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Abstract. The paper proposes a feedback force and velocity control of an arm exoskeleton to 
assist user motion. The original published control so-called feedback hybrid force and position 
control was based on the force and position control and was designed to assist user motion. This 
original control was successful at providing assist for the user’s arm. This article presents an 
improved control scheme called the feedback force and velocity control. The proposed control is 
designed to regulate the velocities of joints of the exoskeleton and the feedback forces on links to 
assist user motion. The design and optimization of the feedback force and velocity control are 
realized by the Balancing Composite Motion Optimization (BCMO). The numerical method is 
realized in the paper to show that the proposed control is better than the original control in terms 
of less oscillation and fast response. 
Keywords: arm exoskeleton, feedback force control, velocity control, optimal, modelling, 
simulation. 

1. Introduction 

The paper proposes an arm exoskeleton that can be worn on the human arm, can operate under 
the control of the user to move in the vertical direction 𝑂𝑧 and horizontal direction 𝑂𝑥, 𝑂𝑦 and 
has the ability to provide forces to assist the user motion. We use force sensors in the exoskeleton 
robot for sensing the feedback forces, and we use actuators for actuating joints. The overviews of 
the arm exoskeleton robots were introduced in [1-4], and the force control method was developed 
in [5-9]. The force control is generalized to regulate the feedback force in [10], [11], and [18]. 
Recently the feedback hybrid force and position control method for assisting the user motion has 
been published in [12]. Although the force control was successful at controlling all the feedback 
forces on links, it contained many oscillations and errors. In the other force control design [6], 
there was a velocity regulator for regulating the angular velocities of joints. The velocities of joints 
were regulated base on the measured feedback forces. This velocity regulator achieved the desired 
performances in terms of fast response and less oscillation. In this paper, a feedback force and 
velocity control is proposed to regulate the velocities of joints of the exoskeleton and the feedback 
forces on links. The proposed control aims to improve the original control in terms of fast response 
and less oscillation. A scenario is proposed with two phases [11], [12].  

– Phase 1: the user actively exerts forces to signal the arm exoskeleton to generate desired 
velocities.  

– Phase 2: the arm exoskeleton regulates the actuators at joints of the arm exoskeleton to assist 
the user motion.  

The arm exoskeleton makes the following steps: The angles and angular velocities of the joints 
are ultilized to generalize the desired feedback forces on links while the feedback interaction 
forces on links are exploited to generalize the desired velocities of links. For assisting the user 
motion with desired velocities, the proposed arm exoskeleton actuates joints to regulate the 
feedback forces on the links and the velocities of joints. 

https://crossmark.crossref.org/dialog/?doi=10.21595/mme.2024.23915&domain=pdf&date_stamp=2024-03-02
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The feedback force and velocity control is optimized by using the BCMO [14]. The numerical 
simulation is realized to show that the proposed arm exoskeleton has achieved the desired 
performances in terms of less oscillation and fast response.  

2. Arm exoskeleton design 

An arm exoskeleton is modelled in the Fig. 1. The arm exoskeleton possesses four joints 𝜃ଵ, 𝜃ଶ, 𝜃ଷ, 𝜃ସ including two joints at the shoulder 𝜃ଵ, 𝜃ଶ, a joint at the elbow 𝜃ଷ, and a joint at the 
wrist 𝜃ସ. It has four links 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ including two shoulder links 𝑎ଵ, 𝑎ଶ, one elbow link 𝑎ଷ 
and one wrist link 𝑎ସ. The masses of four links 1, 2, 3, 4 are represented by 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ, respectively. The feedback forces between user and the exoskeleton on the links are 𝐹ଵ, 𝐹ଶ, 𝐹ଷ, 𝐹ସ. 
The distance between the vector of forces 𝐹ଵ, 𝐹ଶ, 𝐹ଷ, 𝐹ସ on the links and the center lines of joints 
are 𝑙ଵ, 𝑙ଶ, 𝑙ଷ, 𝑙ସ. The arm exoskeleton possesses four controlled torques 𝑢ெభ, 𝑢ெమ, 𝑢ெయ, 𝑢ெర at 
fours joints. The torques at revoluted joints are actuated by the servo motors to support the user. 

 
Fig. 1. A model of a 4-DOF arm exoskeleton and user 

The Denavite-Hartenberge (D-H) table is provided in Table 1.  

Table 1. The D-H table 
Link 𝑎 𝛼 𝑑 𝜃 
1-1 0 

𝜋2 0 𝜃ଵ  𝜋2 

1-2 0 0 𝑎ଵ 0 
2 𝑎ଶ 0 0 𝜃ଶ − 𝜋2 
3 𝑎ଷ 0 0 𝜃ଷ 

4-1 𝑎ସ −𝜋2 0 𝜃ସ 

4-2 0 0 0 −𝜋2 

From the D-H table, the individual homogeneous transformation matrices are obtained by 
Eq. (1), [15]: 𝐴ିଵ ൌ 𝑅𝑜𝑡ሺ𝑧,𝜃ሻ𝑇𝑟𝑎𝑛𝑠ሺ0,0,𝑑ሻ𝑅𝑜𝑡ሺ𝑥,𝛼ሻ𝑇𝑟𝑎𝑛𝑠ሺ𝑎 , 0,0ሻ

