Analytical modeling of cylindrical eddy current brakes
and multi-objective optimization based on game theory

Yumeng Fan!, Guolai Yang?, Quanzhao Sun?

School of Mechanical Engineering, Nanjing University of Science and Technology,

Nanjing, 210094, China

!Corresponding author

E-mail: 'fanyumengzoey@njust.edu.cn, >yangginjust@126.com, *sunquanzhao@njust.edu.cn

Received 9 March 2024, accepted 18 June 2024, published online 31 July 2024 ’ W) Check for updates
DOI https.//doi.org/10.21595/jve.2024.24065

Copyright © 2024 Yumeng Fan, et al. This is an open access article distributed under the Creative Commons Attribution License, which
permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. With the research and development of eddy current brake (ECB), today ECBs have
been applied in a variety of fields including vibration control and braking of strong impact
loads.The application of a new cylindrical structure eddy current brake (ECB) for strong impact
braking of large machinery has been discussed recently. Its high-speed and high-kinetic-energy
braking conditions require different analytical and optimization design models and methods from
what has been addressed in previous studies. For subsequent more engineering-oriented research
and optimization, modeling methods are needed, as well as analysis and optimization studies for
braking forces and critical speeds of interest. In this work, a magnetic equivalent circuit model is
established, and the influence of eddy current induced during application is taken into account by
considering it as a magnetomotive force in the model. The braking force is calculated with the
MEC model and an approximate electric field cross-section method. A small prototype experiment
is carried out and proves the correctness of the proposed model. Using the proposed and FEM
model, parameters of the ECB are analyzed. Then, aiming at design objectives of the ECB that are
somewhat competitive under this special braking condition, a multi-objective optimization model
is established using the Stackelberg game strategy. An FEM model is built and assessed based on
optimization results. The results indicate that the multi-objective optimization model based on the
Stackelberg game is effective for the design of this ECB structure.

Keywords: analytical modeling, eddy current brake, magnetic equivalent circuit, multi-objective
optimization.

1. Introduction

The eddy current brake (ECB) is a new type of braking method that has developed in recent
years. Different from the traditional braking device, an ECB can brake without contact, and the
excitation-type ECB can also control the magnitude of the braking force. This braking method has
been applied in many fields, such as heavy-duty vehicle retarders, dampers for vehicle suspension
systems, tuned mass dampers for footbridges, etc., and there is also related research in the
aerospace field [1-4].

There have been many ECB structures that have been researched and applied, such as axial
ECB structures, hybrid excitation linear ECBs, Halbach structures, and so on [5-8]. In recent years,
the ECB structures studied have mainly been of the torque type or linear type with plate structure
[9, 10]. However, the ECB discussed in this paper has a cylindrical structure and is applied to
large machines with strong impact loads, which have not been studied much. For the subsequent
more engineering-oriented research and optimal design, modeling methods and analysis as well
as multi-objective optimization studies are needed. Generally speaking, the study and analysis of
the ECB requires a reliable analytical model that can predict the magnetic field and braking force.
A commonly used magnetic field analytical model is called the magnetic equivalent circuit (MEC)
model. However, the MEC model is most precise when it is not loaded, because it is difficult to
accurately add the influence of eddy current into the model [11-13]. Through Maxwell’s equations
[14, 15], a model that can simulate and predict an ECB more accurately can be obtained, but this
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method is complicated and computationally time-consuming and is not necessary in the
preliminary design of an ECB.

The finite element model is also an effective means to study the ECB. Some researchers use
the finite element method to model ECBs [16, 17], and finite element software can also be used
to model and analyze ECBs. The use of finite element software to analyze ECBs does not require
complex mathematical modeling, and at the same time, visual calculation results can be obtained,
which can provide great convenience for analysis and research. But at the same time, finite
element modeling and calculation in the software are also more time-consuming [18, 19].

After obtaining an effective ECB analysis model, the model can be used in design parameters
analysis and optimization of an ECB. Some current design-related ECB studies analyzed the
influence of parameters on the braking force, the values of the design parameters were selected
based on the analysis, and the design of the ECB were decided by checking the braking force
requirements [20-22].

The design of the permanent magnet (PM) ECB structure studied in this paper is aimed at the
ECB being able to obtain greater braking force at higher speeds. To achieve this, a multi-objective
optimization model [23] including two optimization objectives of high braking force and high
critical speed is needed.

Recently, there have been three approaches utilized for managing these kinds of multi-
objective optimization problems: weighted average optimization, non-dominated optimization,
and game theory. Weighted average methods solve multi-objective optimization problems by
assigning each objective function a weight and deriving a single objective optimization problem.
This method needs reasonable weight decisions for the objectives [24]. Non-dominated
optimization methods have been widely applied in many fields. Common algorithms for such
methods, such as the non-dominated sorting genetic algorithm (NSGA-II), find non-dominated
solutions by applying evolutionary algorithms with Pareto ranking [25].

Game theory is a mathematical theory and method of studying phenomena of a combat or
competitive nature. Players cooperate or compete to improve their own gains in the game. Game
theory has been widely used in research in fields such as finance and political science. In recent
years, by transforming players into optimization objectives, some research in mechanical design
has integrated the game theory method into the multi-objective optimization algorithm. Two game
strategies have been introduced before, which are the Nash game strategy and the Stackelberg
game strategy.

The Nash game was proposed by John Nash [26]. The two or more players in the game are
assumed to know the strategy of each other, and when neither can gain any additional profit by
unilaterally changing their own strategy, it can be called a Nash equilibrium. There are studies in
many fields that incorporate Nash game theory into multi-objective optimization problems. For
example, there are applications in machine tool spindle optimization, multi-criterion aerodynamic
shape design optimization for conveyors, transonic wing shape optimization, and so on [27-29].

