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Abstract. In the paper, a feedback hybrid control including a force feedback control and a position
control is proposed to control a four degree of freedom (4-dof) upper limb exoskeleton for
supporting human movement at the shoulder, elbow and wrist joints. The novelty of the paper is
that it has been able to control all the interaction forces at all links in the exoskeleton robot by
using the proposed control. The desired interaction forces at the links and desired position are
compared with the measured interaction forces and position, respectively. Then the torque at the
shoulder, the torque elbow and the torque wrist joints are controlled to compensate the force error
and the position error. The gains of the proposed controller are optimized by using the Balancing
Composite Motion Optimization (BCMO). The simulation and control of the 4-dof upper limb
exoskeleton using the proposed control is carried out in the paper to show that the interaction
forces and the position of the exoskeleton track their desired values.

Keywords: upper limb, exoskeleton, feed back control, PID control, hybrid control, optimization,
simulation.

1. Introduction

The upper limb exoskeleton is an external structure in the shape of human upper limb and is
directly attached to human upper limb by using brackets. It is equipped with force sensors for
sensing the vector of interaction forces exerted by the human operator and the upper limb
exoskeleton, and actuators for exerting necessary torques in revolute joints at wrist, elbow and
shoulder [1-3]. The review of control systems in the active exoskeleton was presented in [4]. In
the feed forward control system, the human operator’s interaction forces are considered as
disturbance. The interaction force between human operator and an upper limb exoskeleton can be
estimated by using a disturbance observer or using the force sensors [5], [6]. The target of the
controller is to control the human operator’s force as small as possible [7], [8]. In force feed
forward control of the upper limb exoskeleton for supporting human movement model [9], [10],
a force sensor was placed at the end effector to measure the interaction force exerted by the human
operator. The measured interaction force of the human operator’s hand was transformed to the
torques at joints using Jacobian transposed matrix. Then a Proportional Derivative (PD) feed
forward controller will control the torque at joints of the upper limb exoskeleton to compensate
the torques exerted by the human operator. The force feed forward control method is popular
because of its robustness and reliability for exoskeleton; recently it has been generalized to force
feedback control method to feedback desired interaction force to human lower limb [11]. The
force feedback control is very useful to control the interaction force at the end effector using
Jacobian transposed matrix. The controlling torques exerted by the exoskeleton at joints interact
with the torques exerted by the human operator. These interation torques at joints make the
misalignments between human operator’s joints and the exoskeleton’s joints. In order to reduce
the misalignments we can use the hybrid force and position control at shoulder, elbow, and wrist
joints [12]. In this paper, a feedback hybrid control that is including a force feedback control and
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a position control is proposed to control the upper limb exoskeleton to support human movement.
The feedback hybrid force and position control aims to track the desired interaction force feedback
to the human operator’s hand, and control position of the exoskeleton to track a desired position.
A scenario is conducted with two stages. Stage 1: the human operator actively exerts force to guide
the upper limb exoskeleton to the desired position. Without the supporting of the upper limb
exoskeleton, the operator has to carry the external load and the exoskeleton. Stage 2: the positions
of joints are measured by sensors placed at joints and the desired interaction force at the end
effector is computed based on the current position of the exoskeleton. In stage 2, there are force
sensors located at the links to measure the actual interaction forces. The errors between the desired
interaction forces and the measured interaction forces at the links will be transformed to the
torques at joints by using the transposed Jacobian matrices. The feedback hybrid controller will
control the torques at joints to control the interaction forces at the links and the position of the
exoskeleton. The current interaction forces at the links of the upper limb exoskeleton are
controlled as close as possible to the desired interaction forces. Besides, the current position of the
exoskeleton are controlled as close as possible to the desired position. The gains of the feedback
hybrid controller are optimized by using the Balancing Composite Motion Optimization (BCMO)
[13]. The numerical simulation shows that the interaction forces and the position of the
exoskeleton track their desired values.