ൌ ൦cos𝜃 −sin𝜃cos𝛼 sin𝜃sin𝛼 𝑎cos𝜃sin𝜃 cos𝜃cos𝛼 −cos𝜃sin𝛼 𝑎sin𝜃0 sin𝛼 cos𝛼 𝑑0 0 0, 1 ൪. (1)

The homogeneous transformation matrix of the end effector is calculated as follows: 
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𝐴ସ ൌ 𝐴ଵ𝐴ଶଵ𝐴ଷଶ𝐴ସଷ. (2)

3. Feedback force and velocity control  

The arm exoskeleton is controlled by the Eq. (3) [6], [12], [16]. The torques at revoluted joints 
are actuated by the servo motors and the user: 𝑀ሺ𝜃ሻ𝜉   𝐶ሺ𝜃,𝜔ሻ  𝐺ሺ𝜃ሻ  𝐷ሺ𝜔ሻ ൌ 𝑢ெ   𝑢ு, (3)

where, 𝜃 ൌ ሾ𝜃ଵ 𝜃ଶ 𝜃ଷ    𝜃ସሿ் (rad); 𝜔 ൌ ௗఏௗ௧ ൌ ሾ𝜔ଵ 𝜔ଶ 𝜔ଷ    𝜔ସሿ் (rad/s); 𝜉 ൌ ௗమఏௗ௧మ ൌሾ𝜉ଵ 𝜉ଶ 𝜉ଷ    𝜉ସሿ் (rad/s2); 𝑢ெ ൌ ሾ𝑢ெభ 𝑢ெమ 𝑢ெయ 𝑢ெరሿ் (Nm) is the vector of torques 
exerted by the servo motors ; 𝑢ு ൌ ሾ𝑢ுభ 𝑢ுమ 𝑢ுయ 𝑢ுరሿ் (Nm) is the vector of torques exerted 
by the user.  

The details of matrices in the Eq. (3) are provided in the appendix. The joint damping of joint 𝑖 is expressed as follows [17], [18]: 𝐷ሺ𝜔ሻ ൌ 𝑏𝜔 ,    ሺ𝑖 ൌ 1, 2,3,4ሻ, (4)

where, 𝑏 are coefficients of damping of joint 𝑖 (𝑖 ൌ 1, 2, 3, 4). 
The force control in Eq. (3) contains two phases: 
Phase 1: The user actively exert forces to signal the exoskeleton robot to generate the desired 

velocities.  
Phase 2: The arm exoskeleton is actuated to assist the user motion. The feedback force and 

velocity controller contains two parts. The first part of the control is the force control which 
controls the feedback interaction forces on the links to track the desired feedback forces on the 
links. The second part of the control is the velocity control which controls the feedback velocities 
of joints to track the desired angular velocities of joints.  

 
Fig. 2. Block diagram of the feedback force and velocity control 

The block diagram of the feedback force and velocity control is explained in Fig. 2. In phase 1, 
the user exerts forces to signal the arm exoskeleton to generate the desired velocities. In phase 2, 
the desired feedback forces on the links are generated in Eq. (8). The desired angular velocities of 
the joints are based on Eq. (12).  

The feedback forces on the links 1, 2, 3, 4 can be measured in reality. In numerical method, 
the user’s forces exerted on the links are modeled in the Eqs. (5), (6): 𝐹ு ൌ 𝜂ிට1  𝜂ிଶ 𝐹௫  ሺNሻ, (5)
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𝜂ி = 𝐾𝑙൫𝜃ௗ௦ − 𝜃൯ + 𝐵𝑙 𝑑൫𝜃ௗ௦ − 𝜃൯𝑑𝑡𝐹௫ ,    𝑖 = 1, 2, 3, 4, (6)

𝑢ு = 𝐽ଵ் 𝑅ଵ 𝐹ுభ00 ൩ + 𝐽ଶ் 𝑅ଶ  0𝐹ுమ0 ൩ + 𝐽ଷ் 𝑅ଷ  0𝐹ுయ0 ൩ + 𝐽ସ் 𝑅ସ  00𝐹ுర൩  ሺNmሻ, (7)

where, 𝐾 (N/m); 𝐵 (Ns/m); 𝑙 (m); 𝜃ௗ௦ = ሾ𝜃ௗ௦భ 𝜃ௗ௦మ 𝜃ௗ௦య 𝜃ௗ௦రሿ் (rad);  𝜃 = ሾ𝜃ଵ 𝜃ଶ 𝜃ଷ 𝜃ସሿ் (rad); 𝐹ு (N) is the user force; 𝐹௫ (N) is the maximum user force on 
link 𝑖 (𝑖 = 1, 2, 3, 4); 𝐽 = ቂడడఏభ డడఏమ డడఏయ డడఏరቃ is the Jacobian matrix; 𝑟 = ሾ𝑥 𝑦 𝑧ሿ் (m); 𝑅 is the rotation matrix; The details of matrices in the Eq. (7) are provided in the Appendix. 

