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Abstract. As a core component of wind turbines, wind power gear speed increasers often work in 
harsh environments, so it is necessary to study the vibration characteristics of gear transmission 
systems. Taking a wind turbine gearbox high-speed stage helical gear transmission system as the 
research object, the dynamics model of multi-degree-of-freedom helical gear-rotor-bearing 
transmission system is established by the lumped parameter method and solved by Runge-Kutta 
method, taking into account the tooth side clearance of the gear, transmission error, eccentricity 
and support force of the nonlinear bearing. The effects of input torque, transmission error and 
tooth side clearance on the vibration characteristic response of the helical gear train were analyzed. 
The relationship between the trend of amplitude change in each direction of the gear and the trend 
of change in the major frequency components was analyzed under the conditions of changing 
internal and external excitation. The results show that torsional vibration dominates in the system. 
As the input torque increases, the vibration amplitude of the driving and driven gears decreases, 
and the frequency amplitude decreases significantly at multiple locations. Gear transmission errors 
and changes in tooth side clearance have significant effects on gear vibration amplitudes, but are 
sensitive only to the meshing frequency. The trend of gear vibration amplitude caused by the 
change of external excitation of the gear set is synchronized with the trend of main frequency 
amplitude in the corresponding direction, while the change of vibration amplitude caused by 
internal excitation is consistent with the trend of mesh frequency amplitude in the corresponding 
direction. The results of this paper can pave a certain foundation for the design and fault diagnosis 
of wind power gearbox transmission system. 
Keywords: helical gear, multi-degree-of-freedom, dynamical model, vibration characteristics. 

1. Introduction 

As a very widely used motion and power transmission device in industry, the gear-rotor-
bearing transmission system plays an important role in key equipment in industries such as 
vehicles, ships, aerospace, wind power generation and machine building [1]. Due to the meshing 
action of the gears, the vibration characteristics of this rotating structure are very different from 
those of a simple rotor-disc system, and the vibrations in all directions of the system caused by 
the gear meshing forces need to be considered. Because most gear systems work in harsh 
environments and are accompanied by the coupling effect of multiple internal and external 
excitations, this leads to an increase in system vibration, which decreases the accuracy, increases 
the noise and decreases the reliability of the entire mechanical drive system. Therefore, it is 
essential to study the vibration characteristics of gear-rotor-bearing system and analyze the factors 
affecting the vibration response of the system for the design and fault diagnosis of wind turbine 
gear transmission system.  