Unlike the Nash game, there is a leader among the players in the Stackelberg game [30], and
the leader’s status is higher than the other players — the followers. Players are activated
hierarchically to perform optimizations, and when the leader can no longer improve the strategy,
it is considered that a Stackelberg equilibrium is reached. Li et al. applied this method to the
control of parameter optimization in uncertain fuzzy systems [31]. To study the binary zero-sum
Stackelberg game between missile-borne radar signals and jamming, Wang H et al. carried out
two games, each with a different leader, and provided optimization solutions for radar signals and
jamming signals separately [32]. The Stackelberg game strategy has also been applied in the
optimization of the airfoil or the multi-airfoil [33,34]. And to solve single-objective and
two-objective aerodynamic shape optimization problems, Jing W et al. coupled the Stackelberg
game strategy with the adjoint method [35].

The ECB studied in this paper intended for braking under high-speed operating conditions,
i.e., it is required to perform better brake force under the speed condition needed. However, with
different structure and parameter design, the critical speed of ECB reduces when the braking force
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is increased. That is to say, the two optimization objectives in ECB’s multi-objective optimization
model are competitive under certain situation. However, braking force is still prioritized over
critical speed, as well as the ECB mass that always needs to be considered. That is, the
optimization objectives in this paper are conflicting to some extent, but the braking force
requirement is predominant. Therefore, Stackelberg game theory is chosen in this paper as being
well suited for application to optimization models.

In this paper, a new modeling approach for ECB braking force prediction model was proposed
and a modeling methodology study for multi-objective optimization using a game theory approach
was conducted. The main tasks and studies carried out are as follows. Firstly, this paper presents
an analytical model whose MEC model considers the influence of eddy currents in the magnetic
circuit by adding induced magnetomotive force. Finite element models were established, and some
complicated Maxwell equations were bypassed by analyzing the finite element model. Combining
it with the MEC model, a simple and fast predictive analytical model is obtained. A similar
modeling approach was established and validated using the graphical method in [36], and in this
paper it has been modeled using the fitting method. Secondly, through small size prototype
experiments and comparing the results with the finite element model calculations, the model
proposed in this paper was considered reliable and could show the influence law of different
parameters on the ECB braking force, i.e., it can be directly used for the optimization of the model.
Then, with this proposed model, a multi-objective optimization model for the studied ECB was
established with the Stackelberg game and the proposed model, and the optimization result was
verified by FEM models.

2. The linear PM ECB analysis MODEL
2.1. The structure and MEC model of the ECB

The ECB model studied in this paper is shown in Fig. 1. It is a linear ECB, but instead of an
upper and lower layered structure, it adopts an inner and outer cylinder structure. To optimize the
ECB model design, a reliable analysis model should be established and its design parameters
analyzed. In this section, a magnetic circuit analysis model based on magnetic equivalent circuit
(MEC) method will be established.
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Fig. 1. a) PM linear ECB and b) its partial schematic diagram (Reproduced with permission from
[Analytical modeling of permanent magnet linear eddy current brake
using magnetic equivalent circuit method], IOS Press, 2022)

Fig. 1 demonstrates the ECB structure studied in this paper, which mainly consists of two
parts: the primary part, with multiple sets of cylindrical PM and pole shoe alternately arranged on
the shaft; and the secondary part, which is composed of conductor cylinder and back iron cylinder.
PMs are axially magnetized, and adjacent PMs always have opposite magnetized directions. The
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enlarged schematic diagram of the ECB shown in Fig. 2(a) can help to see the specific size
parameters. 7, is the radius of the shaft; d,,,, 7,,,, are the axial thickness and external radius of
PMs; d,, 13, are the axial thickness and external radius of pole shoes; 7;, 73, are internal radius of
the inner cylinder conductor and back iron.

In addition, d is the pole pitch; hy,, in the figure is the value of the outer diameter of the PM
minus the inner diameter; hy in the figure is the value of the outer diameter of pole shoe minus
the outer diameter of PM. And h, and h; are the radial thickness of air gap and cylinder conductor;
7,p 1S the external radius of back iron.

The ECB structure is simplified to a two-dimensional axisymmetric model. In order to perform
MEQC analysis and model building, assumptions need to be given. There is no magnetic saturation
phenomenon considered in the ECB model, and the relative recoil permeability of PM is assumed
to be constant. In the ECB model discussed in this paper, the operating point of the PMs generally
will not exceed the linear stage of the demagnetization curve, so the PMs in the model is assumed
to be linearly demagnetized. Meanwhile, in order to achieve greater braking force, the magnetic
saturation stage is generally reached in the iron pole, and considering the degree of non-uniformity
of the magnetic field therein, it is assumed that the relative permeability is that of the material
when it has just reached the magnetic saturation.

The simplified magnetic circuit in the ECB is shown in Fig. 2(a). The magnetic flux (black
solid lines) flow from the primary into the secondary, then back to the primary. And the magnetic
flux of each adjacent magnetic circuit flows in opposite directions. And the magnetic equivalent
circuit corresponding to Fig. 2(a) is shown in Fig. 2(b).
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Fig. 2. a) Magnetic circuit distribution and b) its equivalent magnetic circuit

Each R, element refers to the reluctance of the corresponding part x of magnetic circuit. R,
refers to the reluctance of air gap and conductor cylinder together. ®,,, s, and @, are the
magnetic flux pass through PM, air gap and the shaft. F. is the magnetomotive force generated by
PM. F; is the magnetomotive force generated by eddy current. When the relative velocity of the
primary and secondary is zero, F; = 0, for the eddy current in the conductor plate is zero, and this
state is called no-load state.