In phase 2, the desired feedback forces are generated to assist the user motion as follows [12], 
[13]: 

𝐹ௗ௦ = 𝛼 ቆ𝑑𝜃ௗ௦𝑑𝑡 − 𝑑𝜃𝑑𝑡 ቇ + 𝛽൫𝜃ௗ௦ − 𝜃൯ + 𝛾𝐺ሺ𝜃ሻ   ሺNሻ, (8)

where, 𝛼, 𝛽, 𝛾 are virtual coefficients; 𝐺ሺ𝜃ሻ (Nm) is the gravitational torque of link 𝑖 (𝑖 = 1, 2, 
3, 4). 

The differences are as follows: 𝑒ி = 𝐹ௗ௦ − 𝐹௦ , (9)

where, 𝐹௦ is the measured feedback force on the link 𝑖 (𝑖 = 1, 2, 3, 4). 
In numerical method, the measured feedback forces are modeled as follows: 𝐹௦ = 𝑃ଵ𝐹ௗ + 𝑃ଶ𝐹ு , (10)

where, 𝐹ௗ, 𝐹ு are disturbances and the forces exerted by the human user, 𝑖 (𝑖 = 1, 2, 3, 4), 𝑃ଵ, 𝑃ଶ 
are the coefficients in the measurement. 

The differences are utilized in the force control to actuate joints by using transposed Jacobian 
matrices as follows: 

𝑢ா = 𝐽ଵ் 𝑅ଵ 𝑒ிభ00 ൩ + 𝐽ଶ் 𝑅ଶ  0𝑒ிమ0 ൩ + 𝐽ଷ் 𝑅ଷ  0𝑒ிయ0 ൩ + 𝐽ସ் 𝑅ସ  00𝑒ிర൩   ሺNmሻ. (11)

The feedback force and velocity control is proposed as follows ([19], [20-23]): 𝑢 = 𝐻ி𝑢ா + 𝐻ሺ𝜔ௗ௦ − 𝜔ሻ   ሺNmሻ, (12)

where, 𝐻ி, 𝐻 are the proportional gains of the feedback force control and velocity control, 
respectively 𝜔ௗ௦ = ሾ𝜔ௗ௦భ 𝜔ௗ௦మ 𝜔ௗ௦య 𝜔ௗ௦రሿ் (rad/s); 𝜔 = ሾ𝜔ଵ 𝜔ଶ 𝜔ଷ 𝜔ସሿ் (rad/s) is 
vector of the current angular velocities of the exoskeleton at joints 1, 2, 3, 4;  𝜔ௗ௦ = 𝜎𝐹௦ (rad/s) is the desired angular velocity of joint 𝑖; 𝜎 (rad/s/N) is the coefficient of 
mobility of the desired motion. 

The voltage of servo motor 𝑖, 𝑈ௌ, (𝑖 = 1, 2, 3, 4) are controlled following Eq. (13). In order to 
stabilize the voltages, the limited voltages are regulated as follows: 𝑈ௌ  = 𝑓 ቀ𝜂ቁ𝑈ௌ௫   ሺVሻ, (13)
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where, 𝑓ሺ𝜂ሻ = ఎೆටଵାఎೆమ ; 𝑈ௌೌೣ (V); 𝜂 = ௨௦     (Nm); 𝑠 = 𝜇 ೄೌೣோ 𝑘௧  (Nm); 𝜇 is the ratio 

between the output torque and the input torque of the gearbox of the servo motor 𝑖. 
The relationship between the 𝑢ெ, the output torque generated by servo motor 𝑖, and the 

voltage 𝑈௦ (𝑖 = 1, 2, 3, 4), when 𝐿 ≈ 0 and negligible, is as follows [24], [25]: 

𝑢ெ = 𝜇 . 𝑈௦ − 𝑘 . 𝜇 .𝑑𝜃𝑑𝑡 ൨ . 𝑘௧𝑅    ሺNmሻ, (14)

where, 𝑅(Ω); 𝑘 V/(rad/s); 𝜇 ௗఏௗ௧  (rad/s); 𝐿 (H); 𝐼(A); 𝑘௧ (Nm/A) are explained in the 
Table 2. 

4. Optimal gains of the feedback force and velocity control 

To find the optimal gains of the Feedback Force and Velocity control, the parameters of the 
arm exoskeleton are in Table 2. 

Table 2. Parameters of a 4-DOF arm exoskeleton  
Parameters of the arm exoskeleton Values 

Link length 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ (m) 𝑎ଵ = 0.2, 𝑎ଶ = 0.3, 𝑎ଷ =0.4, 𝑎ସ = 0.2 
Link mass 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ (kg) 𝑚ଵ = 0.3, 𝑚ଶ = 0.5, 𝑚ଷ = 0.3, 𝑚ସ = 0.5 

Distance 𝑙ଵ, 𝑙ଶ, 𝑙ଷ, 𝑙ସ (m) 𝑙ଵ = 𝑙ଶ = 𝑙ଷ = 𝑙ସ = 0.2 
Virtual coefficients 𝛼 (Ns/rad), 𝛽 (N/rad), 𝛾 (1/m) 𝛼 = 0.5, 𝛽 = 0.5, 𝛾 = 0.5 

