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Abstract. The unrestrained torsional analysis of bars is an important theme in elasticity theory,
first solved by Saint-Venant using semi-inverse methods. It has been considered and solved by
several others using analytical methods and numerical procedures due to the importance in the
design of machine parts under torsional moments. In this paper, the Saint Venant torsion problem
is solved for rectangular prismatic bars using Galerkin-Kantorovich variational method (GKVM).
The work presents a detailed theoretical framework of the problem, deriving using first principles
considerations the stress compatibility equation in terms of the Prandtl stress function ¢(x,y).
The derived domain equation which is required to be satisfied over the rectangular cross-sectional
domain is a partial differential equation of the Poisson type. GKVM is adopted as the solution
method for finding the solution to the domain equation. The unknown Prandtl stress function
¢(x,y) is assumed, following Kantorovich method to be a product of an unknown function for
f (x) sought to minimize the Galerkin-Kantorovich variational functional (integral) (GKVF) and
a known function (y? — b?) which satisfies the boundary conditions at all boundary points in the
y-direction, that is, at y = +b. The resulting GKVF is a simplified functional whose integral is a
second order inhomogeneous ordinary differential equation (ODE) in f(x). The integrand is
solved to find f(x) leading in a full determination of the Prandtl stress function. The expression
for stresses, torsional moments and torsional parameters are then found and they satisfy the
boundary conditions and the domain equation. The results for the torsional moments and torsional
parameters are identical to previous results obtained using double finite sine transform method
(DFSTM), and analytical methods. The merit of GKVM is that it has led to the exact solution of
the unrestrained torsion problems.

Keywords: Saint-Venant torsion problem, Galerkin-Kantorovich variational method,
Galerkin-Kantorovich variational functional, torsional parameter, Prandtl stress function, stress
compatibility equation.

1. Introduction

The twisting deformation analysis of prismatic and non-prismatic bars subjected to torsional
moments along the longitudinal axis is a fundamental problem in the theory of elasticity of
structural bars and beams [1].

The problem is significant in the analysis and design of structural members of various shapes
and cross-sectional features and in mechanical parts of machines, e.g. shafts in power trains [2-8].

The problem is one of the earliest themes in the theory of elasticity investigated by several
researchers, most prominently Saint Venant who proposed the first successful solution using the
semi-inverse method.

In the Saint Venant solution, the functional form of two of the three displacement components
is obtained from the deformation analysis of a bar’s cross-section perpendicular to the generator
axis. The remaining displacement component is determined such that the governing differential
equations of elasticity and boundary conditions are satisfied.

This leads to the displacement field components as u(y, z), v(x, z) and w(x, y), where u and
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v are displacement components in the bar’s cross-section and w is out-of-plane displacement
expressed using warping function 1(x, y) which depends on the in-plane coordinates (x,y), u
and v are expressed using 8 where 6 is the angle of twist of the cross-section per unit length along
the beam’s axis.

Closed form solutions to Saint-Venant’s torsion problems exist only for a few cross-sectional
shapes, typically simple shapes bounded by surfaces with simple equations. This has necessitated
the use of numerical techniques for solving the unrestrained torsion problems. Several numerical
techniques have been used for the problem. They include: Finite Different Method (FDM), Finite
Element Method (FEM), Finite Volume Method (FVM), Boundary Element Method (BEM) and
the energy methods of Ritz, Galerkin, Rayleigh and their variants. The analytical methods that
have been used are the methods of separable variables, integral transforms, eigenfunction
expansions and Green functions.

Joy and Mokashi [9] and Abdelkadr et al [10] have studied the unrestrained torsional analysis
of prismatic bars with non-circular cross-sections and found solutions for the stresses, and
torsional rigidities which were comparable to previous solutions by other researchers.

Chen [11] successfully implemented the finite volume method for the analysis of unrestrained
torsion. The stresses and torsional rigidities obtained in the study were accurate as compared with
previous works in thee technical literature.

Ike [12] applied the Galerkin variational method to the analytical solutions of unrestrained
torsion of prismatic bars with rectangular sections. The problem was formulated using Prandtl
stress functions and the stress compatibility equation as a nonhomogeneous Laplace equation of
the Poisson type. Trigonometric shape functions that exactly satisfied the boundary conditions of
the problem were then used to derive the Galerkin variational equations in terms of the unknown
undetermined parameters of the formulation. The minimization principle was used to find the
unknown parameters, thus yielding the Prandtl stress function from which the stresses, strains,
torsional moments and torsional stiffness parameters were found. Tke [12] study gave exact
solutions for the stresses, torsional moments and torsional stiffness parameters.