R =1/(su) is used to calculate the reluctance in the MEC, [ is the average path, and s can be
calculated by dividing the volume of the flux path by the length of the average path. According to
the magnetic equivalent circuit and the Kirchhoff magnetic potential difference law, equations can
be get:

Fpp = F = Ry @y = (4R1 + RS)CDT' = Rynm @,

Fsp = (4R, + 2R, + 4R; + R))Ps = R, D, )
®,, = D, + Dy,

Fe = Hcdm,
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where H, is coercive force of permanent magnet. The air gap magnetic flux density under no-load
condition can be derived from Eq. (1):

_ D5 _ (Rr + Rmm)FC
md (rip + ri) d, (rl-p + ri)(RrRmm + R.R,, + RyyRom)

Bag 2)

The magnetic flux density at other position in conductor cylinder or the back iron can be
calculated similarly to Eq. (2).

In no-load state, the MEC model that only changes the size of d,, were calculated, and the
corresponding finite element models were established for verification. As can be seen in Fig. 3,
the results of the MEC model are reliable and can be used for subsequent braking force predictions.

Because the size of the air gap magnetic induction under no-load state is directly related to the
size of the braking force, the no-load MEC model can already be used for the parameter design of
ECB. By analyzing and calculating the model, the size parameters of PM and pole shoe can be
obtained when the air-gap magnetic induction intensity and the permanent magnet utilization rate
reach the maximum at the same time.
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Fig. 3. Air gap magnetic flux density varying with d,,, under no-load state

However, the generation of braking force also has a significant relationship with the secondary.
The thickness and material of the inner conductor cylinder will affect the magnitude of the braking
force, and the eddy current generated in the secondary will weaken the magnetic field strength
generated by the primary. Therefore, in order to carry out the optimal design of ECB, it is
necessary to obtain an analytical model that can predict the braking force.

2.2. Finite element model and braking force predict model of the EMB

Finite element model have always been a popular method analyzing electromagnetic problems.
FEM results can exhibit electromagnetic field distribution inside the structure and aid researchers
analyze. In this section, axisymmetric 2-D FEM models of the ECB were performed, as shown in
Fig. 4. The mesh size was taken very small at the air gap to get more accurate calculations.

Fig. 4. Partial view of the finite element mesh model
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The analytical model established in this paper only considers the ability of the ECB to generate
braking force in a constant speed state, so the acceleration is set to O in the software. The
parameterized calculation was set up with the speed being the parameter, and the parameter speed
of 1-15 (m/s) were calculated for each model. The visualization results of the eddy current field
intensity obtained by the finite element calculation are shown in Fig. 5, which shows patterns and
variations of the distribution of electric fields.

It can be seen in Fig. 5 that the electric field intensity on the secondary section presents a
relatively regular shape. And for different models, the deformation of electric field cross section
shape with increasing velocity also have relatively consistent law.

Inspired by FEM visualization results, this paper attempts to calculate the eddy current and
braking force of ECB using the mean value method by combining basic eddy current correlation
formulae and electric field cross-section distribution. As shown in Fig. 6, the cross-section of
electric field can be divided into three parts. Multiply the area of each part by the average value
of electric field and add them together, the eddy current corresponding to one pole shoe can be
calculate.

am mm nan

395 395

20 345 ‘

a)v=3m/s b)v =6m/s c)v=9m/s dyv=12m/s
Fig. 5. Cross-section diagram of electric field distribution at different velocities
(Reproduced with permission from [Analytical modeling of permanent magnet linear eddy

current brake using magnetic equivalent circuit method], IOS Press, 2022)

T T T

Fig. 6. Schematic diagram of electric field section zoning

The division shown in Fig. 6 is based on the intensity, uniformity and distribution of electric
field on the secondary. There are three parts obtained by the partition. The region 1 is the
rectangular area in conductor cylinder with the highest electric field intensity. The region 2 is the
triangle area with stronger electric field intensity in back iron. And the region 3 is the combination
of two rectangle areas with the smaller electric field intensity in conductor cylinder. d;, d,, d3
and g, are the side lengths of each area:
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E =vXB. 3)

According to Eq. (3), the average value of the eddy current electric field intensity of each
region, E;, E, and F5, can be obtained, as Eq. (4). E; is the mean value of electric field intensity
in Region 1. For the electric field in this area is most concentrated, the magnetic flux density at
the precise middle layer of conductor cylinder is taken for the calculation to obtain E;. For Region
2 where the electric field is relatively uniform. The mean electric field intensity E, is calculated
using the magnetic flux density at the radius (1 + hp/4) in back iron. Region 3 is the area where
electric field are gradually decreases above and below region 1, and areas of this two parts are
small at top and large at bottom. The average electric field of the third region E; is calculated by
E, times a velocity dependent coefficient kj:

E it
1= Y
2md (ri + %)
@ 4
E,= —Shv’ (4)
L 2md, (rb + Tb)
E3 = ElkE'

The calculation of eddy current needs the mean values of electric field intensity of each region
as well as their areas. And the side lengths of each region are relevant to both structure parameters
and velocity, as follows:

dl = f(vl dS' hi)r
g2 =9g), (%)
d; = h(v,dg, dy,, hy).

Although if the coefficients could be directly multiplied by the structural parameters, as
originally envisaged, the calculations could be simpler and clearer. However, through analyzing
electric field results of different models, it is found that the side lengths are also sensitive to
structural parameters: d,,,, dg, and h;.

To obtain the required side length, a series of finite element models were established. For each
dimension parameter, three models were established, with other parameters remain unchanged,
using the upper and lower bound of design range of that parameter and its intermediate value. The
design range of parameters are given in Table 1. All the FEM models were calculated under the
speed of 1-15 m/s.