2. Model of a 4-DOF upper limb exoskeleton

The model of a 4-DOF upper limb exoskeleton is shown in Fig. 1. It has four degree of freedom
(4-DOF) including two joints at the shoulder (6,, 6,), one joint at the elbow (83), and one joint at
the wrist (6,), on 3 links: shoulder a,, elbow as, and wrist a,. The lengths and masses of three
links are represented by a,, as, a, and m,, ms, my respectively. The forces F;, F,, F5, F,, are the
interaction forces at links 1, 2, 3, 4, respectively. The lever length between the line of the
interaction force F; and the axis of joint i is [; (i = 1, 2, 3, 4). The control torques at joints 1, 2, 3,
4 are controlled by electrical motors located at joints 1, 2, 3, 4, respectively.

Fig. 1. A 4-DOF upper limb exoskeleton

The Denavite-Hartenberge (D-H) parameters for 4-DOF Upper limb Exoskeleton is shown in
Table 1.

Table 1. Denavite-Hartenberge (D-H) parameters for 4-DOF upper limb exoskeleton

Link | a a d 0
1 0 | m/2 0| O+m/2
2 a, 0 0| 8,—m/2
3 asz 0 0 03
4-1 |ay | /2 | 0 0,
42 | 0 0 0| —m/2
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In Table 1, the parameters a; are constant. Only the variables 6; (i = 1, 2, 3, 4) vary by rotation
around z;_, axis. From D-H table, the homogeneous transformation matrices are obtained using

Eq. (1), [14]:

A = Rot(z,0;)Trans(0,0,d;)Rot(x, a;) Trans(a;, 0,0)
cosf; —sinf;cosa; sinf;sina; a;cosH;

sinf; cosf;cosa; —cosf;sina; a;sing; (D
0 sina; cosq; d, |
0 0, 0 1

The homogeneous transformation matrix that transforms the reference coordinate {4} which is
attached to the end effector to the base coordinate {b} or the fixed base {0} can be calculated by
multiplying the individual transformation matrices as follows:

AL = APALAZAS. 2)
3. Feedback hybrid interaction force and position control design

The dynamics equation of motion of the upper limb exoskeleton under force control is derived
in Eq. (3). It is constructed in matrix form, which is suitable for a Multi Degree of Freedom
(MDOF) system [15]:

M(0)¢ + C(0,w) + G(0) + F(w) = uy + uy, 3)

where, 8 =16, 6, 03 0,]T is vector of angles of rotation at joints 1, 2, 3, 4;

ae ae ae ae
w=[w 0, w; w4]T=[_1 49, dO;  db

T
] is vector of angular velocities at joints 1, 2,
at  dt dt dt

T
d%0, d?0, d%6; d*64] . .
3,48=[6 & & Ll'= [—d S T dt;] is vector of angular accelerations at

joints 1,2,3,4;uy, = [Umy UMy Umgs Um,]T is vector of controlling torques exerted by direct
current (DC) motors at joints 1, 2, 3, 4; uy = [Un,» ---»  Un,]Tis vector of torques exerted by
human operator at the joints 1, 2, 3, 4; M(8), C(6, w), G(8), are matrix of inertia masses, vector
of Coriolis and centrifugal forces, vector of gravitational forces, respectively.

The detail elements of the matrix of inertia masses, vector of Coriolis and centrifugal forces,
vector of gravitational forces are shown in the Appendix.

F(w) is the joint friction force vector which is model as the viscosity friction. The joint friction
of joint i (i =1, 2, 3, 4) is expressed as follows [16], [17]:

Fi(a)i) = biwiv (l = 1,2,3,4), (4)

where, b; are coefficients of viscosity friction of joint i (i =1, 2, 3, 4), respectively.

In this paper, a scenario containing two stages is considered:

Stage 1: At the beginning, a human operator actively moves the robot by exerting the vector
of human operator’s torques uy to guide the exoskeleton robot to the desired position. The human
operator has to carry the external load and the robot’s weight.

