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Abstract. Exciters of vibrations of the type when one vibrating mass performs impacts into two 
immovable supports, which are located on the opposite sides with respect to the mass, are 
investigated. Here because of the connection of the vibrating mass with the supports the system 
may have the point of equilibrium located at equal or different distances from the impacting 
surfaces. Also, because of the difference of coefficients of restitution of impacts the system may 
have symmetric or non-symmetric laws of motions of the vibrating mass. Such systems are 
important in pipe robots and other engineering devices. Typical results of investigation of 
dynamics of such systems are obtained. The presented results can be used in the process of design 
of systems with vibrators having two impacting pairs. Investigations are performed by using 
analytical as well as numerical methods (calculations are performed by C++ Builder Community 
Edition, Newmark constant average acceleration method is used for numerical integration of 
equations of motion). The obtained typical graphical relationships show symmetric as well as 
unsymmetric regimes of motion and enable to perform their comparison. The basic novelty of this 
paper is the investigation of unsymmetric regimes of motion. 
Keywords: exciters of vibrations with two impacting pairs, symmetric laws of motion, non-
symmetric laws of motion, nonlinear vibrators, vibro-impact system. 

Nomenclature 𝑚 Mass 𝑥 Deflection of the mass from the position of equilibrium 𝐶 Coefficient of stiffness of the connection of the mass with the immovable support 𝐻 Coefficient of viscous damping of the connection of the mass with the immovable 
support 𝑡 Time variable 𝜔 Frequency of excitation 𝐹 Amplitude of excitation 𝑙 Distance from the origin of the coordinate system to the immovable support 𝛿 Distance of the position of static equilibrium of the mass to the origin of the coordinate 
system 𝜏 Non-dimensional time variable 𝑝 Eigenfrequency of the system 𝑅  Coefficient of restitution of the first support 𝑅  Coefficient of restitution of the second support 𝜏̅ Period of eigen vibrations 

 ′ 𝑑𝑑𝜏 ,     ℎ 𝐻√𝑚𝐶 ,     𝑓 𝐹𝐶 ,     𝜈 𝜔𝑝 ,     𝑓̅ 𝑓sin𝜈𝜏. 
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 Superscript minus denotes value before impact 
 Superscript plus denotes value after impact 

1. Introduction 

The purpose of the work is to create exciters of vibrations of high precision according to the 
laws of motions, including those of very high frequency. 

Exciters of vibrations of the type when one vibrating mass performs impacts into two 
immovable supports, which are located on the opposite sides with respect to the mass, are 
investigated. 

Here because of the connection of the vibrating mass with the supports the system may have 
the point of equilibrium located at equal or different distances from the impacting surfaces or 
because of the difference of coefficients of restitution of impacts the system may have symmetric 
or non-symmetric laws of motions of the vibrating mass. 

Such systems are important in pipe robots and other engineering devices. 
Typical results of investigation of dynamics of such systems are obtained. The presented 

results can be used in the process of design of systems with vibrators having two impacting pairs. 
Resonances of nonlinear vibrating systems are investigated in [1]. Impacts are analyzed in [2]. 

Stabilization of vibrating systems is investigated in [3]. Impacts and vibrations are analyzed in 
[4]. Periodic orbits are investigated in [5]. Energy sink in a vibrating system with impacts is 
analyzed in [6]. Impact of a particle with a wall is investigated in [7]. Multibody system is 
investigated in [8]. Dynamics of a pendulum is analyzed in [9]. Piecewise linearity is investigated 
in [10]. Resonant zones are analyzed in [11]. Sommerfeld effect is investigated in [12]. Isolated 
resonances are analyzed in [13]. New mechanisms in contemporary robot engineering are 
presented in [14]. Vibrations in transmissions are investigated in [15]. Theory of vibro-impact 
systems is presented in [16]. Vibrations of robots are investigated in [17]. Vibro-impact 
mechanism is analyzed in [18]. Vibrating system impacting into a deformable support is 
investigated in [19]. Vibro-impact system with harmonic resonant excitation is analyzed in [20]. 
Single valued motions of the vibro-impact system are investigated in [21]. Pipe robot with impact 
interactions is analyzed in [22]. Impact motions in elements of manipulators and robots are 
investigated in [23]. Manipulators and robots excited by an external variable force through mutual 
impacts of their separate elements are analyzed in [24]. System with two sided impacts is 
investigated in [25]. Soft impacts in elements of pipe robots are analyzed in [26]. Impact motions 
in elements of pipe robots are investigated in [27]. Vibration drives with two impacting pairs are 
analyzed in [28]. Pipe robot with impacts is investigated in [29]. Two-sided soft impacts are 
analyzed in [30]. Vibrator with two impacting pairs is investigated in [31]. 