Table 1. Boundaries of design parameters
Parameter | hyp, /mm | hy /mm | h;/mm | dp, /mm | dg/ mm
Upper bound 60 3 2 23 10
Lower bound 50 1 1 17 6

According to the correlation analysis of each edge length regarding ECB dimensional
parameters, it is found that d, is mainly correlated with v, d, and h;, g, is mainly correlated with
v, h;, and d3 is simultaneously correlated with v, d,,,, ds, and h;. However, these correlations are
simple and clear, as shown in Fig. 7, and direct formulae can be obtained by fitting the data. Only
the correlation of a certain edge length with respect to velocity and one dimensional parameter is
considered at a time, and a surface fit is performed using a custom function of the fitting tool. The
custom function gives the main part of the function with speed as the main variable, plus the part
of the function related to the size variable. The final fitted formulae for d,, g,, and d5 are obtained
as follows. Also, the formula of kj can be obtained by fitting.
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Fig. 7. Variation of d; with velocity at different d.
Here, dg, Ay him are intermediate values of design range of d, d,p,, h;

The values of the fitting results are given in Table 2 and the same in the following equations:

d, = A3v® + A202 + A1v + A0 + (ds — dgy) (A21'02 + A11'v + A01")

6
+(h; — hi) (A21"7° + A11"v + A01"), ©
g» = B2v? + Blv + B0, (7
d; = C3v3 + C2v2% + C1v + CO + (ds — dsp)(C31'v3 + C21'v2% + C11'v + €01")
+(h; — hip)(C31"v3 + €21"v2 + C11"'v + C01") (8)
+(dpm = Ao (€217 + €11 + €O1'™),
o = {DZlv2 + D11v + D01, (v <3), ©)
E7 D22v2 + D12v + D02, (v > 3).
Table 2. The values of the fitting results
A3 —1.945x10°° | A2 8.414x1073 Al —0.001186 A0 0.009542
A2’ 0.007877 Al’ —0.172 A’ 0.8901
A2" 0.003325 Al” 0.05862 A" —0.3998
B2 2.75x10°° Bl -1.93x10™* B0 0.00308
C3 1.641x10°6 C2 —9.39x1073 Cl 0.001521 CO0 | 0.007323
Cc31’ 0.002251 c21’ —0.06383 C11’ 0.4854 C01" | —0.3865
C31” 0.004573 C21" —0.1141 C11” 0.7963 Co1” 0.4449
c21” 0.001037 Cc11” 0.009675 co1” 0.2652
D21 0.02316 D11 —0.1646 DO1 1.1172
D22 0.002624 D12 —0.0591 D02 1.041
K4 3.5x107° K3 | —1.595x1073 K2 0.02725 K1 —0.1742
K31’ 0.01701 K21’ 1.084 K11 -17.47 Ko01' —37.61
K22’ —238.7 K12’ 4212 K02' —9285 KO0 0.8173
K31” —0.6055 K21” 21.52 K11” —235.5 Ko01” 1114
K22" —3746 K12” 7.54x10% K02" | —4.451x10°
After obtaining the required parameters, the calculation of the vortex can be performed:
i =Eio, ] = Ebe' J3 = Ez0, (10)
| =]1‘dihi+]2'zdzgz +Js - dsh, (11)

where, 0;, g3, are conductivity of conductor cylinder and back iron, J;, /,, /5 are average current
density of three regions. With Egs. (10-11), eddy current can be obtained by multiplying the
current density by the cross section through which the current flows:
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Fo=1-k,. (12)

The Magneto Motive Force (MMF) F; generated by eddy current is given in Eq. (12). This is
an approach similar to that used by the motor model, except that the MMF is not produced by
coils, but by eddy current. The F;, an element represents the influence of eddy current in the MEC
model, was calculated by multiplication of the eddy current in secondary and a coefficient relate
to velocity (k;).

Different from motors, the eddy current induced in ECB is placed at the position in the
secondary facing pole shoes instead of permanent magnets. Therefore, the coefficient k; was
introduced, representing the influence of relative position of permanent magnet and eddy current
in the MEC model. The relative position of permanent magnet and eddy current changes when the
velocity changes, as shown in Fig. 8. As the electric field shift downward, the relationship between
its induced magnetic field and the original field is more like overlap rather than intersection, which
will cause the induced magnetic field to weaken the original field more seriously. Through
analyzing FEM models built before, the coefficient k; under different condition was obtained.

i i Ry i [

i i k_ i '

1 ]

i i N

a) At a lower velocity b) At a higher velocity
Fig. 8. Schematic diagram of induced magnetic field of eddy currents at different speeds
(Reproduced with permission from [Analytical modeling of permanent magnet linear eddy
current brake using magnetic equivalent circuit method], IOS Press, 2022)

Similarly, it can be obtained analytically that, in addition to velocity, k; also has a clear
correlation with dg and h;. A polynomial of the fourth power of x(v) and the second power of
y(ds/h;) was obtained with an R? that higher than 0.99:

k; = K4v* + K3v3 + K2v2 + K1v + KO
+(ds — dgn) (K31'v3 + K21'v? + K11'v + K01’ + K22'v?ds + K12'vds + K02'd;)  (13)
+(hy — hi) (K317 + K217 + K11"v + K01 + K22""V*h + K12"vh; + K02""™),

_]12 2 2
Py =—mnd, (175 — 1),
0;
J? (md
P, = J_Zb(TZ 12+ 1, +12) — nd2r02>, (14)
_]32 2 2
P; = ;de3(7”o -15),

L
P Nps(Py + P, + P3)
v

, (15)

where Ny is the number of pole shoe, 1; = 13, + g,.

The braking force generated by eddy current was achieved by dividing the heat loss power of
eddy current by speed.

