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Numerical study on sloshing in coaxial shells 
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Abstract. Sloshing in coaxial shells partially filled with liquid is investigated using reduced 
boundary element method. Conical shells are considered as storage tanks. An ideal and 
incompressible fluid is assumed in the shells. The spectral boundary problem for the liquid 
vibrations in rigid shells is solved. The results demonstrate the high accuracy of the presented 
approach. 
Keywords: coaxial shells of revolution, boundary element method, sloshing. 

1. Introduction 

The term “sloshing in tanks” describes a phenomenon in which the movement of the liquid 
inside a tank causes oscillations because of outside forces operating on the tank. This can happen 
in a variety of tanks, such as water or fuel tanks, or even cargo tanks inside space vessels or ships. 
Shells and structures resembling shells are prevalent components in contemporary mechanical 
engineering. These structures are frequently employed as fuel tanks for launch vehicles, reservoirs 
for storing fresh water, and other substances, including potentially hazardous explosives. When 
these tanks are subjected to substantial loads, there is a risk of intensive liquid sloshing, resulting 
in highly perilous consequences. It's important to highlight that the development of each new 
launch vehicle necessitates the design of novel fuel tanks. 

A variety of tank designs are considered to discuss sloshing [1], [2]. Most common methods 
to discuss sloshing are BEM [3], FEM [4], FVM [5], and series expansions [6]. Many studies on 
modal analysis and frequencies have been reported in previous studies such as [2], [7], and [8]. 
Studies [9], [10] and [11] are devoted to developing analytical methods to analyze sloshing. 
Studies involving the theoretical and experimental aspects of the stability of tanks are reported in 
[12], [13] and [19].  

The design and manufacture of new powerful launch vehicles necessitate the development of 
new fuel tanks. Currently, such tanks increasingly take the form of compound shells. To mitigate 
undesirable resonant frequencies, it is necessary to study the entire frequency spectrum of the 
tank's inherent vibrations, specifically under various fuel fill levels and different levels of loading. 
It is necessary to estimate the natural frequencies of empty tanks, the frequencies of elastic wall 
oscillations in the presence of liquid, as well as the sloshing frequencies. However, the 
investigation of vibrations of compound shells with compartments partially filled with liquid has 
not received sufficient attention in the literature [14]. Therefore, the study of vibrations of 
compound coaxial cylindrical and cylindrical-conical shells with liquid is a relevant scientific task. 

2. Methodology 

BEM is computationally efficient compared to other methods like the finite element method 
(FEM) or finite difference method (FDM), it can still be resource-intensive for large-scale 
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engineering problems. To further reduce the computational cost of the boundary element method, 
several techniques and variations have been developed. One such technique is the “reduced” 
boundary element method, which aims to reduce the dimensionality of the problem or to simplify 
the computation further.  

The main objective of this research lies in developing an efficient numerical method based on 
reduced boundary element (BEM) method to assess the sloshing frequencies of vibrations in 
compound liquid-filled reservoirs. 

3. Problem statement 

The geometry of the problem is shown in Fig. 1. 𝑆 and 𝑆ଵ denote the free surface of the liquid 
and wetted surface of the shell respectively. An ideal and incompressible fluid is assumed to 
perform the motion inside the shells. 

  
Fig. 1. Сylindrical – conical compound shells  

 

The following boundary value problem is formulated as follows: 

∇ଶΦ = 0,       𝐏 ∈ Ω ,       ∂Φ∂𝐧 = 0,       𝐏 ∈ 𝑆ଵ, ∂Φ∂𝐧 = 𝜕ζ𝜕𝑡 ,       𝑝 − 𝑝 = 0, 𝐏 ∈ 𝑆, (1)

Here the unknown function 𝜁 = 𝜁ሺ𝑡, 𝑥,𝑦ሻ characterizes the variations in position and shape of 
the free surface over time. So, it is necessary to determine the unknown functions Φ and 𝜁. 

The unknown functions 𝜁 and Φ in cylindrical coordinates ሺ𝑟,𝜃, 𝑧ሻ are expressed as: 

𝜁ሺ𝑟,𝜃, 𝑡ሻ = 𝑑ሺ𝑡ሻ 𝜁ሺ𝑟,𝜃ሻ ,మ
ୀଵ      Φሺ𝑟,𝜃, 𝑧, 𝑡ሻ =   𝑑ሶሺ𝑡ሻ𝜑ଶሺ𝑟,𝜃, 𝑧ሻ .భ

ୀଵ  (2)

Here time-dependent coefficients 𝑑ሺ𝑡ሻ are unknown. From Eq. (1), the basic functions 𝜁ሺ𝑟,𝜃ሻ and 𝜑ሺ𝑟,𝜃, 𝑧ሻ are solutions to such a linear spectral boundary value problem: 

