of odd-even and even-odd modes at low frequencies. Therefore, the FRM 
and its ASAC control are calculated and analyzed at typical odd-odd, odd-even(odd-even), 
even-even modal frequencies and non-modal frequencies. 

3.2. FRM calculations  

According to the theoretical method described in this paper, the FRMs of (1, 1), (2, 1), (2, 2) 
order modal frequencies and non-modal frequency at 100 Hz are calculated respectively. The 
amplitude distributions of the first four FRMs are illustrated in Fig. 2(a-d) respectively. It can be 
seen from the figures that each order of FRM will change significantly at different frequencies. At 
the modal frequencies, the 1st FRM exhibits high consistency with corresponding SM, and the 
higher-order FRMs show similar modal shapes with the SMs at adjacent modal frequencies. 
However, at the non-modal frequencies, the 1st FRM is not necessarily similar to the SMs at the 
adjacent modal frequencies, while the higher-order FRMs still show similar modal shapes with 
the SMs at adjacent modal frequencies. 

  

 
a) At (1, 1) modal frequency 

 
b) At (2, 1) modal frequency 

 
c) At (2, 2) modal frequency 

 
d) At non-modal frequency 100 Hz 

Fig. 2. The FRM amplitude distributions at typical frequencies 
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Considering frequency range 20 Hz-200 Hz, Fig. 3 gives the eigenvalues changing with 
frequency corresponding to the first 6 FRMs of the plate. As can be seen from the figure, after 
mathematical eigenvalue decomposition, the eigenvalues corresponding to the 1st FRM are 
always the largest, and show peak values at corresponding modal frequencies. The eigenvalues 
corresponding to the higher order FRMs decrease with the increasing order. At odd-odd modal 
frequencies, the eigenvalues corresponding to the higher-order FRMs decrease the most with the 
increasing order, followed by odd-even (even-odd) modal frequencies, and at even-even and 
non-modal frequencies, and the eigenvalues decrease more slowly. The above results show that it 
is only necessary to consider the contribution of the 1st or a first few dominant FRMs in the ASAC 
control at odd-odd and odd-even (even-odd) modal frequencies, however, more FRMs may need 
to be considered at even-even and non-modal frequencies. 

 
Fig. 3. The eigenvalues corresponding to the first 6 FRMs  

3.3. ASAC results  

Suppose the flexible plate is evenly divided into 5×5 grids. Since four edges of the plate are 
simply supported, the actual required control force distribution for ASAC is 3×3. Then ASAC of 
the plate under the primary excitation force is simulated by exploiting the FRM control method 
presented in this paper. 

 
Fig. 4. The radiated sound power curve before and after control 

If only the acoustic power contributed by 1st FRM is controlled, the radiated sound power 
curves before and after control are shown in Fig. 4, and the detailed acoustic power reduction 
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results at typical modal frequencies and non-modal frequency of 100 Hz are given in Table 2. As 
can be seen from the Fig. 4, control of the 1st FRM contributed sound power can already achieve 
satisfactory reduction results at all modal frequencies, but the control effect is still limited at 
non-modal frequencies, the acoustic power reduction at 100 Hz is only 1.2 dB as shown in Table 2. 
The explanation is that the number of dominant FRMs is greater than the number that has been 
controlled at the non-modal frequencies. 

Table 2. Acoustic power reduction at typical frequencies (𝑊 = 10-12 W) 
Modal order / Frequency (1, 1)  (1, 2) (2, 1) (2, 2) (1, 3)  (3, 1)  100 Hz 

Reduction (dB) 58.5 20.9 21.6 14.2 25.0 36.1 1.2 

In the following parts, the mechanism of ASAC using FRM control methods is further 
analyzed combined with the simulation results.  

Firstly, take control case at (1, 1) modal frequency of 30Hz as an example. As can be seen 
from the detailed results in Table 2, satisfactory control effect can already be obtained when the 
1st FRM is controlled, the radiated sound power of the plate can be reduced by 58.5 dB. The 
vibration velocity distributions on the plate before and after ASAC control are illustrated in Fig. 5. 
It can be observed that the vibration velocity of the plate also attenuates greatly after control, and 
the RMS value of the vibration velocity decreases from 3.1 mm/s before control to 0.1 mm/s after 
control. The comparison of amplitudes of FRMs and SMs before and after control are further 
shown in Fig. 6. It can be noted from Fig. 6(a) that the amplitude of the 1st FRM is reduced 
significantly, while the amplitudes of higher orders of FRMs remain almost unchanged. According 
to eigenvalue curves of each FRMs in Fig. 3, it can be seen that the eigenvalues of the 1st FRM 
are much higher than that of the higher order FRMs. Therefore, the total sound power can be 
effectively attenuated when the 1st FRM contributions is suppressed. On the other hand, as 
described in Fig. 6(b), the amplitude of (1, 1) SM (contributing the most to the vibration before 
control) is suppressed obviously, while the amplitudes of other SMs are nearly the same. 
Accordingly, the vibration on the plate can also be well controlled, which is consistent with the 
result in Fig. 5(b). Combing above analysis of results in Fig. 6(a) and Fig. 6(b), it can be deduced 
that the sound radiation and vibration of the plate can both be controlled effectively at the same 
time with the presented FRM controlled ASAC method, since that the 1st FRM is similar to the 
SM at the studied modal frequency.  