In recent years, many scholars have studied the dynamics model and vibration characteristics 
of gear-rotor-bearing transmission systems, and some remarkable results have been achieved. 
Özgüven considered the time-varying mesh stiffness and developed a 6-degree-of-freedom spur 
gear-shaft-bearing model to investigate the effect of transverse torsional vibration coupling on 
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gear dynamics [2]. Kahraman studied the nonlinear frequency response characteristics of spur 
gear-rotor-bearing system and established a 3-degree-of-freedom dynamics model[3], after that, 
he proposed a dynamics model of a multi-shaft helical gear reducer, completed the prediction of 
free and forced vibrations of the system using eigenvalue solutions and modal summation 
techniques, and presented the results of an experimental study of the helical gear-shaft-bearing 
system to verify the correctness of the model[4]. Walha and Fakhfakh developed a  
12-degree-of-freedom dynamics model of a two-stage spur gear train considering tooth side 
clearance and time-varying meshing stiffness, and investigated the nonlinear dynamic response of 
the system using linearization techniques [5]. Kang and Hsu investigated the dynamic behavior of 
a viscoelastic supported spur gear-rotor system under the influence of gear eccentricity, gear mesh 
transfer error and residual shaft bowing [6]. Gao and Zhang developed a dynamic model of 
nonlinear time-varying spur gear-rotor-bearing transmission system considering the influence of 
nonlinear factors such as time-varying meshing stiffness and nonlinear oil film force, and analyzed 
the influence of nonlinear oil film force and dynamic meshing force on the transmission system 
[7]. Li established a dynamics model of a helical gear-rotor-bearing transmission system with 
22-degrees-of-freedom using the lumped parameter method, and analyzed the corresponding 
effects of rotational speed, eccentricity and bearing clearance on system vibration [8]. Hu 
established a finite element nodal model of a high-speed spur gear-rotor-bearing system and 
studied the effect of tooth profile adjustment on the dynamic behavior of the system [9]. Zhou 
established the nonlinear dynamics models of spur gear-rotor-bearing with 8 and 12 degrees of 
freedom respectively, and studied the nonlinear response of the system and analyzed the effects 
of some parameters on the vibration response of the system [10], [11]. Ling established a 
16-degree-of-freedom nonlinear dynamics model of a gear-rotor-rolling bearing transmission 
system under the consideration of time-varying meshing stiffness, eccentricity and nonlinear 
bearing forces, and obtained the effects of different parameter variations on the dynamic response 
of the system [12]. Lu established a mathematical model of the two-axis rotor-bearing-gear 
coupling system and verified the correctness of the model [13]. Tatar developed a 6-degree-of-
freedom dynamics model for an equally spaced planetary gear-rotor system considering 
gyroscopic effects [14]. Lu developed a dynamic model of a misaligned spline coupling gear-rotor 
system taking into account the gear meshing force and the spline coupling meshing force [15]. Liu 
considered the composite dynamic tooth clearance and variable meshing stiffness during tooth 
root crack failure, and established a 16-degree-of-freedom faulty spur gear-rotor-bearing coupled 
transmission system, compared the system vibration response of the three clearance models and 
explored the dynamic response of the system with the increase of crack depth [16]. Lu proposed 
a coupling method between a multi-stage gear rotor and a box, concluding that the gearbox 
vibration level can be doubly reduced to the coupled box model [17]. Ouyang investigated the 
dynamic characteristics of the spur gear-rotor-bearing system through experimental tests and 
theoretical modeling [18]. Wang fully considered the bearing time-varying support stiffness, the 
relationship between gear meshing stiffness and multiple meshing phases, and the integrated error, 
and established a coupled spur gear-rotor-bearing dynamics model [19]. Huang and Wang 
developed a coupled helical gear-rotor-bearing dynamics model based on the Timoshenko beam 
element model in finite element theory and the envelope mass method, and analyzed the effects 
of meshing stiffness, tooth clearance and bearing stiffness on the vibration characteristics of the 
system [20]. Shi developed a novel nonlinear dynamic model of a spur gear-rotor-bearing system 
with five meshing states, including time-varying tooth gap and time-varying meshing stiffness, is 
developed by introducing multiple state subfunctions and the effects of gear temperature and load 
on the meshing stiffness are analyzed [21]. Xu developed a nonlinear spur gear-shaft-bearing-
housing vibration model with 14-degrees-of-freedom to study the vibration response under the 
action of dynamic gear meshing forces and progressive radial clearance [22]. 

In summary, most of the current literature focuses on the vibration characteristics of spur-
rotor-bearing systems, while there is not much literature on helical gear-rotor-bearing. In this 
paper, a 22-degree-of-freedom helical gear-rotor-bearing dynamics model (HGRBS) is re-
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established based on the literature [8] by adding the tooth-side clearance of helical gears, and the 
vibration response of the system is solved. The effects of input torque, tooth pitch error, and tooth 
side clearance on the vibration response of the system were analyzed. The relationship between 
the trend of amplitude variation and the trend of major frequency amplitude variation at each 
location of the gear under the change of internal and external excitation is investigated. 

2. Modeling the dynamics of the coupled helical gear-rotor-bearing system 

2.1. Modeling of gear system dynamics 

The structural diagram and geometrical positional relationship of the dynamic model of helical 
gear-rotor-bearing transmission system are shown in Fig. 1. 

 
Fig. 1. Dynamics model of helical gear-rotor-bearing transmission system 

As shown in the Fig. 1, the fixed coordinate system 𝐴 − 𝑥𝑦𝑧 ሺ𝑖 = 1~2ሻis established in the 
ideal center 𝐴 of the driving and driven gears, and the fixed coordinate system 𝐵-𝑥𝑦𝑧 ሺ𝑖 = 1~4ሻ is established in the ideal center 𝐵 of the bearing; the rotation center coordinates of 
the driving and driven gears are 𝑂ଵሺ𝑥ଵ,𝑦ଵ, 𝑧ଵሻ and 𝑂ଶሺ𝑥ଶ,𝑦ଶ, 𝑧ଶሻ respectively; the center of mass 
coordinates 𝐺ଵ൫𝑥ଵ,𝑦ଵ, 𝑧ଵ൯ and 𝐺ଶ൫𝑥ଶ,𝑦ଶ, 𝑧ଶ൯; the mass of helical gear is 𝑚ଵ, 𝑚ଶ; the 
moment of inertia relative to the center of mass is 𝐽ଵ, 𝐽ଶ; 𝜌ଵ, 𝜌ଶ are the eccentricity; 𝑟ଵ, 𝑟ଶ are 
the base circle radius; the equivalent mass at the bearing is 𝑚ଵ; The moment of inertia of the 
input device and the load are 𝐽ௗ and 𝐽 respectively; 𝐹௧, 𝐹 and 𝐹 are respectively the tangential 
force; radial force and axial force when the gears are engaged; 𝛼௧, 𝛼 are the end face pressure 
angle and normal phase pressure angle respectively; 𝛽, 𝛽௧ are the spiral angles of graduation circle 
and Base circle, and 𝛼ଵ is the angle between the center line of two gears and the vertical direction. 