Viscousity damping coefficients 𝑏ଵ, 𝑏ଶ, 𝑏ଷ, 𝑏ସ (Nms/rad) 𝑏ଵ = 𝑏ଶ = 𝑏ଷ = 𝑏ସ = 0.3 
Inertia moments of links 𝐼 (kg.m2) 𝐼 = diagሾ0.20,0.30,0.40,0.20ሿ 

Inertia moments of servo motors 𝐼ெ  (kg.m2) 𝐼ெ= diagሾ0.80,0.50,0.40,0.60ሿ 
Supplied voltage 𝑈ௌೌೣ(V) 𝑈ௌೌೣ = 12 

Stiffness 𝐾ଵ, 𝐾ଶ, 𝐾ଷ, 𝐾ସ (N/m) 𝐾ଵ = 𝐾ଶ = 𝐾ଷ = 𝐾ସ = 10000 
Damping 𝐵ଵ, 𝐵ଶ, 𝐵ଷ, 𝐵ସ (Ns/m) 𝐵ଵ = 𝐵ଶ = 𝐵ଷ = 𝐵ସ = 100 

Maximum interaction forces on links (N) 
𝐹௫భ= 2, 𝐹௫మ = 3, 𝐹௫య = 2, 𝐹௫ర = 1 

Torque constant parameters 𝑘௧భ, 𝑘௧మ, 𝑘௧య, 𝑘௧ర (Nm/A) 𝑘௧భ = 0.002, 𝑘௧మ = 0.003, 𝑘௧య = 0.002, 𝑘௧ర = 0.001 
Back electro motive force (Voltage) constant parameters 𝑘భ, 𝑘మ, 𝑘య, 𝑘ర (Vs/rad) 𝑘భ = 𝑘మ = 𝑘య = 𝑘ర = 0.001 

Resistor parameters 𝑅భ , 𝑅మ , 𝑅య , 𝑅ర  (Ω) 𝑅భ = 𝑅మ = 𝑅య = 𝑅ర = 3 
Ratio gearbox parameters 𝜇ଵ, 𝜇ଶ, 𝜇ଷ, 𝜇ସ 𝜇ଵ = 𝜇ଶ =  𝜇ଷ = 𝜇ସ = 250 

Proportional gain of the controller: 𝐻ி , 𝐻  Automatically optimized by BCMO 
Maximum allowed torques 𝑠ଵ, 𝑠ଶ, 𝑠ଷ, 𝑠ସ (Nm) 𝑠ଵ = 2, 𝑠ଶ = 3, 𝑠ଷ = 2, 𝑠ସ = 1 

The disturbance from outside environment 𝐹ௗ (N) 𝐹ௗ = 0.01sin(100𝑡) 
The coefficients of the disturbance in the measurements 

and user’s force, respectively 𝑃ଵ = 1, 𝑃ଶ = –1 

The coefficient of mobility or admittance 𝜎 (rad/s/N) 𝜎 = –0.2 
Simulation time 𝑇 (s) 𝑇 = 20 

The desired angles and desired angular velocities of the joints are: 𝜃ௗ௦భ = 𝜃ௗ௦మ = 𝜃ௗ௦య = 𝜃ௗ௦ర = 0.25    (rad), 𝜔ௗ௦ = −0.2𝐹௦     (rad s⁄ ),      (𝑖 = 1,2,3,4). (15)

The initial positions and initial angular velocities of the joints are: 



FEEDBACK FORCE AND VELOCITY CONTROL OF AN ARM EXOSKELETON TO ASSIST USER MOTION.  
THANG CAO NGUYEN, TUAN NGOC NGUYEN 

40 ISSN PRINT 2351-5279, ISSN ONLINE 2424-4627  

𝜃 = ሾ0 0 0 0ሿ  (rad), 𝜔 = ሾ0 0 0 0ሿ்   (rad s⁄ ). (16)

In the algorithm, the gains 𝐻ி, 𝐻 of the feedback force and velocity control will be 
optimized to minimize the root mean square of the error in the Eq. (17): 

𝑅𝑀𝑆(𝑒ி) = ඨ1𝑁 ൫𝑒ிరଶ ൯ேୀଵ . (17)

In the algorithm, the initial values are 𝑀𝑎𝑥𝐺𝑒𝑛 = 10, 𝑁 = 50, 𝑈 = 500, 𝐿 = 0; the optimal 
function of BCMO is the𝑅𝑀𝑆(𝑒ி). The optimized proportional gains of the feedback force and 
velocity control are:

 
𝐻ி = 48, 𝐻 = 394. The optimal 𝑅𝑀𝑆(𝑒ி) = 0.47 (N). The simulations of 

angles of joints and angular velocities of joints are carried out in Figs. 3, 4. The simulations of the 
feedback forces on the links are shown in Fig. 5.  

 
Fig. 3. The simulation of the angles of joints (rad) realized by the feedback force and velocity control 

In case of the original control [12], the optimal gains of the original control obtained by BCMO 
are:

 
𝐻ி = 81, 𝐻 = 394. The optimal root mean square of error is:𝑅𝑀𝑆(𝑒ி) = 0.52 (N). The 

simulation of angles of joints, angular velocities of joints, feedback forces on the links realized by 
original control are shown in Figs. 6, 7, 8. 