To calculate the MEC model with relative velocity, iterative calculation was applied. Firstly,
the radial flux density of the secondary was calculated under no-load condition, and eddy current
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was calculated accordingly. Then, the MEC model with MMF F; was recalculated, and iterative
calculation was carried out. When the eddy current converges, the MEC model result was
obtained, and the braking force can be gained accordingly. The complete calculation flow chart is
shown in Fig. 9.

2.3. Prototype test

The ECB in this paper adopts a cylindrical structure, which is different with the commonly
studied ECB. Therefore, its theoretical correctness and practical feasibility still need to be verified
through prototype testing. An overall scaled-down prototype was used for impact tests. At the
same time, the corresponding FEM model was established for verification.

In this study, the basic design goal of this ECB is to require a braking force greater than 120 kg
while being reasonably sized. However, after preliminary design, the diameter and length of the
prototype obtained are too large. Although its acceptable for the Practical mechanical application.
The test equipment for it will need special design and manufacture. Therefore, a small prototype
was made with its overall size being reduced to one third of the initial design. The main dimensions
and material parameters of the prototype are demonstrated in Table 3. The PM type used to make
the ECB is NdFeB, the material of cylinder conductor is aluminum alloy (6061). The shaft is made
of stainless steel, the pole shoes and the back iron are made of ordinary carbon steel.

Calculate the MEC model under
no-load state
T

]
I Obtain the induced eddy current ‘

!

I Calculate the MEC model considering MMF |

Whether eddy
current converges

I Obtain the braking force

Fig. 9. Calculation flow chart of ECB analysis model

Table 3. Dimensions and material parameters of the prototype

Parameter Value Parameter Value
i 6 mm hg 0.5 mm
Tym 17.5 mm h; 2 mm
Tip 19.5 mm B, 1.25T
Teb 29 mm o; 28 MS/m
dn 10 mm oy 6.9 MS/m
d 5 mm Nym 8
Nps 9

The experimental platform configuration is illustrated in Fig. 10. The outer cylinder of the
ECB was fixed leaving a braking distance at the end, and the other side of the primary’s moving
shaft was attached to an L-shaped plate with a slide rail underneath it. In order to obtain a higher
relative speed of motion, an air hammer was used to impact onto the plate, causing the moving
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rod to carry the primary to move. The linear relative motion between the primary and the
secondary was guaranteed by two guide rings placed beside pole shoes at both ends of the
prototype. Therefore, the measured force value was the combination of braking force and friction
force. To obtain the ECB brake force, the friction force should be subtracted, which comes from
the mass of the prototype.

A FEM model with the parameters with the same parameters as the prototype was established.
If the correctness of the finite element model can be found by testing, then the proposed model
can be validated using the finite element model under other design parameters. Fig. 11 shows the
braking force results obtained by experiment, proposed method, and FEM model. A good
agreement between the three results can be observed. And it is visible that the braking force
obtained by the proposed method is slightly greater than experimental results. This is because the
pitch number of the prototype is too small, making the edge effect in the model to emerge. In
addition, it should be mentioned that the design parameters of the prototype are actually smaller
than the design range given above, but the obtained results are still accurate because the proportion
of its structural dimensions does not change much.

ECB
Prototype

N ira ‘ p ’
i " 3<%
Fig. 10. Experimental platform configuration

It can be seen from Fig. 11 that the larger speed is difficult to realize by small prototype test.
And in order to verify the proposed method with different design parameters, FEM models will
be carried out in next chapter. In the following analysis, the pitch number will be set relatively
large to minimize the edge effect. And the ECB is studied without considering temperature change,
which are all assumed to be 20 °C.

The braking force of the ECB is nonlinear with respect to velocity, and although the prototype
was tested at only 8 m/s, it already shows a nonlinear trend that matches the FEM results. This
nonlinear nature is due to the fact that with increasing speed leads to enhanced eddy currents but
the counter effect of the eddy currents on the primary electromagnetic field also increases (the
region of high intensity of the eddy current electric field shrinks). As speed increases, the positive
effect of speed on the eddy current electric field gradually outweighs the negative effect of the
shrinking area of the high intensity region of the electric field on the eddy current, and thus the
braking force characteristics are nonlinear. And the effect of design parameters on braking force
characteristics is well worth analyzing.
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3. Parametric analyze
3.1. Air gap

Using the ECB braking force prediction model proposed above, the influence of design
parameters on the braking force results can be analyzed, which will guide the following optimal
design of the ECB.

The width of the air gap is one of the most direct factors affecting the magnetic induction
intensity of the air gap. Keep other parameters unchanged, FEM models are built with different
air gap widths. FEM models and the proposed model are calculated to obtain the braking force
results as shown in the Fig. 12. Comparing the finite element results, it can be seen that the
prediction model proposed in this paper can predict the influence of the air gap width on the
braking force.

It is obvious from the MEC model that the narrower the air gap, the smaller the air gap
reluctance and the stronger the magnetic field in the air gap and in the secondary. However, for
extremely narrow air gaps, the machining accuracy of the parts is limited, and the difficulty of the
installation of the conductor layer barrel and the back iron barrel will increase. Therefore, in order
to guarantee successful installation and structural stability during braking, the air gap width will
be set directly to the minimum achievable in the following sections.

23 ) T T T 180
20F A 150 |- Ve e
—~ " o
g 2
T < 1of
2 15F B |53
: :
- 2 9t ]
g =11}
£ 10} j 2
< g | |
ii o Experimental g 60 Proposed method ~ FEM
0sp o . FE[;/I 1 — . £,=0.50mm
. Proposed method 30 ° h,=0.75mm
P — . h,=1.00mm
0.0 L L L . 0 . . . .
0 3 6 9 12 15 0 3 6 9 12 15
v (m/s) v(m/s)
Fig. 11. Breaking force results comparison Fig. 12. Braking force curve

with different air gap widths
3.2. Permanent magnetic size parameters

The thickness and outer diameter of the permanent magnet ring determine the maximum
magnetic energy that the ECB primary can deliver. Under the condition that other parameters
remain unchanged, FEM models that only changes the thickness of the PM and FEM models that
only changes the outer diameter of the PM are established. FEM models and the proposed model
are calculated to obtain the braking force results as shown in the Figs. 13 14. It can be seen that
the results of FEM and the proposed model both show that the magnitude of the braking force is
positively related to the thickness and outer diameter of the permanent magnet. At the same time,
the permanent magnet coefficients have little effect on the critical speed.