Stage 2: The position sensors installed at the joints measure the angles and speed of the joints.
The desired interaction force at the end effector is computed proportionally to the angular rotation,
the angular speed of the wrist’s joint, and the gravitational force of the mass of the wrist, whereas
the current interaction force is measured by a force sensor installed in the end effector. The force
controller compares the current interaction forces at the links with the desired interaction forces
to generate the torques at joints 1, 2, 3, 4 of the exoskeleton to support the human movement.
Besides, the position controller will control the current position of the exoskeleton as close as
possible to the desired position.
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The block diagram of the interaction force control system is shown in Fig. 2. In stage 1, the
human operator exerts torques to move the upper limb exoskeleton. In stage 2, the controller
controls torque at the joints 1, 2, 3, 4 of the exoskeleton to control the interaction forces at the end
effector and the links 1, 2, 3. The desired interaction force at the end effector is computed based
on the positions and velocities of the wrist joint.

Measured interaction force

- v +
er | JT Upper Limb R Human
+ > + ] Exoskeleton »] Operator’s
Upper Limb
A A
+ +
Desired €o - Measured
interaction P current
force + ¢ positions
a
+
Desired
positions

Fig. 2. Block diagram of feedback hybrid interaction force and position control system

In Stage 1: the human operator actively applies force to move the exoskeleton in the desired
motion using the operator’s arm. The human operator’s forces exerted at the links are modeled as
a nonlinear spring and damper model:

T’Fi
FH,: =—Fmaxiﬂ (5)
1+nz,
Kili(84s. — 0;) + Bili(wgs, — w;
e, = i l( ds; L) i L( ds; 1), i = 1'2’3'4’ (6)
' Fmaxi
Fy, 0 0 0
uy =JIRY| 0 | +JIRS |Fu, | +J5RS [Fyy | +JERG| O 7
0 0 0 Fu,

where, uy = [Un; Un, Un; Un,]T is vector of human interaction torques at joints 1, 2, 3, 4;
K; is the virtual springs’ stiffness of the interaction force model (i = 1, 2, 3, 4); B; is the virtual
dampers’ damping of the interaction force model (i = 1, 2, 3, 4); [; (i = 1, 2, 3, 4) is the lever
length between the line of the human operator’s force Fy, and the axis of joint i;
045 = [0as, Oas, 0as; 0Bas,]T is vector of the desired positions of the exoskeleton at joints 1,
2,3,4,0=1[60, 6, 03 6,]7isvector of the current positions of the exoskeleton at joints 1, 2,
3, 4; wys = [Was; @Was, Das; Was,|T is vector of the desired angular speeds of the
exoskeleton at joints 1,2,3,4; w = [W1 @ w3 4]T is vector of the current angular speeds
of the exoskeleton at joints 1, 2, 3, 4; Fyy, is the interaction force at link i (i = 1, 2, 3, 4); Fay, is
dx; O0x; O0x; 0x;
00, 00, 003 06,
the maximum interaction force can occur at link i (i = 1, 2, 3,4); J; = g—:li %zi 2—39/; % is
dz; 0z; 0z; 09z
26, o0, 20, au)
the Jacobian matrix (i = 1, 2, 3, 4), where [Xi Vi Z]" is the vector of coordinates of the
location of the interaction force Fyy, (i =1, 2, 3, 4) in the global frame or the base {0}. R? is the

rotation matrix of local frame placed at link i (i = 1, 2, 3, 4) which transforms the vector of
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interaction force at the local frame attached to link i to the global frame at the base (details of
Jacobian matrices and rotation matrices are shown in the Appendix); a; (i =2,..., 4) is the length
of link i.

In Stage 2: the upper limb exoskeleton supplies the torque in order to follow and support the
human operator’s movement. At this stage, the human operator will be supported with the
exoskeleton. In Eq. (8), the desired interaction forces of the exoskeleton to the human operator are
computed to support the human movement:

dl;s. d;
Fas; = a( d‘fl - d—t‘) +b(Bas, — 6:) + cGi(8), (i =1234), ®)

where, a, b, ¢ are virtual coefficients.
The errors between the desired interaction forces and the current interaction forces at the links
are defined as follows:

er, = Fd51 - Fmslﬂ
€, = Fdsz - Fmszr
=F,. —F 9)
eF3 — Ydss3 msz’
€r, = Fds4 - Fms4'

where, Fyq, is the desired interaction force at the link i (i = 1, 2, 3, 4); Fyy, is the measured

interaction force at the link i (i =1, 2, 3, 4).
In reality, the current interaction force at the links 1, 2, 3, 4 can be measured by force sensors
or load-cells. For simulation, the measured interaction force can be modeled as follows:

Eps, = PiFg + PyFy,,
Eps, = P1Fq + PyFy,,
Ens, = PiFq + PyFy,,
Eps, = P1Fg + PyFy,,

(10)

where, F; is the noise in the measurement; Fy; is the interaction force exerted by human operator;
Py, P, are the coefficients of the disturbance in the measurements and human operator’s force,
respectively.

The desired interaction force and the measured interaction force are considered as the input
and feedback output of the controller, respectively. Then the error between them will be
transformed to the torques at joints by using Jacobian matrices:

er, 0 0 0
uz =JIRY[ 0 [+])3RS |ep, | +J5RS |ep |+ JARG| O (11)
0 0 0 €r,

To compensate the human operator’s torques and support the human movement, the feedback
hybrid control is proposed as follows [18], [19], [20]:

Uec = HluE + Hz(eds - 9), (12)

where, H; is the proportional gain of the force feedback controller; H, is the proportional gain of
the position controller.

The control voltage at joints i, Us,, (i =1, 2, 3, 4), are controlled following the torques in
Eq. (13). In order to keep the control voltage under the supply voltage, the saturation function is
used as follows:
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Us, = fM)Usmax, V), (13)

where, Us, (i = 1,..., 4) (V) is controlled voltage of DC motor i; f(1;) = n;/\/1+nf (i =1, 2,
3, 4) is the saturation function; Ugmay, (V) — supply voltage of DC motor i; 7; = u¢,/s; (i = 1, 2,
3, 4) (Nm) is ratio of controlling torque and maximum allowed torque at motor i;
Si = My Usmax;ke,/R; (=1, 2, 3, 4) (Nm) is maximum allowed torque or stalling torque of
motor .

The torque generated by the Permanent Magnetic Direct Current (PM DC) motor is directly
proportional to the armature current due to the interaction between the stator field and the armature
current:

uMi = Hiktilai' (14)

where, I, (A) is current through the armature winding of DC motor i, k;, (Nm/A) is torque
constant of DC motor i.

The relationship between the current and voltage of electrical motor is expressed in Eq. (15),
[21], [22]:

o,  di,
USL' = Railai + kei#i E + Lai dt

, (i=1,234), (15)

where, Us, (V) is voltage which controls PM DC motor i, the rotor accelerates until a steady state
operating condition is attained; R, (€) is resistance of armature winding of PM DC motor i; k,

(V/(rad/s)) is electrical constant of PM DC motor i, u; ﬂ;—? (rad/s) is current speed of PM DC motor

[; Lq; (H) is inductance of armature winding of PM DC motor i; y; is the ratio of the gearbox of
PM DC motor i.

Substitute Egs. (14) in (15), the relationship between the output torque generated by motor i
and control voltage U, (i = 1,...,4), when L,; =~ 0 and negligible, is as follows:

do;| ke,
25 (i=1,234). (16)

uMi = Wi USi - kei':ui'ﬁ R
aj

4. Numerical simulation

In the simulation of the interaction force control using software program, the parameters of the
system are shown in the Table 2.
The desired angles and angular speeds of the exoskeleton’s joints are:

045, = 0.25 (rad), wg;, =0 (rad/s), (i=1,..4). (17)
The initial positions and initial speeds of the joints of the exoskeleton are:
8,=[0 0 0 0] (rad), we=[0 0 0 0]" (rad/s). (18)

In the simulation, the Egs. (4) to (18) are simultaneously executed and solved with the Eq. (3)
by using ode solver ode45 in software program.