Impacts in distributed parameter systems are an important problem. Large amplitude vibrations 
of beams are investigated in [32]. Non-linear frequencies of beams are determined in [33]. Free 
vibrations of beams are analyzed in [34]. For the investigation of impact motions in beam type 
structures analytical as well as finite element approaches are used. In such systems wave motions 
because of impact interactions take place. 

Vibrator with two impacting pairs when one of them is in the position of equilibrium was 
analyzed in [31]. This paper continues the investigations presented in the previous paper for the 
case when one of the impacting surfaces is not necessarily in the position of equilibrium. Thus, a 
more general problem is solved in this paper. 

In [29] pipe robot with impacts is investigated. The investigation presented in this reference 
shows the importance of impact interactions for the analysis of dynamics of some types of pipe 
robots. 

The model of the investigated vibrating system is described. Results of investigation of 
dynamics for typical parameters of the system are presented. 
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2. Model of the system with two impacting pairs 

Schematic representation of the system is presented in Fig. 1. In the figure 1 and 2 denote rigid 
non deformable immovable supports, 3 denotes position of the mass 𝑚, 4 denotes the line dividing 
the distance between the supports into two equal parts, 5 denotes the line of static equilibrium, 𝑥 
denotes the deflection of the impacting mass from the position of equilibrium, 𝐶 denotes the 
coefficient of stiffness of the connection of mass 𝑚 with the immovable foundation, 𝐻 denotes 
the coefficient of viscous damping of the connection of mass 𝑚 with the immovable foundation. 

When the force 𝐹sin𝜔𝑡 is acting to the mass 𝑚, it can move between the supports: 𝑥 ∈ − 𝑙 − 𝛿 , 𝑙 + 𝛿 , (1)

and at 𝑥 = 𝑙 + 𝛿 the mass 𝑚 impacts into the support 1, at 𝑥 = − 𝑙 − 𝛿  the mass 𝑚 impacts into 
the support 2. 

By introducing the notation: 𝜏 = 𝑝𝑡, (2)

where τ is the non-dimensional time and 𝑡 is the dimensional time, and introducing: 

𝑝 = 𝐶𝑚, (3)

where 𝑝 is the eigenfrequency of the system in the interval Eq. (1), the upper dot denotes 
differentiation with respect to the time 𝑡 and introducing: 

′ = 𝑑𝑑𝜏 ,     ℎ = 𝐻√𝑚𝐶 ,     𝑓 = 𝐹𝐶 ,     𝜈 = 𝜔𝑝 , (4)

the following differential equation of motion in the interval Eq. (1) is obtained: 𝑥′′ + ℎ𝑥′ + 𝑥 = 𝑓sin𝜈𝜏, (5)

and during the instantaneous impact according to the previous equations: 𝑥 = 𝑙 + 𝛿: 𝑥′ = −𝑅 𝑥 ,     𝑥 > 0,𝑥 = − 𝑙 − 𝛿 : 𝑥′ = −𝑅 𝑥′ ,     𝑥′ < 0. (6)

 
Fig. 1. The investigated system 
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Units of measurement of the investigated quantities can be determined based on equations (4). 

3. Case of the conservative system 

In this case: ℎ = 𝑓 = 0,𝑅 = 𝑅 = 1, (7)

and the equation of motion in the interval Eq. (1) takes the form: 𝑥′′ + 𝑥 = 0. (8)

Here it is assumed that the first impact to support number 1 takes place, and later impact to 
support number 2 takes place. It can be assumed that 𝜏 = 0 and 𝜏 = 𝜏̅ 2⁄ , where 𝜏̅ 2⁄  is half of 
a period of eigen vibrations of vibro-impact system. Two equations for the determination of period 
of motion are obtained: − 𝑙 − 𝛿 = −𝑥  ,     𝜏2̅ = 𝑙 + 𝛿 cos 𝜏2̅. (9)

From the obtained results it follows that: 

𝑥′𝑙 = 1 − 𝛿𝑙 + 1 + 𝛿𝑙 cos 𝜏2̅sin 𝜏2̅ , (10)

and according to this equation graphical relationships of period of motion of the conservative 
system (Fig. 2) and of eigenfrequencies (Fig. 3) are obtained. 