With other dimensions unchanged, the larger the permanent magnet ring, the stronger the
magnetic field. However, the density of permanent magnets is relatively large (7.5 g/cm?), and the
mass of the ECB also needs to be controlled and weighed in the design. In addition, if the outer
diameter of the permanent magnet increases, it will lead to an increase in the diameter of the
secondary, and eventually larger volume and mass of the ECB. And one of the optimization
objective of the ECB design is, of course, smaller mass and volume.
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Fig. 13. Braking force curve with different Fig. 14. Braking force curve
outer diameter of the PM with different PM thickness

3.3. Pole shoe size parameters

According to the reluctance formula and the MEC model, the shape of the magnetic shoe affect
the magnitude of the magnetic field generated by the primary. The thinner the pole shoe, the
smaller the magnetic field intensity. At the same time, the magnetic saturation effect in pole shoes
restrict the magnetic flux from increasing indefinitely.

Under the condition that other parameters remain unchanged, FEM models that only changes
the thickness of the PM and FEM models that only changes the outer diameter of the PM are
established. FEM models and the proposed model are calculated to obtain the braking force results
as shown in the Figs. 15, 16. It can be seen that the results of FEM and the proposed model both
show that the size parameter of the magnetic shoe has a greater influence on the braking force
when the speed is small. At the same time, the influence of the thickness of pole shoe on the
critical speed is very obvious. When the thickness of the magnetic shoe increases from 6.5 mm to
9.5 mm, the critical speed is reduced from about 10 m/s to 7 m/s.

180 180
1501 . o e, 1 150 | P J
2 ~
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=] o0
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30 - _— . hg=2.5mm ] 30 —_— . d=8.0mm -
_ . hg=3.5mm — . d=9.5mm
0 ‘ ‘ ‘ ‘ 0 ‘ ‘ ‘ ‘
0 3 6 9 12 15 0 3 6 9 12 15
v(m/s) w(m/s)
Fig. 15. Braking force curve with different Fig. 16. Braking force curve
outer diameter of pole shoes with different thickness of pole shoes

3.4. Cylindrical conductor

According to Egs. (7-11), the thickness of the conductor cylinder directly affects the magnitude
of eddy currents and braking force generated in the secondary. Under the condition that other
parameters remain unchanged, FEM models and the proposed prediction model with different h;
are established and calculated, and the braking force prediction results obtained are shown in the
Fig. 17.
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Fig. 17. The braking force curve with different conductor cylinder thicknesses

It can be seen from Fig. 17 that the critical speed decreases with the increase of h;. When the
speed is greater than 6, the braking force attenuation caused by the increase of speed is aggravated
with the growth of h;. The braking force curve of h; = 2 mm has no obvious advantage over the
other two curves, and the critical speed is only about 6 m/s. Comparing the other two braking force
curves, it can be seen that when the speed is less than 8 m/s, the braking force curve of
h; = 1.5 mm is more advantageous, and when the speed is larger than 8 m/s, the braking force
curve of h; = 1 mm is greater. But in choosing the optimal value of h;, its impact on critical speed
needs more attention.

The braking force curve of different h; shows different trends, that is because the magnitude
of the eddy current is obtained by multiplying the density of the eddy current by the cross-sectional
area as Eq. (8). Since the magnetic permeability of the conductor is considered the same as that of
air, the magnetic flux density and eddy current density in the conductor cylinder decrease
significantly with the increase of its thickness. When the thickness exceeds a certain value, the
gain of eddy current with the increase in the cross-sectional area will not be enough to offset the
weakening of eddy current caused by the decrease of the eddy current density.

Based on the analysis in this chapter, it can be seen that the size parameters of the air gap and
PMs can affect the braking force results as a whole without changing the braking force
characteristics about the velocity. The parameters of the air gap are generally determined by
mechanical design, while the parameters of PMs will affect the electromagnetic field of the ECB
from the source, but too large PM volume will affect the mass of the ECB, so the parameters of
the PM need to be optimized by gaming. Pole shoe related parameters are more likely to affect the
braking force in the medium-speed phase of the performance, so its parameters should be
optimized according to the specific operational requirements for the design. Conductor cylinder
thicknesses have a greater impact on the braking force at high speeds and affect the volume and
mass of the ECB, so this parameter needs to be optimized.

4. Multi-objective optimization problem and Stackelberg game theory
4.1. Multi-objective optimization problem

The design objective of ECB should be aligned with its application condition. For the special
braking condition of strong impact load, the ECB should have its own consideration compared
with existing researches. In the optimal design of the brake, it is always expected to obtain the
maximum braking force, while keeping the overall weight under control. At the same time, the
rated speed of the brake should be considered. The ECB designed in this paper is used to brake
the movement of large impulse, so a large proportion will be in the state of high-speed movement
during work. Therefore, the critical speed of the brake should be as large as possible.