Francu et al. [13] have used analytical method to obtain mathematical solutions for
unrestrained torsion of non-circular bars with prismatic cross-sections. Their solutions yielded
accurate stresses, torsional moments and torsional parameters.

Ike and Oguaghamba [14] used the double finite sine transform method (DFSTM) for the
closed form analysis of unrestrained torsion of rectangular bars. The problem was expressed using
Prandtl stress function as an inhomogeneous Laplace equation of the Poisson type; and the
DFSTM converted the problem to an algebraic one in the transformed space. The solution was
found by solving the algebraic equation and inversion to the physical domain. The solution for
stresses, torsional moments and torsional parameters were found to be exact as the double
transform sinusoidal kernel function satisfied all the boundary conditions.

Katsikadelis and Tsiatas [15] solved the Saint-Venant torsion problem of non-homogeneous,
anisotropic, non-circular prismatic bars using the boundary element method (BEM). They
formulated the problem in terms of warping function as a second order differential equation with
variable parameters, subjected to generalized Neuman type boundary conditions. They solved the
resulting formulation using the Analog Equation Method (AEM). In the AEM adopted the
governing differential equation (GDE) solved is the Poisson’s equation subjected to a fictitious
source and the boundary conditions were the same. The fictitious load is found using the BEM by
expansion as a finite series of radial basis functions. The AEM adopted in their study was found
to have the merits of the other boundary element methods because the discretization and the
integrations were done only at the boundaries. They solved numerical examples to illustrate the
accuracy and efficiency of their work.

Baksa [16] developed a mathematical solution of Saint-Venant torsion problem for circular
bar with a slit; for a non-homogeneous, isotropic linear elastic bar material. The shear modulus of
the bar studied is a smooth function of the radial coordinate which is a type of material
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non-homogeneity called functionally graded material (FGM). A power law function was used to
describe the shear modulus variation with the radial coordinate. Baksa [16] considered an arbitrary
power law index and obtained a closed form solution for the Prandtl’s stress function, shear
stresses, torsion function and torsional rigidity. Comparison with the previous results obtained
using the Finite Element Method (FEM) was used to validate the work.

Ecsedi and Baksa [17] investigated the Saint-Venant torsional analysis of cylindrical,
orthotropic, homogeneous, linear elastic bar with variable shear modulus. They used an analytical
method to obtain the Prandtl’s stress function, warping function, shearing stresses and torsional
rigidity.

Mindlin [18] used the power series method to solve Saint-Venant torsion problems. Ecsedi
[19] presented some closed form solutions for unrestrained torsion of heterogeneous cylindrical
bars. Hassani and Faal [20] used a finite Fourier cosine transform method to solve unrestrained
torsion problems of orthotropic bars with rectangular cross-section weakened by cracks.

Fogang [21] presented a method for solving the elastic analysis of unrestrained torsion
problems of bars using Green’s theorem and the finite difference method (FDM). The solution to
the Saint-Venant torsion problem reduce to the solution for a stress function that satisfies the
governing differential equation of equilibrium and the boundary conditions. The FDM is an
approximate numerical technique that seeks the solution of the differential equations only at
discrete points in the solution domain. The governing equation is expressed in finite difference
form at discrete points on the domain, thus converting the problem to an algebraic equation in
terms of the values of the unknowns at the grid points. The disadvantage of the FDM is that the
method gives the unknown only at the defined grid points, and not at every point on the solution
region, and is thus approximate. Another disadvantage is that accurate solutions are obtained by
increasing the number of grid points, thus increasing the computational efforts in the method. The
main advantage is the simplicity of the FDM.

Agarana and Agboola [22] studied the unrestrained torsional problems of circular bars made
of different materials. Several researchers including Romano et al [23], Brice and Picking [24],
Hughes et al [25], Ecsedi [19], and Hassani and Faal [20] have used analytical and experimental
techniques to study unrestrained torsion of bars.

Noor and Robertson [26] studied unrestrained torsion of bars using a variational method and a
mixed formulation for heterogeneous, isotropic bars. Finite Difference Method (FDM) was used
to solve the resulting differential equations of their formulations. Guendouz et al. [27] used an
advanced and refined theory of one-dimensional (1D) and three dimensional (3D) beams to study
unrestrained torsional analysis of composite bars with open cross-sections.

Analytical studies of unrestrained torsion of bars are still few and it is important to explore the
use of more methods for analytical study of unrestrained torsion of bars.