Based on the geometric relationship shown in Fig. 1, the angular displacement of the input/ 
output device, driving and driven gears can be represented by Eq. (1): ൜𝜓ௗ = 𝜔ଵ𝑡 + 𝜃ௗ ,            𝜓ଵ = 𝜔ଵ𝑡 + 𝜃ଵ,𝜓ଶ = 𝜔ଶ𝑡 + 𝜃ଶ,            𝜓 = 𝜔ଶ𝑡 + 𝜃 ,  (1)

where, 𝜃ௗ, 𝜃ଵ, 𝜃ଶ, 𝜃 are the torsional vibration angular displacement of the input device, the 
driving and driven gears, and the load respectively. At 𝑡 = 0, the starting rotation angle of the 
driving and driven gears is 0, and the direction of rotation of the driving gears is positive. Then 
the relationship between the center of mass 𝐺ଵ, 𝐺ଶ and the center of rotation 𝑂ଵ, 𝑂ଶ is shown in 
Eq. (2): 
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ቐ𝑥ଵ = 𝑥ଵ + 𝜌ଵcosሺ−𝜓ଵሻ,   𝑥ଶ = 𝑥ଶ + 𝜌ଶcosሺ𝜓ଶሻ,𝑦ଵ = 𝑦ଵ + 𝜌ଵsinሺ𝜓ଵሻ,   𝑦ଶ = 𝑦ଶ + 𝜌ଶsinሺ−𝜓ଶሻ,𝑧ଵ = 𝑧ଵ,   𝑧ଶ = 𝑧ଶ,  (2)

where 𝑥, 𝑦, 𝑧 (𝑖 = 1~2) are the horizontal, vertical and axial vibrational displacements of the 
driving and driven gears, respectively. According to the geometric relationship, the dynamic 
deformation displacement of the helical gear pair in the meshing line direction can be expressed 
by Eq. (3): 𝜎 = (𝑟ଵ𝜃ଵ − 𝑟ଶ𝜃ଶ) + ൣ൫𝑥ଵ + 𝜌ଵcos(−𝜓ଵ)൯ − ൫𝑥ଶ + 𝜌ଶcos(𝜓ଶ)൯൧ ⋅ cos(𝛼ଵଶ − 𝛼௧)      +ൣ൫𝑦ଵ − 𝜌ଵsin(𝜓ଵ)൯ − ൫𝑦ଶ + 𝜌ଶsin(𝜓ଶ)൯൧ ⋅ sin(𝛼ଵଶ − 𝛼௧) + (𝑧ଵ − 𝑧ଶ)tan(𝛽) − 𝑒(𝑡), (3)

where, 𝑒(𝑡) = 𝑒 + 𝑒ଵcos(𝜔𝑡) is the integrated transmission error of the system, 𝑒 is the mean 
value of error, 𝑒ଵ is the amplitude of error, and 𝜔 = 2𝜋𝑛ଵ𝑍ଵ/60 is the meshing frequency. The 
meshing force of the gear meshing system along the meshing line direction can be expressed as 𝐹 = 𝑐𝑑𝛿 + 𝑘𝑓(𝛿), 𝑘 is the average meshing stiffness and the values are shown in Table 1; 𝑓(𝑥) is the tooth side clearance function can be expressed by Eq. (4): 

𝑓(𝑥) = ቐ𝑥 − 𝑏, (𝑥 > 𝑏),0, (−𝑏 ≤ 𝑥 ≤ 𝑏)𝑥 + 𝑏,    (𝑥 < −𝑏). , (4)

The meshing force 𝐹 between the gears is decomposed into the 𝑥-, 𝑦- and 𝑧-directions, and 
the forces in each direction are shown in Eq. (5): 𝐹௫ = 𝐹cos(𝛼ଵ − 𝛼௧),𝐹௬ = 𝐹sin(𝛼ଵ − 𝛼௧),𝐹௭ = 𝐹tan(𝛽).  (5)