In the Fig. 18 is the braking force versus speed curve, braking force density is the braking force
braking force divided by the mass of the ECB, and v, is the critical speed. In order to pursue the
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maximum braking force during the braking process, F,,,, is proposed as the optimization objective.
The optimization model is established as follows:

15 F
Fuy = Y 3 (16)
v=6
{mamev X)), v.(X), a7
s.t.X € Q°.

The objective of this optimization problem is to maximize the ECB braking capability between
certain parameter ranges and structural ratios, so there are no constraints other than the upper and
lower regions of the variables. It is generally accepted that there is a scaling relationship limitation
between d,, and dg, but in the optimization, this scaling relationship in the optimal solution is
always in accordance with the conventional limitation, so there is no need to give additional
constraints. The range of variable selection is given by the upper and lower parameter limits
below.

Multi-objective optimization methods have been widely used in the optimization design of
mechanical structures. However, the traditional multi-objective optimization methods are often
inefficient in solving the contradiction and containment between optimization objectives. Game
theory is the mathematical theory and method of studying phenomena of a combat or competitive
nature. It has been widely used in research in fields such as finance and political science. In recent
years, some researches in mechanical design have integrated the game theory method into the
multi-objective optimization algorithm, and achieved some results.
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Fig. 18. braking force and braking force density versus velocity

In the multi-objective optimization of ECB discussed in this paper, the two optimization
objectives are somewhat conflicting. Generally speaking, the design objective of ECB hopes that
the braking force is as high as possible, but while pursuing this optimization objective, the
application conditions of ECB discussed in this paper need to pay attention to the braking force in
the high-speed phase, i.e., it is hoped that the critical speed is as large as possible. The multi-
objective optimization method applying game theory is suitable and more appropriate than the
original method for the optimization problem in this paper.

Two game strategies have been introduced before, which are the Nash game strategy and the
Stackelberg game strategy. In a Stackelberg game, there is a leadership relationship among the
players. And in the ECB design problem discussed in this article, as optimization objectives, the
braking force has a higher priority than the critical velocity. Therefore, the Stackelberg game
strategy is suitable for the multi-objective optimization problem here.

4.2. Stackelberg game

A Stackelberg game consists of players, strategy and payoff. There are two types of player in
Stackelberg game: one leader and one or multiple followers. Corresponding to the previous
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multi-objective optimization model, two players, leader and follower, were considered, and their
objective functions are F,,, and v.

Table 4. Range of design variables
Design variables | x; /mm | x, /mm | X3/ mm | x,/mm | x5 / mm

Upper bound 57.5 3.5 2 22 10
Lower bound 52.5 1.5 1 18 6
Table 5. Material and parameters remaining constant
Parameter Value Parameter Value

T 32 mm h, 0.5 mm

hy 8 mm B, 145T

0; 28 MS/m Op 6.9 MS/m

Nym 17 Nys 18

The strategy is that the arrangement made by player be in response to the actions made by the
other player. The strategy of leader and follower are made with corresponding sets of design
variables: x; and xp. Before optimization, design variables in multi-objective optimization model
need to be grouped in x; (xg), corresponding to two players.

According to the parametric analyze in the third chapter, the design variables (hyy,, hq, h;,
d, d) are set as {x;, x5, X3, X4, X5 }. And they are grouped in x;, {x;, x5, x5} and x {x4, x5}. The
upper and lower bound of the design variables are given in Table 3. The value of other parameters
of ECB are given in Table 4.

During the game, the leader first operates the optimizer to find min (—F,,) by adjusting x; .
Then, with x; remaining the result of leader, the follower operates the optimizer to find min (—v,)
by adjusting x. The x is passed to the leaders move again and the two players take turns to find
the optimization strategy. When the leader cannot improve its strategy, it is considered that a
Stackelberg equilibrium is reached.

Algorithm 1 presents the workflow of this Stackelberg game model. Fmincon is used as the
optimization solver for each player. And the number of iterations of the game is set to at least 8

The Stackelberg game has the characteristic that there can be two or multiple players with
hierarchical relationship. In the Stackelberg game 1 given above, (—F,,,) was set as the leader
player. According to its definition, min (—F,,) simultaneously encapsulates the quest for greater
braking force and less mass. With the characteristic of Stackelberg game, this Multi-objective
optimization problem can also be transformed in a Stackelberg game with three players: —F,
(leader), —v, (follower 1), Mass (follower 2). The calculation formula of F, is as Eq. (18). Mass
is the total mass of the EBC calculated with design variables:

15
F=YF. (18)
v=6

Algorithm 1. Algorithmic procedure of the Stackelberg game 1.

Input: Initial design variables (x?, x2) and their upper and lower bounds of x;, x.

(1) repeat

(2) Leader’s optimization: Taking (x?, xp) as initial design variables, keep xp as constant and
adjust x; to minimize (—F,,,) by the optimizer. Export new design variables (x}*, x2).

(3) Follower’s optimization: Taking (x7, x2) as initial design variables, keep xJ' as constant
and adjust x? to minimize (—v,) by the optimizer. Export new design variables (x]', x}) and
optimization results of the two player’s. Calculate the convergence index delta x = abs(F,,, (x],
xlrfl) — Fny (xf, xig))

(4) (xr, xp) = (x[', XF).
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(5) until the Stackelberg equilibrium is satisfied.

In game2, the design variables were regrouped in x; {x, X3}, xp; {X4, x5} and xg, {x;}. The
workflow of this Stackelberg game model 2 is given in Algorithm 2.

Algorithm 2. Algorithmic procedure of the Stackelberg game 2.

Input: Initial design variables (x?, x2;, x2,) and their upper and lower bounds of x;, Xp, Xz».

(1) repeat

(2) Leader’s optimization: Taking (x°, x2;, x2,) as initial design variables, keep x2;, x2, as
constant and adjust x; to minimize (—F,) by the optimizer. Export new design variables (x], xP;,
Xp2).
(3) Follower1’s optimization: Taking (x]*, xP;, x2,) as initial design variables, keep xJ!, x2,
as constant and adjust xP; to minimize (-v,) by the optimizer. Export new design variables (x]',
XF1, XP2).