This work uses the Galerkin-Kantorovich method to study the Saint-Venant torsion of bars
with rectangular cross-section. The advantage of the Galerkin-Kantorovich method adopted is the
assumption of one known basis function that satisfies the boundary condition, thus resulting in the
simplification of the problem to a Galerkin functional in terms of only one unknown function of
an independent space variable.

2. Theoretical framework
2.1. Assumptions

Saint-Venant theory of unrestrained torsion assumes as follows:

(1) the cross-section of the bar rotates roughly as a rigid body about an axis of twist.

(ii) the cross-section is prismatic.

(iii) the deformation is composed of (a) rotations of the cross-section about an axis passing
through the center of twist, and (b) warping of the cross-section, which is constant for all the cross
sections.
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2.2. Displacement field

The displacement field components are:

u=—ayz, (1)
v = axy, (2)
w = ap(x,y), A3)

where u, v and w are the displacements in the x, y and z directions; Y (x,y) is the warping
function and « is the angle of rotation of the cross-section or the angle of twist per unit length.

2.3. Strains

The normal strains €., €,y, &, and shear strains Vy,, Vy;, Vx, are found using the
small-displacement relations as:

Ju v ow
gxxzaz k gyy:[)_:O' 522:5: R

_u v _ow ou_ <a¢ ) _w v _ (a¢+) @
”xy_ay ox > DTy T T ax TY) ”"Z‘ay 9z ¢ dy x)

2.4. Stresses

The normal stresses Oyy, 0y, 0,, and shear stresses Ty, Ty,, Ty, are found using the stress-
strain relations of linear isotropic elasticity of homogeneous bodies as:

Oxx = 0yy =0, =0, T,,=0,

oy Y
Ty = GYyy = G (a - y), Tyy = GVyy = Ga (E + x).

)

2.5. Differential equations of equilibrium
The equilibrium equations are:

00,y N 0Tyy N 0T,
0x dy 0z
0Ty N 00y, 4 0Ty,
0x dy 0z
0T, N 0T,y 4 do,,
dx dy 0z

+f =0,

t£=0 (6)

+f,=0,

where fy, f,,, and f, are body force components in the x, y, and z directions respectively.
When body forces are ignored, the equilibrium equations reduce to:

0T,y

0z
0y _ (7b)
0z

0T, O‘L'Zy_
0x ay

= O, (73)

0. (7¢)

Integration of Eq. (7a) gives:
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Tz = Taz (%, 7). (8a)
Similarly, integrating Eq. (7b) gives:

Tyz = Ty, (X, ). (8b)

2.6. Prandtl stress function formulation of the Saint Venant torsion problem

Prandtl derived the Prandtl stress function ¢ (x, y) which satisfies the differential equations of
equilibrium and from which the stresses could be derived. Let ¢(x,y) be expressed in terms of
Ty, S

dp(x,y)
xz = T' %)
where ¢ (x, y) is twice differentiable and continuous in x, and y.
The differential equation of equilibrium — Eq. (7¢) — is solved to find 7,,, as:
0¢p(x,y)
sz = —T. (10)

2.7. Stress compatibility equation

The stress compatibility equation is:

0T, 07 0 oY d oY _
3y ~ox —@Ga(a—y) ™ Ga(E+x) = —2Ga. (11

The stress compatibility equation is expressed in terms of the Prandtl stress function as:

g\ 9 [ I\
0y(6y> %(_$>__26“' (12)
%p 0%
a2z Ty =V ley) = 26 (13)

This is a Poisson equation, a non-homogeneous Laplace equation.
2.8. Torsional moment (or torque)

The torsional moment, M, is:

M, =f (xTzy — YT dxdy, (14)
Mt=ffx —% — <3¢>dxdy, (15)
M, = ff —X = ay) dxdy, (16)

ﬂ- —+ya dxdy, (17)

- ( (xp(x, 7)) +—(y¢(x y))) dxdy, (18)
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Me=—{[x0~ [ & axay+ [y - [ ¢ ayax) (19)
M, = — jg((j)xnx + ¢yny)ds +2 ff ¢ (x, y)dxdy. (20)
The contour integral vanishes since ¢ = 0 on the contour:
M, =2 .f ¢ (x,y)dxdy. 1)
Rxy

3. Methodology

The Galerkin-Kantorovich method is presented for the Saint-Venant torsional analysis of a
beam with rectangular cross sections (2a X 2b) as shown in Fig. 1.