2.2. Rolling bearing vibration analysis model 

A plane model of an angular contact ball bearing is shown in Fig. 2. It is assumed that the outer 
ring of the bearing is fixed on the housing and the inner ring is fixed on the rotating shaft. The 
rolling bodies are arranged at equal angular intervals between the inner/outer rings. The velocity 𝑣, 𝑣 at the contact point between the rolling body and the inner/outer ring of the bearing is shown 
in Eq. (6): 𝑣 = 𝜔 ⋅ 𝑟,      𝑣 = 𝜔 ⋅ 𝑟, (6)

where, 𝑟 and 𝑅 are the radius of bearing inner/outer rings respectively; 𝜔 and 𝜔 are angular 
speeds of bearing inner/outer rings respectively; Assuming that the rolling body is purely rolling 
in the ideal state, then the rotational angular velocity of the cage and the rolling body are equal, 
and the linear velocity of the rolling body can be expressed as: 𝑣 = (𝑣 + 𝑣)/2 = (𝜔𝑅 + 𝜔𝑟)/2. (7)

In general, the inner ring of the rolling bearing rotates with the rotating shaft, while the outer 
ring is bound with the bearing seat is not rotating, then there is 𝜔 = 0, 𝜔 = 𝜔. Therefore, the 
formula of the angular velocity 𝜔 of the cage can be obtained as shown in Eq. (8): 𝜔 = 2 𝑣(𝑅 + 𝑟) = 𝜔 𝑟(𝑅 + 𝑟). (8)
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Then the rotation angle of the 𝑖-th rolling body in time𝑡is shown in Eq. (9): 

𝜑 = 𝜔𝑡 + 2𝜋(𝑖 − 1)𝑁 ,         𝑖 = 1,2,⋯ ,𝑁, (9)

where, 𝑁 is the number of bearing rollers. 

 
Fig. 2. Diagram of angular contact ball bearing 

In Fig. 2, 𝑑 is the rolling body diameter of the bearing; 𝑑 is the diameter of the axis; 𝑑, 𝑑 
are groove diameters of inner/outer rings of bearings respectively; 𝑑 is the pitch diameter of the 
bearing, and 𝑑 = (𝑑 + 𝑑)/2; 𝐷 is the diameter of the bearing outer ring. The centrifugal force 
and gyroscopic moment generated by the rolling body are neglected in the bearing model because 
of the low rotational speed of the system studied in this paper. The deformation of the bearing at 
different positions is shown in Fig. 3. 

 
a) 

 
b) 

 
c) 

Fig. 3. a) Before loading, b) after loading, c) geometric deformation relation 

In Fig. 3, 𝛼 is the initial contact angle, and 𝛼ᇱ  is the contact angle after stress. 𝑃 and 𝑃ᇱ are 
the position of bearing outer ring raceway curvature center before/after the force respectively, 
because the bearing outer ring is fixed, so the position of both is the same. 𝑃 and 𝑃ᇱ are the 
position of the center of curvature of the inner ring raceway of the bearing before/after the force 
respectively. 𝛿, 𝛿 and 𝜃 are the radial deformation, axial deformation and angular deformation 
caused by the force and torque respectively. 𝑅 is the radius of the inner ring raceway curvature 
center track. 𝜑 is the angle of the current rolling body relative to the position of the bearing; 𝛿, 𝛿, 𝛿 are the contact deformation and total deformation of the inner and outer channel of the ball 
bearing respectively. 

Because the rolling body ignores centrifugal force and gyroscopic moment, it has the same 
contact angle and contact force with the inner and outer ring grooves. As shown in Fig. 3(b), the 
deformation of the rolling body at the position Angle 𝜑 can be expressed by Eq. (10): 𝛿 = 𝛿 + 𝛿 = 𝑆 − 𝐴. (10)
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According to the geometric relationship in Fig. 3(c), the distance𝑆between the curvature center 
locus of the inner and outer ring channels after loading can be expressed as: 𝑆 = ሾ(𝐴sin𝛼 + 𝑧 + 𝑅𝜃cos𝜑)ଶ + (𝐴cos𝛼 + 𝑥cos𝜑 + 𝑦sin𝜑)ଶሿଵ/ଶ. (11)

Then, the normal contact deformation 𝛿 of the 𝑖-th ball and raceway is shown in Eq. (12): 𝛿 = 𝑆 − 𝐴 = ሾ(Asin𝛼 + 𝛿 + 𝑅𝜃cos𝜑)ଶ + (Acos𝛼 + 𝛿)ଶሿଵଶ − 𝐴. (12)

