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Abstract. Manipulator of the investigated type may move according to a straight line. It has an 
advantage in the fact that by choosing geometrical parameters of the manipulator it is possible to 
achieve its effective operation. This is presented by using analytical and graphical methods. The 
performed research shows that manipulators with vibration impact drives have some positive 
qualities. In their structure it is not necessary to include the self-stopping mechanism. In the 
conservative case of the system static position of equilibrium of the impact pair can be with 
negative, zero or positive tightening. In the case of zero tightening eigenfrequency and period of 
the system does not depend on the quantity of motion of impact excitation. In the case of harmonic 
forced excitation resonant motions take place in the vicinity of the eigenfrequency of the 
conservative system with zero tightening. Analytical – numerical calculations contribute to the 
creation of manipulators and robots with vibration impact drives. 
Keywords: vibration impact drive, elements of robots, manipulators, graphical representation, 
nonlinear dynamics. 

1. Introduction 

Investigation of dynamics of manipulators and robots with vibration impact drive is important 
in engineering. Manipulator of the investigated type may move according to a straight line. It has 
an advantage in the fact that by choosing geometrical parameters of the manipulator it is possible 
to achieve its effective operation. This is presented by using analytical and graphical methods. 

The model of the manipulator is described. First, the dynamics of the conservative system is 
investigated. Results for typical parameters of the manipulator were obtained. Then, the dynamics 
of the model with forced excitation for various parameters of the manipulator is investigated. The 
obtained graphical representations show the main dynamic regimes of the manipulator. 

The investigation is performed by using analytical – numerical methods of analysis of 
nonlinear systems. 

Resonances of vibrating systems are analyzed in [1]. Dynamics in vibrating systems for 
various excitations is investigated in [2]. Stabilization of nonlinear systems is described in [3]. 
Nonlinear effects in vibrating systems are analyzed in [4]. Investigation of periodic orbits is 
performed in [5]. Analysis of energy transfer is presented in [6]. Investigation of nonlinear 
interactions is described in [7]. Frequencies of vibrating systems are analyzed in [8]. Investigation 
of the pendulum mechanism is performed in [9]. Analysis of a piecewise linear system is presented 
in [10]. Resonant zones of nonlinear systems are described in [11]. Investigation of the 
Sommerfeld effect is performed in [12]. Analysis of isolated resonances is described in [13]. New 
types of robots are investigated in [14]. Analysis of the positioning system is performed in [15]. 
Investigation of the automatic positioning stage is presented in [16]. Analysis of the piezo-driven 
stage is performed in [17]. Investigation of the precision positioning stage is described in [18]. 
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Analysis of essentially nonlinear dynamics is performed in [19]. Investigation of transmissions is 
described in [20]. Analysis of robots is performed in [21]. 

The purpose of the work is to achieve improved operation of the manipulator with vibration 
impact drive by the choice of structural, geometrical, dynamical parameters for effective operation 
of the manipulator by using analytical and numerical investigations. 

In the conservative case of the system static position of equilibrium of the impact pair can be 
with negative, zero or positive tightening. Zero tightening is advantageous for practical 
applications and thus the investigations for zero tightening are performed. 

Results of the performed investigation are used in the design of manipulators with vibration 
impact drive. 

2. General dynamic model of the manipulator 

The manipulator is shown in Fig. 1. In the figure 𝑋𝑂𝑌 denotes the immovable coordinate 
system. By the number 1 the mass 𝑚  is denoted. By the number 2 immovable straight supports 
are denoted. By the letter 𝐶 coefficient of stiffness of the spring is denoted. By the letter 𝐻 
coefficient of viscous damping of the damper of vibrations is denoted. By 𝐹 𝜔𝑡  the exciting force 
is denoted. By the number 0 the case with the mass 𝑚  is denoted. Further 𝐻  denotes the 
coefficient of viscous friction between the case and the immovable straight supports. The 
quantities 𝑥  and 𝑥  denote the displacements shown in the figure. Further the upper dot denotes 
differentiation with respect to the time variable. The force of resistance of external media to the 
motion of the case is denoted as −𝐴 − 𝐵𝑥 , where 𝐴 and 𝐵 are constants and 𝑥  is the velocity of 
motion of the case. 