The results of the simulation using the generalized force feedback control: the movement of
joints in the joint space are shown in Fig. 3, 4. The simulated interaction forces are compared with
the simulated desired interaction forces in Fig. 5.
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Table 2. Parameters for 4-DOF Upper limb Exo

skeleton in the simulation program

Parameters of the system

Values

Link length a,, a3, a4 (m)

a, = 0.30, az = 0.40, a, = 0.20

Link mass m,, mz, my (kg)

m, = 050, m3 = 03, my = 0.5

Distance from joint to interaction force [, ...,I; (m)

I, =0.20, 1, = 0.20,
I, = 0.20, 1, = 0.20

Virtual coefficients: a (Ns/rad), b (N/rad), ¢ (N)

a=0.5b=0.5.c=05

Frictional viscous parameters by,..., by (Nms/rad)

b1 = 03, b2 = 03, b3 = 03, b4 =03

Inertia moments I, (kg.m?)

I, = diag[0.00, 0.30, 0.40, 0.20]

Inertia moments I, (kg.m?)

Iy = diag[0.80, 0.50, 0.40, 0.60]

Supply voltage parameters Usimaxs--->Usamax (V)

Usimax = 12.0, Uszmax = 12.0,
Ussmax =12.0, Usgmax = 12.0

Stiffness Kj, ..., K4 parameters
of the interaction force model (N/m)

K, = 10e3, K, = 10e3,
Ks = 10e3, K, = 10e3

Damping By, ..., B, parameters
of the interaction force model (Ns/m)

By = 10el, B, = 10¢l,
By = 10el, B, = 10el

Maximum interaction forces (N)

Frnax1 = 2, Fnaxz = 3, Frnaxs = 2,

Frngxa =1
Torque constant parameters k..., krs (NM/A) ey = 0.002, I;(tz - %%%3]’ kes = 0.002,
ta =0.

Back electro motive force (Voltage) constant parameters
Ke1seer Kog (Vs/rad)

kg1 = 0.001, k,y = 0.001,
kes = 0.001, k,, = 0.001

Resistor motor parameters R ,..., Rgs ()

Rg1 =3,Rp =3, Rp3 =3,Rp4 =3

Ratio gearbox parameters fiq,..., iy

U1 =250, g, =250,
Uz =250, py =250

Optimal proportional gains of the Hybrid Controller: Hy, H,

H, = 101, H, = 343

Maximum allowed torques sy,..., S4 (Nm)

S =2,5,=3,53=2,5,=1

The disturbance from outside environment (N)

F,; = 0.01sin(100¢t)

The coefficients of the disturbance in the measurements and
human operator’s force

P1=1,P2=*1

Simulation time T (s)

T =20

Angle of rotation of joints 1

Measured Angular Rotation

o, (rad)

234

Desired Angular Rotation

©, (rad)

05 (rad)

o, (rad)

8 10
time (s)

Fig. 3. The desired positions and measured

12

14 16 18 20

positions of joints (rad)

In Fig. 3, the movement of the exoskeleton is moved by the human operator intention and
the exoskeleton will control the interaction force between human operator’s hand and the
exoskeleton’s end effector to meet a desired interaction force. The actual angular rotations of 6,,
6,, 85, 8, of the exoskeleton are converging to their desired values. The objective of the hybrid
control is not only controlling the positions of the exoskeleton but also controlling the interaction

force at the links.
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Angular velocity of joint 1-2-3-4 (rad/s)

Measured Angular Velocity Desired Angular Velocity

4 (rad/s)
o
g»

-2 L L L L L L
0 2 4 6 8 10 12 14 16 18 20

o, (rad/s) o, (rad/s)
o o

0 2 4 6 8 10 12 14 16 18 20

N (rad/s)
o

1 I ! I I I |
0 2 4 6 8 10 12 14 16 18 20

time (s)
Fig. 4. The desired angular velocities and measured angular velocities of joints (rad/s)

Interaction forces at links 1, 2, 3, 4
10 :

Measured Interaction Force Desired Interaction Force

F, (N)

:

-5 L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

F, (N)
o

Fy )
o
— |
—
— )

l A

F, (N)
o

-2 L L L L L L L
0 2 4 6 8 10 12 14 16 18 20

time (s)
Fig. 5. The desired interaction force and the measured interaction force at links (N)

The desired interaction forces and the simulated interaction forces at the links are shown in
Fig. 5. Root mean square of the error between the desired interaction force and the measured
interaction force at the end effector is defined as follows:

(19)

The objective of the hybrid controller is to optimize the RMS(eg,). In the paper, the optimal
solution of the RMS is solved by using the Balancing Composite Motion Optimization (BCMO)
[13]. In the BCMO, we set the initial values of BCMO as follows.