Let 𝛿 = 𝑧, 𝛿 = 𝑥cos𝜑 + 𝑦sin𝜑, then Eq. (13) can be reduced to: 𝛿 = 𝑆 − 𝐴 = ሾ(Asin𝛼 + 𝑧 + 𝑅𝜃cos𝜑)ଶ + (Acos𝛼 + xcos𝜑 + ysin𝜑)ଶሿଵଶ − 𝐴, (13)

where, 𝑥, 𝑦 and 𝑧 are vibration displacements along 𝑥-, 𝑦- and 𝑧-directions respectively; 𝑅 is the 
radius of the locus of curvature center of the inner ring channel, 𝑅 = 0.5𝑑 + (𝑟 − 0.5𝑑)cos𝛼; 𝐴 is the distance between the initial inner and outer ring channel curvature centers 𝐴 = 𝑟 + 𝑟 +𝛾 + 𝑑. 

According to the geometric relation, the actual contact Angle of the ball is 𝛼ᇱ  at the position 
Angle 𝜑 (the contact Angle of the inner and outer rings is equal): 

tan𝛼ᇱ = (𝐴sin𝛼 + 𝑧 + 𝑅𝜃cos𝜑)(𝐴cos𝛼 + 𝑥cos𝜑 + 𝑦sin𝜑). (14)

According to Hertz contact theory, the contact pressure generated by the 𝑖-th ball and raceway 
is 𝑓. It is considered that only normal positive pressure can be generated between the ball bearing 
and the raceway, so there is a force when the 𝛿 > 0, as shown in Eq. (15): 𝑓 = 𝐾𝛿ଷ/ଶ • 𝐻(𝛿). (15)

Eq. (15) is the normal load acting on the trench along the contact angle direction, where 𝐾 is 
the Hertzian contact stiffness; 𝐻(𝑥) is the Heaviside function, and the axial and radial components 
of this load decomposition can be expressed by Eq. (16): 𝑓 = 𝑓cos(𝛼ᇱ ) = 𝐾𝛿ଷ/ଶ • 𝐻(𝛿)cos(𝛼ᇱ ),𝑓 = 𝑓sin(𝛼ᇱ ) = 𝐾𝛿ଷ/ଶ • 𝐻(𝛿)sin(𝛼ᇱ ).  (16)

The components 𝐹௫, 𝐹௬ and 𝐹௭ of bearing force generated by angular contact bearing in  𝑥-, 𝑦- and 𝑧-directions are respectively: 

𝐹௫ = 𝑓cos𝜑ே್
ୀଵ =  = 𝐾𝛿ଷ/ଶcos(𝛼ᇱ ) • 𝐻(𝛿)ே್

ୀଵ cos𝜑 ,
𝐹௬ = 𝑓sin𝜑ே್

ୀଵ =  = 𝐾𝛿ଷ ଶ⁄ cos(𝛼ᇱ ) • 𝐻(𝛿)ே್
ୀଵ sin𝜑 ,

𝐹௭ = 𝑓ே್
ୀଵ =  = 𝐾𝛿ଷ/ଶsin(𝛼ᇱ ) • 𝐻(𝛿)ே್

ୀଵ .
 (17)
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2.3. Establishment of coupling dynamics equation of helical gear-rotor-bearing 

Transverse, torsional and axial deformations of helical gear-rotor-bearing systems are 
considered. Then the displacement array 𝑋 of the system is: 𝑋 = (𝜃ௗ   𝑥ଵ  𝑦ଵ  𝑧ଵ  𝑥ଵ  𝑦ଵ  𝑧ଵ  𝜃ଵ  𝑥ଶ  𝑦ଶ  𝑧ଶ  𝑥ଷ  𝑦ଷ  𝑧ଷ  𝜃ଶ  𝑥ସ  𝑦ସ  𝑧ସ  𝜃)், (18)

where, 𝑥, 𝑦 and 𝑧, 𝑖 = (1~2) are the vibration displacements of the driving and driven gears 
along the 𝑥-, 𝑦- and 𝑧-directions respectively; 𝑥, 𝑦 and 𝑧, 𝑖 = (1~4)are the vibration 
displacements of the bearings at both ends of the driving and driven shafts along the 𝑥-, 𝑦- and 𝑧-
directions respectively. Considering that the helical gear-rotor-bearing system is composed of 
gears, bearings, drive and load devices. Therefore, the kinetic energy 𝑇, potential energy 𝑈 and 
dissipation function 𝑅 of the system were established, as shown in Eqs. (19-21), which were 
substituted into Lagrange Eq. (22), and the control differential equation of the system was derived 
as shown in Eqs. (23-28). 