 
Fig. 1. Model of the system: 𝑋𝑂𝑌 – the immovable coordinate system; 1 – mass;  

2 – immovable straight supports; 𝐶 – coefficient of stiffness of the spring; 𝐻 – coefficient  
of viscous damping of the damper of vibrations; 𝐹 𝜔𝑡  – the exciting force 

In the conservative case of the system static position of equilibrium of the impact pair can be 
with negative, zero or positive tightening. Zero tightening is advantageous for practical 
applications and thus the investigations for zero tightening are performed. The distance 𝑙 is the 
position of equilibrium of the spring. 

When the following condition is satisfied: 𝑥 − 𝑥 < 𝑙, (1)

dynamics of the system is described by the following equations: 𝑚 𝑥 + 𝐶 𝑥 − 𝑥 + 𝑙 + 𝐻 𝑥 − 𝑥 + 𝐻 𝑥 = −𝐴 − 𝐵𝑥 , (2)𝑚 𝑥 + 𝐶 𝑥 − 𝑥 − 𝑙 + 𝐻 𝑥 − 𝑥 = 𝐹sin𝜔𝑡, (3)
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where 𝐹 is the amplitude of harmonic excitation and 𝜔 is the frequency of harmonic excitation. 
When the following condition is satisfied: 𝑥 − 𝑥 = 𝑙, (4)

impact of the mass 𝑚  with the mass 𝑚  takes place in a moment of time, where the change of 
velocities of those masses takes place according to the theorem of quantity of motion and losses 
of velocity of impact, that is: 𝑚 𝑥 + 𝑚 𝑥 = 𝑚 𝑥 + 𝑚 𝑥 , (5)𝑅 = −𝑥 − 𝑥𝑥 − 𝑥 , (6)

where 𝑅 is the coefficient of restitution of the impact. From those equations 𝑥  and 𝑥  are found. 
The following notations are introduced: 𝜇 = 𝑚𝑚 ,      𝑝 = 𝐶𝑚 ,      ℎ = 𝐻𝑚 ,      ℎ = 𝐻𝑚 ,      𝑎 = 𝐴𝑚 ,     𝑏 = 𝐵𝑚 ,      𝑓 = 𝐹𝑚 . (7)

When the following condition is satisfied: 𝑥 − 𝑥 < 𝑙, (8)

dynamics of the system is described by the following equations: 𝜇𝑥 + 𝑝 𝑥 − 𝑥 + 𝑙 + ℎ 𝑥 − 𝑥 + ℎ 𝑥 = −𝑎 − 𝑏𝑥 , (9)𝑥 + 𝑝 𝑥 − 𝑥 − 𝑙 + ℎ 𝑥 − 𝑥 = 𝑓sin𝜔𝑡. (10)

When the following condition is satisfied: 𝑥 − 𝑥 = 𝑙, (11)

impact takes place, that is: 𝑥 = 11 + 𝜇 𝜇 − 𝑅 𝑥 + 1 + 𝑅 𝑥 , (12)𝑥 = 11 + 𝜇 𝜇 1 + 𝑅 𝑥 + 1 − 𝜇𝑅 𝑥 . (13)

3. Simplified dynamic model with one degree of freedom 

First simplified dynamic model of the manipulator with one degree of freedom is investigated. 
When the following condition is satisfied: 𝑥 < 𝑙, (14)

dynamics of the system is described by the following equation: 𝑥 + 𝑝 𝑥 − 𝑙 + ℎ𝑥 = 𝑓sin𝜔𝑡. (15)

When the following condition is satisfied: 𝑥 = 𝑙, (16)
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impact takes place, that is: 𝑥 = −𝑅𝑥 . (17)

3.1. Conservative system 

For the conservative system it is assumed that: ℎ = 𝑓 = 0,      𝑅 = 1. (18)

When the following condition is satisfied: 𝑥 < 𝑙, (19)

dynamics of the system is described by the following equation: 𝑥 + 𝑝 𝑥 − 𝑙 = 0. (20)

When the following condition is satisfied: 𝑥 = 𝑙, (21)

impact takes place, that is: 𝑥 = −𝑥 . (22)

Further investigation of the conservative system is performed. 
The following parameters of the system are assumed: 𝑙 = 1,     𝑝 = 1. (23)

The following initial conditions are assumed: 𝑥 0 = 𝑙,     𝑥 0 = 1. (24)

Results for the case of the conservative system are presented in Fig. 2. 