In comparison, the feedback force and position control contains more oscillation in the 
feedback forces on the links than the feedback force and velocity control contains, and these 
oscillation in the feedback forces on the links can cause damages to the user. With the proposed 
feedback force and velocity control, the feedback force control has been improved in terms of fast 
response and less oscillation when generating safer feedback forces on the links. 
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Fig. 4. The simulation of the angular velocities of joints (rad/s) realized  

by the feedback force and velocity control  

 
Fig. 5. The simulation of the feedback forces on the links (N) realized  

by the feedback force and velocity control  
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Fig. 6. The simulation of the angles of joints (rad) realized by the original control  

 
Fig. 7. The simulation of the angular velocities of joints (rad/s) realized by the original control  
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Fig. 8. The simulation of the feedback forces on the links (N) realized by the original control 

5. Conclusions 

In the paper, the feedback force and velocity control to regulate the better feedback forces on 
the links is realized and optimized by BCMO. The feedback force and velocity control aims at 
assisting user motions. When the user moves his arm, the arm exoskeleton is actuated to assist his 
motion. The numerical simulation shows that the feedback force and velocity control has achieved 
the safer feedback forces on the links in terms of fast response and less oscillation. 
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Appendix 

In the nonlinear dynamic equation as shown in Eq. (3), we define 𝜃ଵ,  𝜃ଶ, 𝜃ଷ, 𝜃ସ are angles of 
rotation of joint 1, 2, 3, 4, respectively. 𝜔ଵ, 𝜔ଶ, 𝜔ଷ, 𝜔ସ are angular velocities of joint 1, 2, 3, 4, 
respectively. 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ are masses of links 1, 2, 3, 4, respectively. 𝑎ଵ, 𝑎ଶ, 𝑎ଷ, 𝑎ସ are 
lengths of links 1, 2, 3, 4, respectively. 

And we denote: 𝐴ଶ = 𝑎ଶsin𝜃ଶ,     𝐵ଶ = 𝑎ଶcos𝜃ଶ, 𝐴ଷ = 𝑎ଷsin(𝜃ଶ + 𝜃ଷ),      𝐵ଷ = 𝑎ଷcos(𝜃ଶ + 𝜃ଷ), 𝐴ସ = 𝑎ସsin(𝜃ଶ + 𝜃ଷ + 𝜃ସ),      𝐵ସ = 𝑎ସcos(𝜃ଶ + 𝜃ଷ + 𝜃ସ), 𝑠ଷ = sin𝜃ଷ,     𝑐ଷ = cos𝜃ଷ,      𝑠ସ = sin𝜃ସ,      𝑐ସ = cos𝜃ସ, 𝑠ଷସ = sin(𝜃ଷ + 𝜃ସ),      𝑐ଷସ = cos(𝜃ଷ + 𝜃ସ), 𝑠ଶଷ = sin(𝜃ଶ + 𝜃ଷ),      𝑐ଶଷ = cos(𝜃ଶ + 𝜃ଷ), 𝑠ଶଷସ = sin(𝜃ଶ + 𝜃ଷ + 𝜃ସ),      𝑐ଶଷସ = cos(𝜃ଶ + 𝜃ଷ + 𝜃ସ). 
The detail elements of the matrix of inertia moments of joints are: 

𝑀 = ൦𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ 𝑎ଵସ𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ 𝑎ଶସ𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ 𝑎ଷସ𝑎ସଵ 𝑎ସଶ 𝑎ସଷ 𝑎ସସ൪ + 𝐼 + 𝐼ெ    (kg. mଶ), 
where: 𝑎ଵଵ = 𝑚ଵ𝑎ଵଶ + 𝑚ଶ(𝑎ଵଶ + 𝐴ଶଶ) + 𝑚ଷ(𝑎ଵଶ + (𝐴ଶ + 𝐴ଷ)ଶ) + 𝑚ସ(𝑎ଵଶ + (𝐴ଶ + 𝐴ଷ + 𝐴ସ)ଶ), 𝑎ଶଶ = 𝑚ଶ𝑎ଶଶ + 𝑚ଷ(𝑎ଶଶ + 𝑎ଷଶ + 2𝑎ଶ𝑎ଷ𝑐ଷ)+ 𝑚ସ(𝑎ଶଶ + 𝑎ଷଶ + 𝑎ସଶ + 2𝑎ଶ𝑎ଷ𝑐ଷ + 2𝑎ଶ𝑎ସ𝑐ଷସ + 2𝑎ଷ𝑎ସ𝑐ସ), 𝑎ଷଷ = 𝑚ଷ𝑎ଷଶ + 𝑚ସ(𝑎ଷଶ + 𝑎ସଶ + 2𝑎ଷ𝑎ସ𝑐ସ), 𝑎ସସ = 𝑚ସ𝑎ସଶ, 𝑎ଵଶ = 𝑎ଵ൫𝑚ଶ𝐵ଶ + 𝑚ଷ(𝐵ଶ + 𝐵ଷ) + 𝑚ସ(𝐵ଶ + 𝐵ଷ + 𝐵ସ)൯, 𝑎ଵଷ = 𝑎ଵ൫𝑚ଷ𝐵ଷ + 𝑚ସ(𝐵ଷ + 𝐵ସ)൯, 𝑎ଵସ = 𝑚ସ𝐵ସ𝑎ଵ, 𝑎ଶଷ = 𝑚ଷ𝑎ଷଶ + 𝑚ଷ𝑎ଶ𝑎ଷ𝑐ଷ + 𝑚ସ(𝑎ଷଶ + 𝑎ସଶ + 𝑎ଶ𝑎ଷ𝑐ଷ + 𝑎ଶ𝑎ସ𝑐ଷସ + 2𝑎ଷ𝑎ସ𝑐ସ), 𝑎ଶସ = 𝑚ସ𝑎ସଶ + 𝑚ସ𝑎ଶ𝑎ସ𝑐ଷସ + 𝑚ସ𝑎ଷ𝑎ସ𝑐ସ, 𝑎ଷସ = 𝑚ସ𝑎ସଶ + 𝑚ସ𝑎ଷ𝑎ସ𝑐ସ,     𝑎 = 𝑎 ,    (𝑖, 𝑗 = 1,2,3,4). 