The kinetic energy 𝑇 is given by the following formula: 

𝑇 = 12 ቈ 𝑚ଶୀଵ ൫𝑥ሷ ଶ + 𝑦ሷ ଶ + 𝑧ሷଶ൯ +  𝑚 ቀ𝑥ሷ ଶ + 𝑦ሷ ଶ + 𝑧ሷଶቁସୀଵ + 𝐽ଵ𝜙ሷଵ + 𝐽ଶ𝜙ሷ ଶ+ 𝐽𝜙ሷ  + 𝐽ௗ𝜙ሷௗ. (19)

Considering the changes in shaft, bearing and tooth profile, potential energy 𝑈 can be 
expressed as follows: 𝑈 = 12 ൣ𝑘௦௫ଵ(𝑥ଵ − 𝑥ଵ)ଶ + 𝑘௦௬ଵ(𝑦ଵ − 𝑦ଵ)ଶ + 𝑘௦௭ଵ(𝑧ଵ − 𝑧ଵ)ଶ൧      + 12 ൣ𝑘௦௫ଶ(𝑥ଵ − 𝑥ଶ)ଶ + 𝑘௦௬ଶ(𝑦ଵ − 𝑦ଶ)ଶ + 𝑘௦௭ଶ(𝑧ଵ − 𝑧ଶ)ଶ൧      + 12 ൣ𝑘௦௫ଷ(𝑥ଶ − 𝑥ଷ)ଶ + 𝑘௦௬ଷ(𝑦ଶ − 𝑦ଷ)ଶ + 𝑘௦௭ଷ(𝑧ଶ − 𝑧ଷ)ଶ൧      + 12 ൣ𝑘௦௫ସ(𝑥ଶ − 𝑥ସ)ଶ + 𝑘௦௬ସ(𝑦ଶ − 𝑦ସ)ଶ + 𝑘௦௭ସ(𝑧ଶ − 𝑧ସ)ଶ൧      + 12  𝑘(𝑥ଶ + 𝑦ଶ + 𝑧ଶ )ସୀଵ + 𝑘௧ଵ(𝜙ଵ − 𝜙ௗ)ଶ + 𝑘௧ଶ(𝜙 − 𝜙ଶ)ଶ൨ .

 (20)

When meshing damping, bearing damping and shaft damping are considered, the dissipation 
function is: 𝑅 = 12 ൣ𝑐௦௫ଵ(𝑥ሶଵ − 𝑥ሶଵ)ଶ + 𝑐௦௬ଵ(𝑦ሶଵ − 𝑦ሶଵ)ଶ + 𝑐௦௭ଵ(𝑧ሶଵ − 𝑧ሶଵ)ଶ൧      + 12 ൣ𝑐௦௫ଶ(𝑥ሶଵ − 𝑥ሶଶ)ଶ + 𝑐௦௬ଶ(𝑦ሶଵ − 𝑦ሶଶ)ଶ + 𝑐௦௭ଶ(𝑧ሶଵ − 𝑧ሶଶ)ଶ൧      + 12 ൣ𝑐௦௫ଷ(𝑥ሶଶ − 𝑥ሶଷ)ଶ + 𝑐௦௬ଷ(𝑦ሶଶ − 𝑦ሶଷ)ଶ + 𝑐௦௭ଷ(𝑧ሶଶ − 𝑧ሶଷ)ଶ൧      + 12 ൣ𝑐௦௫ସ(𝑥ሶଶ − 𝑥ሶସ)ଶ + 𝑐௦௬ସ(𝑦ሶଶ − 𝑦ሶସ)ଶ + 𝑐௦௭ସ(𝑧ሶଶ − 𝑧ሶସ)ଶ൧      + 12  𝑐(𝑥ሶଶ + 𝑦ሶଶ + 𝑧ሶଶ )ସୀଵ + 𝑐௧ଵ൫𝜙ሶଵ − 𝜙ሶௗ൯ଶ + 𝑐௧ଶ൫𝜙ሶ  − 𝜙ሶଶ൯ଶ൨ .