 
a) Before control 

 
b) After control 

Fig. 5. The vibration velocity distributions on the plate (30 Hz) 

Secondly, control case at the non-modal frequency of 100 Hz is investigated. When the 1st 
FRM is controlled, the radiated sound power of the plate decreases by only 1.2 dB, as shown in 
Table 2. The reason can be found in Fig. 3, it is shown that there are 3 FRMs with relatively large 
eigenvalues at this frequency, which are more than the number that has been controlled. Therefore, 
the final sound radiation control is not so good in this condition. If the control targets are extended 
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to the first 3 FRMs, the sound power reduction will be improved to 26.2 dB, and the vibration 
velocity distributions on the plate before and after the control are depicted in Fig. 7. As can been 
found that the vibration velocity of the plate is attenuated in a small extent after the control, and 
the RMS value of the vibration velocity decreases only from 0.3mm/s before control to 0.2 mm/s 
after control. Once again, the comparison of amplitudes of FRMs and SMs before and after control 
are further demonstrated in Fig. 8. As illustrated in Fig. 8(a), the amplitudes of the first 3 FRMs 
with relatively large eigenvalues are all significantly attenuated, while the amplitudes of the other 
FRMs almost stay unchanged. Consequently, the total sound power is assured to be effectively 
controlled. Meanwhile, as shown in Fig. 8(b), the amplitudes of (1, 2) and (2, 1) SMs (contributing 
largely to the vibration before control) are significantly attenuated, (1, 1) SM is also suppressed 
in a certain extent, while the amplitude of (2, 2) SM that also contributes a lot to vibration remains 
almost the same. 

 
a) Amplitude of FRMs 

 
b) Amplitude of SMs  

Fig. 6. Comparison of amplitudes of FRMs and SMs before and after the control (30 Hz) 

According to the acoustic radiation law of plate in low frequency band, the odd-odd SMs 
possess the highest radiation efficiency, followed by odd-even (even-odd) SMs, and even-even 
SMs show the lowest one. Therefore, when the odd-odd and odd-even (even-odd) SMs with higher 
radiation efficiency are controlled, the acoustic radiation can be effectively controlled. However, 
as the even-even SMs that also contribute largely to vibration of the plate remain unattenuated, 
the vibration control effect is not as good as the (1, 1) modal frequency case. Combing above 
analysis of results in Fig. 8(a) and Fig. 8(b), it can be deduced that the sound radiation of the plate 
can be attenuated greatly by controlling the first several FRMs with relatively large eigenvalues, 
while the vibration control effect is not assured as good as that at the modal frequency, since the 
1st FRM is not necessarily similar to the SMs at the adjacent modal frequencies. 

 
a) Before control 

 
b) After control 

Fig. 7. The vibration velocity distributions on the plate (100 Hz) 
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a) Amplitude of FRMs 

 
b) Amplitude of SMs  

Fig. 8. Comparison of amplitudes of FRMs and SMs before and after the control (100 Hz) 

4. Conclusions 

By virtue of intuitively representation of relationship between excitation force and radiated 
sound power, FRM is introduced into ASAC in this paper, and an FRM based ASAC method is 
proposed by configuring the control force distribution to make the total excitation force vector 
orthogonal to each FRM. Detailed theoretical study and numerical simulation are conducted, and 
some conclusions can be drawn as follows. 

1) The radiated sound power can be decoupled by the FRMs, and the control force distribution 
requirements can be conveniently obtained. Hence, the presented ASAC method based on FRM 
can greatly simplify the control system and improve the control effect and robustness. 

2) At the modal frequencies, the sound radiation and vibration of the plate can both be 
controlled effectively at the same time when the 1st FRM is controlled. 

3) At the non-modal frequencies, the sound radiation of the plate can be attenuated greatly by 
controlling the first several FRMs with relatively large eigenvalues, while the vibration control 
effect is not assured as good as that at the modal frequency. 
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