— The Maximum Generation: MaxGen = 10.
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— The Population Size: NP = 50.

— The Lower Bound of the solution space: LB =1.

— The Upper Bound of the solution space: UB = 500.

The optimal proportional gains of the hybrid controller H; = 101 and H, = 343. The
RMS(er) =0.46 (N).

5. Conclusions

The interaction forces between the human operator and the exoskeleton robot are an interesting
problem for researchers. In this paper, a feedback hybrid control which combines the force
feedback control and position feedback control has been proposed to control a 4-DOF upper limb
exoskeleton. The human operator actively moves his arm at the beginning, then the exoskeleton
is controlled to support the human operator in his desired motion. The errors between the desired
interaction forces and the measured interaction forces at the links are transformed to the torques
exerted at joints using Jacobian transposed matrices. The misalignment between the joints of
exoskeleton and the corresponding joints of human are reduced using position control. The gains
of the feedback hybrid controller are optimized by using the Balancing Composite Motion
Optimization (BCMO). The numerical simulation shows that interaction forces and the position
of the exoskeleton track their desired values.
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Appendix

In the nonlinear dynamic equation as shown in Eq. (3), we define 0,, 8, 85, 0,, are angles of
rotation of joint 1, 2, 3, 4, respectively; w;, w,, w3, w, are angular velocities of joint 1, 2, 3, 4,
respectively; m,, ms, m, are masses of links 2, 3, 4, respectively; a,, as, a, are lengths of links
2,3, 4, respectively; A, = a,sinf,, B, = a,cosb,, A; = azsin(6, + 03), B; = azcos(6, + 05),
A, = a,sin(6, + 65+ 6,), B, = ascos(6, + 65+ 6,), s; =sinf;, c3 = cosbs, s, = sind,,
¢, = €0S0,, S3, = sin(f; + 6,), ¢34 = cos(B; + 6,), S,3 = sin(0, + 63), c,3 = cos(6, + 053),
Sy34 = Sin(@, + 03 + 6,), cy34 = cos(0, + 65 + 6,).
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The detail elements of the matrix of inertia masses are:

a;; 0 0 0
|0 axp axy ag 2
M= 0 ay, ay s +1, +1y, (kgm?), (20)
0 Qi 43 Quu
where,

ay; = myA3 + my(A, + A3)* + my(A, + Az + A%
ay, = mya? + my(as + a2 + 2a,aszcs)
+my (a2 + a3 + a2 + 2a,a3¢5 + 2a,04C34 + 2a3a,c,),
a3z = mga? + my(a3 + a2 + 2azasc,), Q44 = muaz,
ay3 = Mza? + myayazc; + my(a2 + a? + a,asc; + a,a,C34 + 2a3a4¢,),
MaAs + MylyAsCzq + Myd304C,,  Gzq = MyQ2 + Mya3a4C,,

Az4
A3z = Ap3, Q42 = Qpg, QA43 = d34.

The matrix of the inertial moment of the links 1, 2, 3, 4 is:

L.y 0 0 0

o 5 oo o )
L=lo 0 15 of ®&em)

0 Iz 0 0 )
bi=l0o 0 Iy o (em)

The detail elements of the vector of Coriolis and centrifugal forces are:
C=[C G C G, (kg-mz/sz). (21)

where:
4 4

Cl = <2m2AzBZ + 2m3(A2 + A3)(BZ + 33) + 2m4z AL Z Bl) w1Wy
i=2 i=2

4 4
+ <2m3(A2 + A3)B; + 2m4z A; (Bs + B4)> wiws3 + 2m4z A; Byw,w,,
i=2 i=2

Cy = —(M3a,a35; + Mya,a38; + Mya,a,4534) 2w, w3 + w3%)
—(M4a,a,S34 + Mya3a,45,) Qo wy + 2030, + w42)