 
a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

Fig. 2. Dynamics of the one-dimensional model for the case of the conservative system 

3.2. Investigation of the dynamics of the system 

The following parameters of the system are assumed: 𝜔 = 1,     𝑙 = 1,     ℎ = 0.1,     𝑝 = 1,     𝑓 = 6,     𝑅 = 0.7. (25)

The following initial conditions are assumed: 
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𝑥 0 = 𝑙,      𝑥 0 = 0. (26)

Results of investigation of dynamics are presented in Fig. 3. 

 
a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

Fig. 3. Dynamics of the one-dimensional model 

 
a) 𝑓 = 4 

 
b) 𝑓 = 5 

 
c) 𝑓 = 6 

 
d) 𝑓 = 7 

 
e) 𝑓 = 8 

Fig. 4. Velocity before impact as function of frequency of excitation 

Further investigation of the velocity before impact as function of frequency of excitation is 
performed. 

The following parameters of the system are assumed: 𝑙 = 1,      ℎ = 0.1,      𝑝 = 1,     𝑅 = 0.7. (27)

The following initial conditions are assumed: 𝑥 0 = 𝑙,      𝑥 0 = 0. (28)
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Results for different values of 𝑓 are presented in Fig. 4. 
Results for all values of 𝑓 are presented in Fig. 5. 
From the presented results in the vicinity of the first resonance the first resonant frequency is 

observed. 
Further the full dynamic model of the manipulator is investigated. 

 
Fig. 5. Velocity before impact as function of frequency of excitation for all values of 𝑓 

4. Conservative system 

For the conservative system it is assumed that: ℎ = ℎ = 𝑎 = 𝑏 = 𝑓 = 0,      𝑅 = 1. (29)

When the following condition is satisfied: 𝑥 − 𝑥 < 𝑙, (30)

dynamics of the system is described by the following equations: 𝜇𝑥 + 𝑝 𝑥 − 𝑥 + 𝑙 = 0, (31)𝑥 + 𝑝 𝑥 − 𝑥 − 𝑙 = 0, (32)𝜇𝑥𝑥 = −1. (33)

When the following condition is satisfied: 𝑥 − 𝑥 = 𝑙, (34)

impact takes place, that is: 𝑥 = 11 + 𝜇 𝜇 − 1 𝑥 + 2𝑥 , (35)𝑥 = 11 + 𝜇 2𝜇𝑥 + 1 − 𝜇 𝑥 . (36)

Investigation of dynamics is performed according to the Eqs. (29-36). Initial conditions for 𝑥 , 𝑥 , 𝑥  and 𝑥  are to be known. It is convenient to use the point of impact, which is described by 
the Eqs. (34-36). In those equations for example by freely assuming 𝑥 , 𝑥 , 𝑥  the quantities 𝑥 , 𝑥 , 𝑥  are found. Further according to the Eqs. (30-33) solution till the next impact according to 
the Eqs. (34-36) is performed and so on. 

Further graphical relationships of the variables are obtained, and their analysis is performed as 
well as of the quantity of motion 𝑆 = 𝜇𝑥 + 𝑥 = 𝜇𝑥 + 𝑥  and of the spectral relationships. 
From the Eq. (33) it follows that for the conservative system the value of 𝑆 is constant. 

Further investigation of the conservative system is performed. 
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The following parameters of the system are assumed: 𝑙 = 1,      𝜇 = 5,      𝑝 = 1. (37)

The following initial conditions are assumed: 𝑥 0 = 0,      𝑥 0 = 𝑙,      𝑥 0 = −0.4,      𝑥 0 = 1. (38)

Results for the case of the conservative system are presented in Fig. 6. 
From the presented results the period of vibrations of the investigated manipulator is 

determined. 

 
a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

 
c) 𝑥 𝑡  

 
d) 𝑥 𝑡  

 
e) 𝑥 𝑡 − 𝑥 𝑡  

 
f) 𝑥 𝑡 − 𝑥 𝑡  

Fig. 6. Dynamics of the manipulator for the case of the conservative system 

5. Investigation of the dynamics of the system with external harmonic excitation in the 
vicinities of resonances 

The following parameters of the system are assumed: 𝑙 = 1,      𝜇 = 5,      ℎ = 0.1,      ℎ = 0.1,     𝑏 = 0.1,       𝑝 = 1,     𝑎 = 0.5,     𝑓 = 6,      𝑅 = 0.7. (39)