The matrix of the inertial moment of the links 1, 2, 3, 4 is: 

𝐼 = ൦𝐼ଵଵ 0 0 00 𝐼ଶଶ 0 00 0 𝐼ଷଷ 00 0 0 𝐼ସସ൪     (kg. mଶ). 
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The matrix of the inertial moment of the servo motors at joints 1, 2, 3, 4 is: 

𝐼ெ = ൦𝐼ெଵଵ 0 0 00 𝐼ெଶଶ 0 00 0 𝐼ெଷଷ 00 0 0 𝐼ெସସ൪     (kg. mଶ). 
The detail elements of the vector of Coriolis and centrifugal forces are: 𝐶 = ሾ𝐶ଵ 𝐶ଶ 𝐶ଷ 𝐶ସሿ்    (kg. mଶ sଶ⁄ ), 

where: 

𝐶ଵ = ൭2𝑚ଶ𝐴ଶ𝐵ଶ + 2𝑚ଷ(𝐴ଶ + 𝐴ଷ)(𝐵ଶ + 𝐵ଷ) + 2𝑚ସ𝐴ସ
ୀଶ 𝐵ସ

ୀଶ ൱𝜔ଵ𝜔ଶ
      +ቌ2𝑚ଷ(𝐴ଶ + 𝐴ଷ)𝐵ଷ + 2𝑚ସ𝐴ସ

ୀଶ (𝐵ଷ + 𝐵ସ)ቍ𝜔ଵ𝜔ଷ + 2𝑚ସ𝐴ସ
ୀଶ 𝐵ସ𝜔ଵ𝜔ସ

      −𝑎ଵ ൭𝑚ଶ𝐴ଶ + 𝑚ଷ(𝐴ଶ + 𝐴ଷ) + 𝑚ସ𝐴ସ
ୀଶ ൱𝜔ଶଶ − 𝑎ଵ ൭𝑚ଷ𝐴ଷ + 𝑚ସ𝐴ସ

ୀଷ ൱𝜔ଷଶ
      −𝑎ଵ𝑚ସ𝐴ସ𝜔ସଶ − 2𝑎ଵ ൭𝑚ଷ𝐴ଷ + 𝑚ସ𝐴ସ

ୀଷ ൱𝜔ଶ𝜔ଷ − 2𝑎ଵ𝑚ସ𝐴ସ(𝜔ଶ + 𝜔ଷ)𝜔ସ,
 

𝐶ଶ = −(𝑚ଷ𝑎ଶ𝑎ଷ𝑠ଷ + 𝑚ସ𝑎ଶ𝑎ଷ𝑠ଷ + 𝑚ସ𝑎ଶ𝑎ସ𝑠ଷସ)(2𝜔ଶ𝜔ଷ + 𝜔ଷଶ)      −(𝑚ସ𝑎ଶ𝑎ସ𝑠ଷସ + 𝑚ସ𝑎ଷ𝑎ସ𝑠ସ)(2𝜔ଶ𝜔ସ + 2𝜔ଷ𝜔ସ + 𝜔ସଶ)      −൭𝑚ଶ𝐴ଶ𝐵ଶ + 𝑚ଷ(𝐴ଶ + 𝐴ଷ)(𝐵ଶ + 𝐵ଷ) + 𝑚ସ𝐴ସ
ୀଶ 𝐵ସ