4 4
- (mzAsz +m3(A; + A3)(B; + B3) + m4Z, zAi Z zBi) wy?,
i= i=

4
C3 = _m4a3a454(2w2w4 + 2(1)30)4 + (1)42) - <m3(A2 + A3)B3 + m4z Al (B3 + B4)> (1)12
i=2

2
+(Mza,a553 + MyAya355 + MyAy04S34) W57,
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Cy,=—my 24 A; Bywi? + (Myaya,S54 + MyQ30,5,) 057 + 2 MyG3a,S,0,w05

+ m4a3a4sl:fu32.

The detail elements of vector of gravitational forces are:
GO) =[G, G, Gz G4]", (kgm?/s?), (22)
where:

Gl = 0, GZ = (mz + m3 + m4)gA2 + (m3 + m4_)gA3 + m4gA4,
Gz = (M3 + my)gAs + mygA,, Gy = Myga,.

The rotation matrices and the Jacobian matrices are:

_Sl 0 Cl
R = A2(1:3,1:3) = [ c; O sll, (23)
0O 1 0
= _lllscl _[9r Or Om arl] lllcSl 8 8 g (24)
! 101’ v~ loe, 06, 06, a6, 11 0o o ol
From (23) and (24), one has
L, 00
b |0 0 O
BRI=10 0 of
0 0 O
—5152 —S8516 O
RS =RY-R} =A9(1:3,1:3).A3(1:3,1: 3) = A%(1:3,1:3) = [C152 €162 51], (25)
_CZ Sz 0
_125152 arz 37’2 arz arz lzclsz _1251C2 0 O
1‘2 = 12(3152 y ]2 = ﬁ ﬁ ﬁ 69 ] 125152 l2C1C2 0 0 . (26)
_12C2 1 2 3 4 0 leZ O 0
From Eq. (25) and (26), one has:
0 O _1252
0 I 0
TRO — 2
22710 0 o |
0 O 0
R} =RY-R}-R% =A9(1:3,1:3) - A}(1:3,1:3) - A3(1:3,1:3)
—S81S23 —S1C23 (1
27
=A%(1:3,1:3) = | C1S23  C€1C23 51], @7
—C23 S23 0
—s1(azs; + 13523)
r; = | c1(a;s; + 135;3)
—0yC; — 13053

—c1(az5; + l3523) —s1(azcy +13c23) —sil3c3 0
51((1252 +13523) c1(azcy +13¢33)  cqlzcas 0|, (2%

a;S; + 13573 l3553 0

_ [67‘3 57”3 37'3 6T3]
37 loe, 96, 06, 06,

From Eq. (27) and (28), one has:
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0 0 —a252 - 13523
TRO = [%253 @203 + 13 0
5 0 Iy 0 ’
0 0 0
R} =R} -R}-R%-R3 =AJ(1:3,1:3) - A5(1:3,1:3) - A3(1:3,1: 3) - A3(1:3,1: 3)

€1 —S515234 510234
=A%(1:3,1:3) = [51 C1S234  C1Ca34 l
0 —Co34 S234
—51(az5; + a3523 + 145534)

r, = [c1(az8; + azsy3 + 14S234) |
—C; — A3C3 — l4Ca3y
] _ [37‘4 5T4 07'4 67”4
* " log, 00, 96, a6,
—¢1(a38; + a3553 + 14S534) —51(Ay0; + A3C53 + 14Cp34)
= |—51(az5; + a3523 + 145234) €1(az¢; + a3cas + 14Ca34)
0 a;Sz + 3853 + 14S34
—51(a3C3 + 14Cp34)  —51l4Ca34
c1(azCa3 + 14C234) C1l4Ca34
a3S23 + 148234 145234
From Egs. (29) and (30), one has:
—Q3S; — A3S3 — 14334 0 0
JTRY = 0 AyS34 +0a3S, 1+ asc, +a,cs,
4T 0 35S, I, + asc,
0 0 I,

96

(29)

(30)
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