The following initial conditions are assumed: 𝑥 0 = 0,      𝑥 0 = 𝑙,       𝑥 0 = 0,      𝑥 0 = 0. (40)

The eigen period was determined as: 
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𝑇 = 2.868. (41)

The eigenfrequency is: 𝜔 = 2𝜋𝑇 . (42)

It is assumed that: 𝜔 = 𝜔 + 𝛿𝜔. (43)

Results for different values of 𝛿𝜔 are presented in Fig. 7, Fig. 8, and Fig. 9. 

 
a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

 
c) 𝑥 𝑡  

 
d) 𝑥 𝑡  

 
e) 𝑥 𝑡 − 𝑥 𝑡  

 
f) 𝑥 𝑡 − 𝑥 𝑡  

 
g) 𝑆 𝑡  

Fig. 7. Dynamics of the manipulator when 𝛿𝜔 = –0.2 

From the presented results below the first resonance, at the first resonance and after the first 
resonance the effectiveness of operation of the manipulator with vibration impact drive at the first 
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resonant frequency is observed. 
Further investigation of the quantity of motion during impact as function of frequency of 

excitation is performed. 

 
a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

 
c) 𝑥 𝑡  

 
d) 𝑥 𝑡  

 
e) 𝑥 𝑡 − 𝑥 𝑡  

 
f) 𝑥 𝑡 − 𝑥 𝑡  

 
g) 𝑆 𝑡  

Fig. 8. Dynamics of the manipulator when 𝛿𝜔 = 0 

The following parameters of the system are assumed: 𝑙 = 1,     𝜇 = 5,     ℎ = 0.1,     ℎ = 0.1,     𝑏 = 0.1,     𝑝 = 1,     𝑎 = 0.5,     𝑅 = 0.7. (44)

The following initial conditions are assumed: 𝑥 0 = 0,     𝑥 0 = 𝑙,     𝑥 0 = 0,     𝑥 0 = 0. (45)

Results for different values of 𝑓 are presented in Fig. 10. 
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a) 𝑥 𝑡  

 
b) 𝑥 𝑡  

 
c) 𝑥 𝑡  

 
d) 𝑥 𝑡  

 
e) 𝑥 𝑡 − 𝑥 𝑡  

 
f) 𝑥 𝑡 − 𝑥 𝑡  

 
g) 𝑆 𝑡  

Fig. 9. Dynamics of the manipulator when 𝛿𝜔 = 0.2 

From the presented results in the vicinity of the first resonance, the effectiveness of operation 
of the manipulator with vibration impact drive at the first resonant frequency is observed. 

6. Investigation of the harmonics of the conservative system 

The following parameters of the system are assumed: 𝑙 = 1,      𝜇 = 5,      𝑝 = 1. (46)

The following initial conditions are assumed: 𝑥 0 = 0,     𝑥 0 = 𝑙,     𝑥 0 = 0,     𝑥 0 = 𝑆. (47)

Constant part and the first three harmonics of 𝑆 are presented in Fig. 11. 
From the graphical representation the first three eigenfrequencies of the investigated 
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manipulator with vibration impact drive are seen. 

 
a) 𝑓 = 4 

 
b) 𝑓 = 5 

 
c) 𝑓 = 6 

 
d) 𝑓 = 7 

 
e) 𝑓 = 8 

Fig. 10. Quantity of motion during impact as function of frequency of excitation 

 
Fig. 11. Constant part and the first three harmonics of 𝑆 

7. Conclusions 

The proposed 1D manipulator with vibration impact drive is simple because it does not include 
the self-stopping mechanism and its control is performed by the external force. 

In the conservative case of the system static position of equilibrium of the impact pair can be 
with negative, zero or positive tightening. Zero tightening is advantageous for practical 
applications and thus the investigations for zero tightening are performed. 

In the case of zero tightening eigenfrequency and period of the system does not depend on the 
quantity of motion of impact excitation. In this case the static position of the system in the position 
of equilibrium is the point of contact of both masses. 

In the case of harmonic forced excitation resonant motions take place in the vicinity of the 
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eigenfrequency of the conservative system with zero tightening. 
This enables us to create advanced manipulators and complicated robots from manipulators of 

this type. 
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