∇ଶ𝜑 = 0,      𝐏 ∈ Ω,      𝜕𝜑𝜕𝐧 = 0ඈௌభ ,     𝜕𝜑ሺ𝑟,𝜃, 𝑧ሻ𝜕𝐧 ቤௌబ = 𝜒ଶ𝑔 𝜑ሺ𝑟,𝜃,𝐻ሻ, (3)

where 𝜒 are fundamental frequencies. As it has been shown in [3], for shells of revolution, all 
unknown functions for each wave number 𝑙 can be expressed in the following form: 𝜑ሺ𝑟,𝜃, 𝑧ሻ = 𝜑ሺ𝑟, 𝑧ሻ cos( 𝑙 𝜃), 𝜁(𝑟,𝜃) = 𝜁(𝑟) cos( 𝑙 𝜃). (4)

Such presentation simplifies the analysis by reducing the problem to a series of uncoupled 
single-degree-of-freedom systems, depending on 𝑙, making the numerical estimations 
computationally more efficient. Moreover, for the shells of revolution, reduced finite and 
boundary element methods can be applied. 
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4. Results and discussion 

4.1. Validation 

For validation study, the numerical results obtained by proposed BEM have been compared 
with data of [18]. The numerical simulation focuses on frequencies for 𝑙 = 0, 1, 2 and 𝑘 = 1, as 
these are the lowest natural frequencies contributing significantly to the hydrodynamic load. Both 
V-shape and Ʌ-shape conical tanks are considered in the simulation, with 𝑅ଵ = 1 m and 𝛼 = 𝜋/6. 

Note, that for a V-shape tank, 𝑅ଵ is the free surface radius, while for a Ʌ-shape tank, 𝑅ଵ is the 
bottom radius. If 𝑅ଵ, 𝑅ଶ, and 𝛼 are known, the value of 𝐻 can be found as 𝐻 = (𝑅ଵ − 𝑅ଶ) cot𝛼. 
Table 1 presents the numerical results for 𝑙 = 0, 1, 2, and different values of 𝑅ଶ. 

Table 1. Sloshing frequencies in conical shells 
 V-shape Ʌ-shape 𝑅ଶ 0.2 0.4 0.6 0.8 0.9 0.2 0.4 0.6 0.8 0.9 𝑙 = 0, 𝑘 = 1 

[18] 3.386 3.386 3.382 3.139 2.187 24.153 10.014 6.665 4.550 2.683 
BEM 3.389 3.390 3.391 3.192 2.200 20.027 10.034 6.669 4.545 2.678 𝑙 = 1, 𝑘 = 1 
[18] 1.304 1.302 1.254 0.934 0.542 11.332 5.629 3.515 1.661 0.726 

BEM 1.305 1.307 1.259 0.954 0.574 11.303 5.626 3.481 1.651 0.732 

The comparison of results obtained by the proposed method with the data of [18] shows good 
agreement, except for the data related to the Ʌ-shape tank at 𝑙 = 0 and 𝑅ଶ = 0.2 m. It is noted in 
[18] that in this particular case, low convergence was achieved using the elaborated analytical 
method. 

4.2. Sloshing in cylindrical-conical shells 

The solution of spectral boundary value problem Eq. (3) made it possible to find the modes 𝜑(𝑟, 𝑧) and corresponding fundamental frequencies. The values of the first 8 sloshing 
frequencies are given in Table 2. 

 

Table 2. Sloshing frequencies, Hz 
No 1 2 3 4 5 6 7 8 

Shell structure, Fig. 1(a) 
Values 0.6277 0.6277 0.8892 0.8892 1.0779 1.0779 1.2355 1.2355 

Shell structure, Fig. 1(b) 
Values 0.5512 0.5512 0.8153 0.8153 1.0027 1.0027 1.1548 1.1548 

It should be noted that the multiple frequencies are available. The sloshing modes are presented 
in Fig. 2. 

The lowest frequencies correspond to 1st, 2nd and 3rd wave numbers, which is consistent with 
the data [5]. 

5. Conclusions 

The reduced boundary element method for sloshing analysis in coaxial shells shell structures 
partially filled with liquid is used to calculate frequencies. The spectral boundary problem for the 
liquid vibrations in rigid shells is solved. The mode shapes are reported for the considered 
problem. The further intention is to consider forced vibrations at different levels of gravity [6]. 
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a) Sloshing modes of shell structure Fig. 1(a) 

 
b) Sloshing modes of shell structure Fig. 1(b) 

Fig. 2. Sloshing modes 𝜑(𝑟,𝜃,𝐻) 
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