 (21)

The Lagrange equation is shown in Eq. (22): 
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𝑑𝑑𝑡 ൬𝜕𝑇𝜕𝑋ሶ ൰ − 𝜕𝑇𝜕𝑋 + 𝜕𝑈𝜕𝑋 + 𝜕𝑅𝜕𝑋ሶ = 𝐹. (22)

The control differential equations of the input device and the left end bearing of the drive shaft 
are shown in Eqs. (23-24): 𝐽ௗ𝜃ሷௗ + 𝑐௧ଵ൫𝜃ሶௗ − 𝜃ሶଵ൯ + 𝑘௧ଵ(𝜃ௗ − 𝜃ଵ) = 𝑇ௗ , (23)𝑚ଵ𝑥ሷଵ + 𝑐௦௫ଵ(𝑥ሶଵ − 𝑥ሶଵ) + 𝑘௦௫ଵ(𝑥ଵ − 𝑥ଵ) + 𝑐ଵ𝑥ሶଵ = 𝐹௫ଵ,𝑚ଵ𝑦ሷଵ + 𝑐௦௬ଵ(𝑦ሶଵ − 𝑦ሶଵ) + 𝑘௦௬ଵ(𝑦ଵ − 𝑦ଵ) + 𝑐ଵ𝑦ሶଵ = 𝐹௬ଵ − 𝑚ଵ𝑔𝑚ଵ𝑧ሷଵ + 𝑐௦௭ଵ(𝑧ሶଵ − 𝑧ሶଵ) + 𝑘௦௭ଵ(𝑧ଵ − 𝑧ଵ) + 𝑐ଵ𝑧ሶଵ = 𝐹௭ଵ. , (24)

The control differential equation of the driving gear is shown in Eq. (25): 𝑚ଵ𝑥ሷଵ + 𝑐௦௫ଵ(𝑥ሶଵ − 𝑥ሶଵ) + 𝑐௦௫ଶ(𝑥ሶଵ − 𝑥ሶଶ) + 𝑘௦௫ଵ(𝑥ଵ − 𝑥ଵ) + 𝑘௦௫ଶ(𝑥ଵ − 𝑥ଶ)      = −𝐹௫ + 𝑚ଵ𝜌ଵ𝜃ሷଵsin𝜑ଵ + 𝑚ଵ𝜌ଵ൫𝜔ଵ + 𝜃ሶଵ൯ଶcos𝜑ଵ,𝑚ଵ𝑦ሷଵ + 𝑐௦௬ଵ(𝑦ሶଵ − 𝑦ሶଵ) + 𝑐௦௬ଶ(𝑦ሶଵ − 𝑦ሶଶ) + 𝑘௦௬ଵ(𝑦ଵ − 𝑦ଵ) + 𝑘௦௬ଶ(𝑦ଵ − 𝑦ଶ)      = −𝑚ଵ𝑔 − 𝐹௬ + 𝑚ଵ𝜌ଵ𝜃ሷଵcos𝜑ଵ + 𝑚ଵ𝜌ଵ൫𝜔ଵ + 𝜃ሶଵ൯ଶsin𝜑ଵ,𝑚ଵ𝑧ሷଵ + 𝑐௦௭ଵ(𝑧ሶଵ − 𝑧ሶଵ) + 𝑐௦௭ଶ(𝑧ሶଵ − 𝑧ሶଶ) + 𝑘௦௭ଵ(𝑧ଵ − 𝑧ଵ) + 𝑘௦௭ଶ(𝑧ଵ − 𝑧ଶ) = −𝐹௭,(𝐽ଵ + 𝑚ଵ𝜌ଵଶ)𝜃ሷଵ + 𝑐௧ଵ൫𝜃ሶଵ − 𝜃ሶௗ൯ + 𝑘௧ଵ(𝜃ଵ − 𝜃ௗ) = 𝑚ଵ𝜌ଵ𝑥ሷଵsin𝜑ଵ + 𝑚ଵ𝜌ଵ𝑦ሷଵcos𝜑ଵ − 𝐹𝑟ଵ.
 (25)

The control differential equations of the right bearing of the drive shaft and the left bearing of 
the driven shaft are given in Eq. (26): 𝑚ଶ𝑥ሷଶ + 𝑐௦௫ଶ(𝑥ሶଶ − 𝑥ሶଵ) + 𝑘௦௫ଶ(𝑥ଶ − 𝑥ଵ) + 𝑐ଶ𝑥ሶଶ = 𝐹௫ଶ,𝑚ଶ𝑦ሷଶ + 𝑐௦௬ଶ(𝑦ሶଶ − 𝑦ሶଵ) + 𝑘௦௬ଶ(𝑦ଶ − 𝑦ଵ) + 𝑐ଶ𝑦ሶଶ = 𝐹௬ଶ − 𝑚ଶ𝑔,𝑚ଶ𝑧ሷଶ + 𝑐௦௭ଶ(𝑧ሶଶ − 𝑧ሶଵ) + 𝑘௦௭ଶ(𝑧ଶ − 𝑧ଵ) + 𝑐ଶ𝑧ሶଶ = 𝐹௭ଶ,𝑚ଷ𝑥ሷଷ + 𝑐௦௫ଷ(𝑥ሶଷ − 𝑥ሶଶ) + 𝑘௦௫ଷ(𝑥ଷ − 𝑥ଶ) + 𝑐ଷ𝑥ሶଷ = 𝐹௫ଷ,𝑚ଷ𝑦ሷଷ + 𝑐௦௬ଷ(𝑦ሶଷ − 𝑦ሶଶ) + 𝑘௦௬ଶ(𝑦ଷ − 𝑦ଶ) + 𝑐ଷ𝑦ሶଷ = 𝐹௬ଷ − 𝑚ଷ𝑔,𝑚ଷ𝑧ሷଷ + 𝑐௦௭ଷ(𝑧ሶଷ − 𝑧ሶଶ) + 𝑘௦௭ଷ(𝑧ଷ − 𝑧ଶ) + 𝑐ଷ𝑧ሶଷ = 𝐹௭ଷ.