4. Investigation of separate types of exciters of vibrations 

Further separate types of exciters of vibrations are analyzed. 

 
a) 𝛿 𝑙⁄ = 0 

 
b) 𝛿 𝑙⁄ = 0.1 

 
c) 𝛿 𝑙⁄ = 0.2 

 
d) 𝛿 𝑙⁄ = 0.3 

Fig. 2. = 𝑃 𝜏̅  for the following values of 𝛿 𝑙⁄ = 0; 𝛿 𝑙⁄ = 0.1; 𝛿 𝑙⁄ = 0.2; 𝛿 𝑙⁄ = 0.3 
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a) 𝛿 𝑙⁄ = 0 

 
b) 𝛿 𝑙⁄ = 0.1 

 
c) 𝛿 𝑙⁄ = 0.2 

 
d) 𝛿 𝑙⁄ = 0.3 

Fig. 3. = 𝑃 𝜔  for the following values of 𝛿 𝑙⁄ = 0; 𝛿 𝑙⁄ = 0.1; 𝛿 𝑙⁄ = 0.2; 𝛿 𝑙⁄ = 0.3 

The values of the parameters were chosen in the process of investigation in order to represent 
typical regimes of motion of the investigated system. 

4.1. Case when 𝜹 = 𝟎, 𝑹𝟏 = 𝑹𝟐 = 𝑹 

4.1.1. Conservative system 

It is assumed that: 𝑥 0 = 0,      𝑥 0 = −0.51,    𝑙 = 0.5. (11)

Variations of displacement as function of time and of velocity as function of time are presented 
in Fig. 4. The obtained results are important for comparison with the results for other values of 𝛿 
presented further in the paper. From the presented results impacts to both impacting surfaces are 
seen. 

 
a) 𝑥 = 𝑥 𝜏  

 
b) 𝑥′ = 𝑥′ 𝜏  

Fig. 4. Results of investigation of dynamics of the conservative system for 𝑙 = 0.5, 𝛿 = 0 

4.1.2. Amplitude frequency characteristics 

It is assumed that 𝑙 = 0.5. Amplitude frequency characteristics of the displacement as well as 
of the velocity are presented in Fig. 5. The obtained results are important for comparison with the 
results for other values of 𝛿 presented further in the paper. From the presented results it is seen 
that for small amplitudes of vibrations impacts to the impacting surfaces do not take place and the 
system behaves as a linear one, while when the amplitude of vibrations is higher impacts to the 
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impacting surfaces take place and thus essentially nonlinear behavior is observed. This follows 
directly from the character of Fig. 5. 

 
a) Displacement 

 
b) Velocity 

Fig. 5. Constant part and amplitudes of the first three harmonics 

4.1.3. Non conservative system 

Zero initial conditions are assumed, and steady state regimes of motion are investigated. 
It is assumed that: 𝜈 = 1,      𝑓 = −1,      ℎ = 0.2,      𝑙 = 0.5,      𝑅 = 0.7,      𝑅 = 0.7. (12)

The exciting force is denoted in the following way: 𝑓̅ = 𝑓sin𝜈𝜏. (13)

Variations of force as function of time, of displacement as function of time and of velocity as 
function of time are presented in Fig. 6. The obtained results are important for comparison with 
the results for other values of 𝛿 presented further in the paper. From the presented results impacts 
to both impacting surfaces are seen. 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 6. Results of investigation of dynamics for 𝜈 = 1, 𝑓 = –1, ℎ = 0.2, 𝑙 = 0.5, 𝑅 = 0.7, 𝑅 = 0.7, 𝛿 = 0 

4.2. Case when 𝜹 ≠ 0, 𝑹𝟏 = 𝑹𝟐 = 𝑹 

4.2.1. Conservative system 

It is assumed that: 
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𝑥 0 = 0,      𝑥 0 = −0.51,     𝛿 = 0.01. (14)

Variations of displacement as function of time and of velocity as function of time are presented 
in Fig. 7. From the obtained results and by performing the comparison with the results of the 
conservative system with 𝛿 = 0 the influence of small values of 𝛿 to the dynamic behavior of the 
investigated system is seen. From the presented results impacts to one impacting surface are seen. 

4.2.2. Amplitude frequency characteristics 

It is assumed that 𝑙 = 0.5, 𝛿 = 0.01. Amplitude frequency characteristics of the displacement 
as well as of the velocity are presented in Fig. 8. By performing the comparison with the results 
of the investigation for 𝛿 = 0 the influence of small values of 𝛿 to the dynamic behavior of the 
investigated system is seen. From the presented results it is seen that for small amplitudes of 
vibrations impacts to the impacting surfaces do not take place and the system behaves as a linear 
one, while when the amplitude of vibrations is higher impacts to one impacting surface take place 
and thus essentially nonlinear behavior is observed and when the amplitude of vibrations is even 
more higher impacts to both impacting surfaces take place. This follows directly from the 
character of Fig. 8. 