— 2a —A

2b 0 >

2b L
2a / y\r

!

/

Fig. 1. Typical beam with rectangular cross-section considered for the study

This paper considers a rectangular beam 2a X 2b in cross-sectional dimensions as shown in
Fig. 1. The origin of coordinates is chosen as shown in Figure 1 to coincide with the center of the
cross-section. The governing Poisson equation to be solved using the Galerkin-Kantorovich
method is shown in Eq. (13). The boundary conditions are:

$p(x=1a,y) =0, (22a)
¢(x,y = £b) =0. (22b)

By the Galerkin-Kantorovich method, the unknown Prandtl function ¢(x, y) is considered in
a variable-separable form as the products of two functions f(x) which is an unknown function of
x coordinate only and a known function of y coordinate variable which satisfies the boundary
conditions at y = +b.

A suitable assumption for ¢(x, y) is thus:

¢(x,y) = f()(?* - b?). (23)

Since y? — b? satisfies the boundary conditions at y = +b.
By the Galerkin procedure, the Galerkin-Kantorovich variational formulation of the Saint
Venant torsion problem becomes:

a b
j.f(vzf(x)(yz — b)) + 2Ga)(y? — b?)dxdy = 0. (24)

-ab

Eq. (24) is written explicitly as:
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a b
[ [ (3707 -0+ 52107 - 57+ 260) 07 = bytady =0 (3)
-ab
Simplifying Eq. (25) gives:
ff”(x)(yz — b2+ 2f(x)(y* — b?) + 2Ga(y? — b?*)dxdy = 0. (26)

Further simplification of Eq. (26) gives:

16b5 8h3 8b
f ( F10) =) - —Ga) dx = 0. @7)

—-a

The integral is of the general form:

z

[ Feureo.rranax=o 08)
where:
F o £ F () = 222 ey = B ey — ﬂ Ga=0. 29)

Simplifying the integrand gives:

f'(x —%ff(x) = 2.5%. (30)
4. Results
4.1. Homogenous solution
The homogenous solution f, (x) is sought in the exponential form as:
fu(x) = e*, (31)

where 1 is a parameter sought such that f;, (x) satisfies the homogeneous equations.
By substitution of Eq. (31) in the homogeneous form of Eq. (30) gives:

2.5
(,12 - b—z) e’ = 0, (32)
Thus
V2.5
1=+ (33)
b
Then
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fu®) = ae™ + aye™*, (34)
where a, and a, are integration constants; f; (x) is expressed using hyperbolic functions as:
frn(x) = c,coshAx + ¢,sinhAx, (35)
where c¢; and c, are integration constants.

4.2. Particular solutions f,(x)

The particular solution f,(x) is sought such that f,,(x) satisfies Eq. (30).
Thus:

2.5G
£, =23 £y = 200 (36)

If f,(x) = 0, then:
fp(x) = —Ga. (37)
4.3. General solution f,(x)

The general solution f, (x) is the sum of the homogeneous and particular solutions. Thus:
fg(x) = c;coshAx + ¢;sinhAx — Ga. (38)

The constants ¢; and ¢, can be found using the boundary conditions at x = +a, y.
From Eq. (22a):

fo(x = %a) =0, (39)
fg(x = a) = ¢;coshda + ¢;sinhda — Ga = 0, (40)
fq(x = —a) = ¢ycosh(—2Aa) + c;sinh(—1a) — Ga = 0. (41a)

Eq. (41a) can be expressed as:
c,cosh(Aa) — ¢, sinh(Aa) = Ga. (41b)
Solving Egs. (40) and (41) simultaneously, gives:

Ga

= 42
‘1= Coshad’ 42)
¢, = 0. (43)
Hence, the general solutions becomes:
Ga
fg(x) = ———coshix — Ga,
oshia (44)
@) =G (coshxlx 1)
fo(x) = Ga coshia '

Hence, the Prandtl stress function is found as:
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$(ty) = Ga (cosh/lx

oshla 1) ¥ = b%. (45)