(4) Follower2’s optimization: Taking (x], x},, x2,) as initial design variables, keep xJ!, x4
as constant and adjust x?, to minimize (Mass) by the optimizer. Export new design variables
(x]', xf1, xp,) and optimization results of the three player’s. Calculate the convergence index
delta,X = abs(F,,(x[‘, x;“lls x;‘lz) - Ei(xl(,)s x?la ngZ))'

(5) (xl(?’ xgla ng) = (lea x};lla ng)'

(6) until the Stackelberg equilibrium is satisfied.

4.3. Game results and analysis

The convergence process of game 1 is shown in Fig. 19, which shows the decision result
history of the two players £, and —v,. As can be seen from the figure, the leader’s value has
been greatly improved, while the follower’s value (—v,) has decreased slightly. The reason of
thev, value does not increase is that it is difficult to increase the critical speed greatly due to the
ECB structure and characteristic of the braking force versus speed curve. Generally, in this
structure, increasing the braking force value will reduce the critical speed with a high probability.
So it can be considered that the game result of the follower is still good.

1500 T T T 160

10.0 T T T

LR H1s8
95k 1450 |

@ N = —~ v, 1156 &p
é 9.0 /,"”’ T T e e e E AZVZ o0 f N :é’
s ; s A I,’ L {154 =
8.5 f//l 1350 // _
| : T 1'%
/ —o- Mass,
i > 4 P g 1300 . - : L 150
Generations Generations
Fig. 19. Convergence histories of the two players Fig. 20. Convergence histories of players F,
of Stackelberg game 1 and Mass of Stackelberg game 2

Fig. 20 shows the convergence history of the leader F, and follower2 Mass in game 2. The
convergence history of v, is not given, because it is exactly the same as in game 1. It can be seen
from the figure that F, achieves a higher numerical result in the first generation. However, reacting
to the strategy of follower Mass, the numerical result of F, decreases in the next generation, and
then quickly reaches equilibrium.

The equilibrium results of the two game models are shown in Table 6. It can be seen that the
two results are exactly the same. Analyzing this result, it can be considered that F,,,, can be used
as the optimization objective for the maximum braking force and minimum mass at the same time,
and it is more concise in the Stackelberg game algorithm.
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Game 2 shows the game process between braking force and mass, i.e., it can be better applied
when targeting the contradiction between this two objectives and obtaining a braking
force-dominated optimization result. Meanwhile, convergence was reached in one iteration in
game 1. Although the convergence of the Stackelberg game is often reached quickly between 2
and 3 iterations when applied to multi-objective optimization related to mechanical design, it is
still considered that after the grouping of variables the two optimization objectives does not have
a major influence on each other. Due to the grouping of variables and the conservative selection
of variables in this game design, it did not show too much contradiction between braking force
and critical speed. Therefore, it is considered to try to present more design variables, such as the
conductivity of the inner cylinder, and new grouping method in the subsequent optimization
design. This game provides guidance for future optimized designs of ECBs under practical
operating conditions.

Table 6. Values of design variables

Variables X;/mm | x,/mm | x3/mm | x4/ mm | x5/ mm
Original design 55.0 2.5 20 1.5 8.5
Stackelberg equilibrium for game 1 52.5 1.5 22 1.5 8.0
Stackelberg equilibrium for game 2 52.5 1.5 22 1.5 8.0

A FEM model is built using the equilibrium point data. Fig. 21 shows the braking force versus
velocity curves of the ECB model at the initial design and equilibrium points, calculation results
are obtained using the proposed model and FEM models. By comparing the data, it can be seen
that the overall braking force has been improved, and the maximum braking force value has been
increased from 1.37 kN in the initial design to 1.51 kN. In the meantime, the critical velocity did
not decrease significantly, and according to the parameters in Table 6, it can be seen that the
overall mass is reduced.
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Fig. 21. Braking force curve of original design and equilibrium point

Using the Stackelberg game strategy, the design parameters and design objectives were
balanced after the game. Compared with the previous design, a more appropriate design and
optimization model was obtained with better results on both sides of the design objectives. It
shows that the Stackelberg game can better deal with this kind of problem where there are
dominant optimization objectives and at the same time the conflict between the optimization
objectives can be reconciled by the design parameters.

The above results indicate that the Stackelberg game strategy can be used in the multi-objective
optimization of ECB, and the proposed model together with the Stackelberg game model can be
applied in the optimal design of EBC.

5. Conclusions

Combined with the MEC model and a small amount of finite element analysis, this paper
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presents an analytical model that can approximately predict the braking force of ECB. In this
model, the braking force is calculated through an approximate electric field cross section method.
And the influence of eddy current on the MEC model is considered by introducing the MMF
generated by eddy current. This analytical model is validated through small prototype experiments
and finite element models. Although needs the reference of a small number of FEM models, this
model can be reliable in a relatively large range.

The linear ECB structure studied in this paper has the design requirements of large braking
force and fast working speed. After analyzing the design requirements and design parameters of
ECB, a multi-objective optimization model is established using the Stackelberg game strategy.
The optimization results are verified through FEM model calculation, and it is proved that the
game method can be applied in the multi-objective optimization design of ECB.

The approximate calculation results obtained by the prediction model are not yet completely
accurate. Therefore, this multi-objective optimization model is also only suitable for the
preliminary parameter design of ECB. A more refined finite element model or model of Maxwell’s
equations is also necessary. In addition, the existence of acceleration is certain in practical
applications of ECB, and when the acceleration is large, it will also cause errors in the model.
Therefore, taking into account acceleration and other factors to obtain a more accurate prediction
model is a feasible direction for continued research. At the same time, the game method can also
be considered to be applied to other ECB multi-objective optimization problems.
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