 
a) 𝑥 = 𝑥 𝜏  

 
b) 𝑥′ = 𝑥′ 𝜏  

Fig. 7. Results of investigation of dynamics of the conservative system for 𝑙 = 0.5, 𝛿 = 0.01 

 
a) Displacement 

 
b) Velocity 

Fig. 8. Constant part and amplitudes of the first three harmonics 

4.2.3. Non conservative system 

It is assumed that: 𝛿 = 0.01. (15)

Variations of force as function of time, of displacement as function of time and of velocity as 
function of time are presented in Fig. 9. From the obtained results and by performing the 
comparison with the results of the system with 𝛿 = 0 the influence of small values of 𝛿 to the 
dynamic behavior of the investigated system is seen. From the presented results impacts to both 
impacting surfaces are seen. 
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4.3. Case when 𝜹 = 0, 𝑹𝟏 ≠ 𝑹𝟐 

It is assumed that: 𝑅 = 0.6,      𝑅 = 0.8. (16)

Variations of force as function of time, of displacement as function of time and of velocity as 
function of time are presented in Fig. 10. From the obtained results and by performing the 
comparison with the results of the system with mutually equal values of coefficients of restitution 
the influence of small changes of the values of coefficients of restitution to the dynamic behavior 
of the investigated system is seen. From the presented results impacts to both impacting surfaces 
are seen. 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 9. Results of investigation of dynamics for 𝜈 = 1, 𝑓 = –1, ℎ = 0.2, 𝑙 = 0.5,  𝑅 = 0.7, 𝑅 = 0.7, 𝛿 = 0.01 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 10. Results of investigation of dynamics for  𝜈 = 1, 𝑓 = –1, ℎ = 0.2, 𝑙 = 0.5, 𝑅 = 0.6, 𝑅 = 0.8, 𝛿 = 0 
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4.4. Case when 𝜹 ≠ 0, 𝑹𝟏 ≠ 𝑹𝟐 

It is assumed that: 𝑅 = 0.6,      𝑅 = 0.8,      𝛿 = 0.01. (17)

Variations of force as function of time, of displacement as function of time and of velocity as 
function of time are presented in Fig. 11. 

It is assumed that: 𝑅 = 0.8,      𝑅 = 0.6,      𝛿 = 0.01. (18)
 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 11. Results of investigation of dynamics for 𝜈 = 1, 𝑓 = –1, ℎ = 0.2, 𝑙 = 0.5,  𝑅 = 0.6, 𝑅 = 0.8, 𝛿 = 0.01 

 
a) 𝑓̅ = 𝑓̅ 𝜏  

 
b) 𝑥 = 𝑥 𝜏  

 
c) 𝑥′ = 𝑥′ 𝜏  

Fig. 12. Results of investigation of dynamics for 𝜈 = 1, 𝑓 = –1, ℎ = 0.2, 𝑙 = 0.5,  𝑅 = 0.8, 𝑅 = 0.6, 𝛿 = 0.01 

Variations of force as function of time, of displacement as function of time and of velocity as 
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function of time are presented in Fig. 12. From the obtained results and by performing the 
comparison with the previously obtained results the influence of small values of 𝛿 and small 
changes of the values of coefficients of restitution to the dynamic behavior of the investigated 
system is seen. From the presented results impacts to both impacting surfaces are seen. 

5. Conclusions 

Exciters of vibrations of the type when one vibrating mass performs impacts into two 
immovable supports, which are located on the opposite sides with respect to the mass, are 
investigated. Because of the connection of the vibrating mass with the supports the system may 
have symmetric or non-symmetric laws of motions of the vibrating mass. 

Typical results of investigation of dynamics of such systems are obtained. 
The effect of small changes of values of 𝛿 to the regimes of motion of the investigated 

vibro-impact system is determined. The effect of small changes of values of coefficients of 
restitution to the regimes of motion of the investigated vibro-impact system is determined. Finally, 
the effect of small changes of values of 𝛿 and small changes of values of coefficients of restitution 
to the regimes of motion of the investigated vibro-impact system is determined. 

Vibrator with two impacting pairs when one of them is in the position of equilibrium was 
analyzed earlier. This paper continues the investigations presented in the previous paper for the 
case when one of the impacting surfaces is not necessarily in the position of equilibrium. Thus, a 
more general problem is solved in this paper. 

The presented results can be used in the process of design of systems with vibrators having 
two impacting pairs. Such systems are important in pipe robots and other engineering devices. 
The purpose of the performed investigation is to create exciters of vibrations of high precision 
according to the laws of motions, including those of very high frequency. 

The limitation of the study is in the fact that results for typical regimes of motion are obtained 
numerically and presented graphically, while it can be desirable to perform analytical 
investigations of the investigated essentially non-linear system and to obtain analytical 
relationships. 
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