4.4. Stresses

The stresses are found as:

d y) = d G (cosh/'lx 1)( 2 _pry=g <cosh/1x 1) ) 16
6y¢ oY) = dy *\coshia = "% coshia Y (46)
d 4] coshAx
- _Z - _2 _ 2 _p2
Tyz = 75 ¢(x,7) 0x G (cosh/la 1) ( b%) (47)
——c (Asinhlx 1)( 2 _ 2y
= %\ coshia Y ’
Ty,(x,y = 1tb) =0, (48)
7,y(x = a,y) = —GaAtanhda(y* — b?), (49)
7,y(x = a,y = 0) = —GaAtanhAa(—b?), (50)
V2.5
|7,y (x = a,y = 0)| = GaAb?*tanhV2.5 (%) = Gasztanh\/Z.S (%) 1)
|sz(x =aqy= 0)| = GaVv2.5 btanhv2.5 (%),
T (X = %a,y) =0, (52)
T,y =0) =0, (53)
coshAx
T, (x,y =b) = 2bGa (coshla 1) (54)
4.5. Torque or torsional moment, M,
The torsional moment, M, is:
a b a b
M—ZJJ dd—JJG(COShM 1) 0% - b¥)dxd (55)
t= ¢ (x, y)dxdy = %\ oshia o Jdxdy,
—a -b —-a —-b
16Gaab? tanhAa
= — 56
t 3 (1 Aa ) ©6)
M, is expressed in the standard format as:
M, = GaJ, (57)
where:
16ab3 tanhAa
= - 58
3 <1 Aa )' ©8)
] = F,ab3. (59)
Then:
tanh/la
F, = ( ) Fe( (60)
16 tanh ( )
F,=— (61)

T
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M. _16 1_M (62)
T )

Eq. (58) is used to generate the torsion constant J for various values of a and b and the values
are shown tabulated in Table 1, together with various values of / from Timoshenko and Goodier
[5]. Similarly, Eq. (61) is used to compute F,(a/b) for various ratios of a/b and the value

displayed as k, for a rectangular bar 2a X 2b, where:

M,

k= Goabhid

1 - tanhv/2.5 (%)

k. ==
R
Table 1. Saint-Venant torsional stiffness for various values of the cross-sectional dimensions
: —_ 3
Cr;)ss-sect;on P{ es_er(lltbs tf(tly Timoshenko and Goodier [5] (Exact)
1 1 2.23420152 2.24922043
2 1 7.30563645 7.31780011
3 1 12.62741545 12.63919901
4 1 17.96025882 17.97201565
5 1 23.29357141 23.30532665
6 1 28.62690387 28.63365902
7 1 33.96023716 33.97199231
8 1 39.29357050 39.30532565
Table 2. Torsional parameters for rectangular cross-sections
k
a a
: F, (E) Francu et al [13]; Ike [12, 14]
Present study
1.0 0.140 0.141
1.5 0.195 0.196
2 0.228 0.229
2.5 0.249 0.249
3 0.263 0.263
4 0.281 0.281
6 0.2982 0.299
10 0.312 0.312
1) 0.333 0.333

5. Discussion

In this work, Galerkin-Kantorovich variational method has been used to solve the unrestrained
torsional analysis of rectangular bars. The unrestrained torsion problem is formulated using
Prandtl stress function and stress compatibility equation as an inhomogeneous Laplace equation
of the Poisson type. The Kantorovich approach of using one set of basis functions that satisfy the
boundary conditions in one of the coordinate directions was used in expressing the unknown
Prandtl stress function in product form as the product of the known basis function and an unknown
basis function f(x) which is sought such that the Galerkin variational functional is minimized.
The Kantorovich modification simplified the integrand in the Galerkin functional to an
inhomogeneous ODE of the second order in f(x). The ODE is solved, and the boundary

19
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conditions along the x direction employed to find the integration constants. With the full
determination of the Prandtl stress function, the stresses, torsional moments and torsional
constants are found.

In this way, analytical results that satisfy all the boundary conditions and the domain equations
are found for the Saint-Venant torsion problem. The torsional moments and torsion constants are
found to be identical with previous results obtained using other methods such as Double finite sine
transform method, the Galerkin method and analytical method.

6. Conclusions

The unrestrained torsional analysis of a prismatic bar expressed as a Poisson equation in terms
of Prandtl stress function ¢(x,y) has been solved in this paper using Galerkin-Kantorovich
variational method (GKVM). The conclusions are as follows:

1) The GKVM gave analytical solutions for ¢ (x, y) that satisfies all the boundary conditions
and the domain equation.

2) The GKVM converted the problem to an integral equation.

3) The expressions obtained for the shear stresses, torsional moments and torsional constants
satisfy all the boundary conditions and the domain equation because they were found using
¢ (x,y) which satisfies all the boundary conditions and the domain equations.

4) The results for torsional moments and torsional parameters are similar to previous results
obtained using DFSTM, Galerkin variational method and analytical methods.
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