ୀଶ ൱𝜔ଵଶ, 
𝐶ଷ = −𝑚ସ𝑎ଷ𝑎ସ𝑆ସ(2𝜔ଶ𝜔ସ + 2𝜔ଷ𝜔ସ + 𝜔ସଶ) − ቌ𝑚ଷ(𝐴ଶ + 𝐴ଷ)𝐵ଷ + 𝑚ସ𝐴ସ

ୀଶ (𝐵ଷ + 𝐵ସ)ቍ𝜔ଵଶ      +(𝑚ଷ𝑎ଶ𝑎ଷ𝑠ଷ + 𝑚ସ𝑎ଶ𝑎ଷ𝑠ଷ + 𝑚ସ𝑎ଶ𝑎ସ𝑠ଷସ)𝜔ଶଶ,  
𝐶ସ = −𝑚ସ𝐴ସ

ୀଶ 𝐵ସ𝜔ଵଶ + (𝑚ସ𝑎ଶ𝑎ସ𝑠ଷସ + 𝑚ସ𝑎ଷ𝑎ସ𝑠ସ)𝜔ଶଶ + 2 𝑚ସ𝑎ଷ𝑎ସ𝑠ସ𝜔ଶ𝜔ଷ+ 𝑚ସ𝑎ଷ𝑎ସ𝑠ସ𝜔ଷଶ. 
The detail elements of vector of gravitational forces are: 𝐺(𝜃) = ሾ𝐺ଵ 𝐺ଶ 𝐺ଷ 𝐺ସሿ்    (kg. mଶ sଶ⁄ ), 

where, 𝐺ଵ = 0; 𝐺ଶ = 𝑚ଶ𝑔𝐴ଶ + 𝑚ଷ𝑔(𝐴ଶ + 𝐴ଷ) + 𝑚ସ𝑔(𝐴ଶ + 𝐴ଷ + 𝐴ସ); 𝐺ଷ = 𝑚ଷ𝑔𝐴ଷ +𝑚ସ𝑔(𝐴ଷ + 𝐴ସ); 𝐺ସ = 𝑚ସ𝑔𝐴ସ. 
The rotation matrices and the Jacobian matrices of joints 1, 2, 3, 4 are: 
– Joint 1: 

𝑅ଵ = 𝐴ଵ(1: 3,1: 3) = −𝑠ଵ 0 𝑐ଵ𝑐ଵ 0 𝑠ଵ0 1 0 ൩, (18)
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𝑟ଵ = 𝑙ଵ𝑐ଵ𝑙ଵ𝑠ଵ0 ൩ ,      𝐽ଵ = 𝜕𝑟ଵ𝜕𝜃ଵ 𝜕𝑟ଵ𝜕𝜃ଶ 𝜕𝑟ଵ𝜕𝜃ଷ     𝜕𝑟ଵ𝜕𝜃ସ൨ = −𝑙ଵ𝑠ଵ 0 0𝑙ଵ𝑐ଵ 0 00 0 0      000൩. (19)

From Eqs. (18) and (19), one has: 

𝐽ଵ் 𝑅ଵ = ൦𝑙ଵ 0 00 0 00 0 00 0 0൪. 
– Joint 2: 

𝑅ଶ = 𝑅ଵ.𝑅ଶଵ = 𝐴ଵ(1: 3,1: 3).𝐴ଶଵ(1: 3,1: 3) = 𝐴ଶ(1: 3,1: 3) = −𝑠ଵ𝑠ଶ −𝑠ଵ𝑐ଶ 𝑐ଵ𝑐ଵ𝑠ଶ 𝑐ଵ𝑐ଶ 𝑠ଵ−𝑐ଶ 𝑠ଶ 0 ൩, (20)

𝑟ଶ = −𝑙ଶ𝑠ଵ𝑠ଶ + 𝑎ଵ𝑐ଵ𝑙ଶ𝑐ଵ𝑠ଶ + 𝑎ଵ𝑠ଵ−𝑙ଶ𝑐ଶ ൩,     
𝐽ଶ = 𝜕𝑟ଶ𝜕𝜃ଵ 𝜕𝑟ଶ𝜕𝜃ଶ 𝜕𝑟ଶ𝜕𝜃ଷ     𝜕𝑟ଶ𝜕𝜃ସ൨ = −𝑙ଶ𝑐ଵ𝑠ଶ − 𝑎ଵ𝑠ଵ −𝑙ଶ𝑠ଵ𝑐ଶ 0−𝑙ଶ𝑠ଵ𝑠ଶ + 𝑎ଵ𝑐ଵ 𝑙ଶ𝑐ଵ𝑐ଶ 00 𝑙ଶ𝑠ଶ 0      000൩. 

(21)

From Eqs. (20) and (21), one has: 

𝐽ଶ் 𝑅ଶ = ൦𝑎ଵ𝑠ଶ 𝑎ଵ𝑐ଶ −𝑙ଶ𝑠ଶ0 𝑙ଶ 00 0 00 0 0 ൪. 
– Joint 3: 𝑅ଷ = 𝑅ଵ.𝑅ଶଵ.𝑅ଷଶ = 𝐴ଵ(1: 3,1: 3).𝐴ଶଵ(1: 3,1: 3).𝐴ଷଶ(1: 3,1: 3)       = 𝐴ଷ(1: 3,1: 3) = −𝑠ଵ𝑠ଶଷ −𝑠ଵ𝑐ଶଷ 𝑐ଵ𝑐ଵ𝑠ଶଷ 𝑐ଵ𝑐ଶଷ 𝑠ଵ−𝑐ଶଷ 𝑠ଶଷ 0 ൩ ,  (22)

𝑟ଷ = −𝑠ଵ(𝑎ଶ𝑠ଶ + 𝑙ଷ𝑠ଶଷ) + 𝑎ଵ𝑐ଵ𝑐ଵ(𝑎ଶ𝑠ଶ + 𝑙ଷ𝑠ଶଷ) + 𝑎ଵ𝑠ଵ−𝑎ଶ𝑐ଶ − 𝑙ଷ𝑐ଶଷ , 
𝐽ଷ = 𝜕𝑟ଷ𝜕𝜃ଵ 𝜕𝑟ଷ𝜕𝜃ଶ 𝜕𝑟ଷ𝜕𝜃ଷ     𝜕𝑟ଷ𝜕𝜃ସ൨= −𝑐ଵ(𝑎ଶ𝑠ଶ + 𝑙ଷ𝑠ଶଷ) − 𝑎ଵ𝑠ଵ −𝑠ଵ(𝑎ଶ𝑐ଶ + 𝑙ଷ𝑐ଶଷ) −𝑠ଵ𝑙ଷ𝑐ଶଷ−𝑠ଵ(𝑎ଶ𝑠ଶ + 𝑙ଷ𝑠ଶଷ) + 𝑎ଵ𝑐ଵ 𝑐ଵ(𝑎ଶ𝑐ଶ + 𝑙ଷ𝑐ଶଷ) 𝑐ଵ𝑙ଷ𝑐ଶଷ0 𝑎ଶ𝑠ଶ + 𝑙ଷ𝑠ଶଷ 𝑙ଷ𝑠ଶଷ       000. 

(23)

From Eqs. (22) and (23), one has: 

𝐽ଷ் 𝑅ଷ = ൦𝑎ଵ𝑠ଶଷ 𝑎ଵ𝑐ଶଷ −𝑎ଶ𝑠ଶ − 𝑙ଷ𝑠ଶଷ𝑎ଶ𝑠ଷ 𝑎ଶ𝑐ଷ + 𝑙ଷ 00 𝑙ଷ 00 0 0 ൪. 
– Joint 4: 
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𝑅ସ = 𝑅ଵ.𝑅ଶଵ.𝑅ଷଶ.𝑅ସଷ = 𝐴ଵ(1: 3,1: 3).𝐴ଶଵ(1: 3,1: 3).𝐴ଷଶ(1: 3,1: 3).𝐴ସଷ(1: 3,1: 3)      = 𝐴ସ(1: 3,1: 3) = 𝑐ଵ −𝑠ଵ𝑠ଶଷସ −𝑠ଵ𝑐ଶଷସ𝑠ଵ 𝑐ଵ𝑠ଶଷସ 𝑐ଵ𝑐ଶଷସ0 −𝑐ଶଷସ 𝑠ଶଷସ ൩ ,  (24) 

𝑟ସ = −𝑠ଵ(𝑎ଶ𝑠ଶ + 𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ) + 𝑎ଵ𝑐ଵ𝑐ଵ(𝑎ଶ𝑠ଶ + 𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ) + 𝑎ଵ𝑠ଵ−𝑎ଶ𝑐ଶ − 𝑎ଷ𝑐ଶଷ − 𝑙ସ𝑐ଶଷସ , 
𝐽ସ = 𝜕𝑟ସ𝜕𝜃ଵ 𝜕𝑟ସ𝜕𝜃ଶ 𝜕𝑟ସ𝜕𝜃ଷ     𝜕𝑟ସ𝜕𝜃ସ൨       = −𝑐ଵ(𝑎ଶ𝑠ଶ + 𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ) − 𝑎ଵ𝑠ଵ −𝑠ଵ(𝑎ଶ𝑐ଶ + 𝑎ଷ𝑐ଶଷ + 𝑙ସ𝑐ଶଷସ)−𝑠ଵ(𝑎ଶ𝑠ଶ + 𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ) + 𝑎ଵ𝑐ଵ 𝑐ଵ(𝑎ଶ𝑐ଶ + 𝑎ଷ𝑐ଶଷ + 𝑙ସ𝑐ଶଷସ)0 𝑎ଶ𝑠ଶ + 𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ  
      −𝑠ଵ(𝑎ଷ𝑐ଶଷ + 𝑙ସ𝑐ଶଷସ)𝑐ଵ(𝑎ଷ𝑐ଶଷ + 𝑙ସ𝑐ଶଷସ)𝑎ଷ𝑠ଶଷ + 𝑙ସ𝑠ଶଷସ       −𝑠ଵ𝑙ସ𝑐ଶଷସ𝑐ଵ𝑙ସ𝑐ଶଷସ𝑙ସ𝑠ଶଷସ . 

(25) 

From (32) and (33), one has: 

𝐽ସ் 𝑅ସ = ൦−𝑎ଶ𝑠ଶ − 𝑎ଷ𝑠ଶଷ − 𝑙ସ𝑠ଶଷସ 𝑎ଵ𝑠ଶଷସ 𝑎ଵ𝑐ଶଷସ0 𝑎ଶ𝑠ଷସ + 𝑎ଷ𝑠ସ 𝑙ସ + 𝑎ଷ𝑐ସ + 𝑎ଶ𝑐ଷସ0 𝑎ଷ𝑠ସ 𝑙ସ + 𝑎ଷ𝑐ସ0 0 𝑙ସ ൪. 
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