 (26)

The control differential equation of the driven gear is shown in Eq. (27): 𝑚ଶ𝑥ሷଶ + 𝑐௦௫ଷ(𝑥ሶଶ − 𝑥ሶଷ) + 𝑐௦௫ସ(𝑥ሶଶ − 𝑥ሶସ) + 𝑘௦௫ଷ(𝑥ଶ − 𝑥ଷ) + 𝑘௦௫ସ(𝑥ଶ − 𝑥ସ)      = −𝐹௫ + 𝑚ଶ𝜌ଶ𝜃ሷଶsin𝜑ଶ + 𝑚ଶ𝜌ଶ൫𝜔ଶ + 𝜃ሶଶ൯ଶcos𝜑ଶ,𝑚ଶ𝑦ሷଶ + 𝑐௦௬ଷ(𝑦ሶଶ − 𝑦ሶଷ) + 𝑐௦௬ସ(𝑦ሶଶ − 𝑦ሶସ) + 𝑘௦௬ଷ(𝑦ଶ − 𝑦ଷ) + 𝑘௦௬ସ(𝑦ଶ − 𝑦ସ)      = −𝑚ଶ𝑔 − 𝐹௬ + 𝑚ଶ𝜌ଶ𝜃ሷଶcos𝜑ଶ + 𝑚ଶ𝜌ଶ൫𝜔ଶ + 𝜃ሶଶ൯ଶsin𝜑ଶ,𝑚ଶ𝑧ሷଶ + 𝑐௦௭ଷ(𝑧ሶଶ − 𝑧ሶଷ) + 𝑐௦௭ଷ(𝑧ሶଶ − 𝑧ሶସ) + 𝑘௦௭ଷ(𝑧ଶ − 𝑧ଷ) + 𝑘௦௭ସ(𝑧ଶ − 𝑧ସ) = −𝐹௭,(𝐽ଶ + 𝑚ଶ𝜌ଶଶ)𝜃ሷଶ + 𝑐௧ଶ൫𝜃ሶଶ − 𝜃ሶ൯ + 𝑘௧ଶ(𝜃ଶ − 𝜃) = 𝑚ଶ𝜌ଶ𝑥ሷଶsin𝜑ଶ + 𝑚ଶ𝜌ଶ𝑦ሷଶcos𝜑ଶ − 𝐹𝑟ଶ.
 (27)

The control differential equation of the bearing at the right end of the driven shaft and load 
device are given in Eq. (28): 𝑚ସ𝑥ሷସ + 𝑐௦௫ସ(𝑥ሶସ − 𝑥ሶଶ) + 𝑘௦௫ସ(𝑥ସ − 𝑥ଶ) + 𝑐ସ𝑥ሶସ = 𝐹௫ସ,𝑚ସ𝑦ሷସ + 𝑐௦௬ସ(𝑦ሶସ − 𝑦ሶଶ) + 𝑘௦௬ସ(𝑦ସ − 𝑦ଶ) + 𝑐ସ𝑦ሶସ = 𝐹௬ସ − 𝑚ସ𝑔,𝑚ଶ𝑧ሷସ + 𝑐௦௭ସ(𝑧ሶସ − 𝑧ሶଶ) + 𝑘௦௭ସ(𝑧ସ − 𝑧ଶ) + 𝑐ସ𝑧ሶସ = 𝐹௭ସ,𝐽𝜃ሷ + 𝑐௧ଶ൫𝜃ሶ − 𝜃ሶଶ൯ + 𝑘௧ଶ(𝜃 − 𝜃ଶ) = −𝑇 ,  (28)

where, 𝑘௦௫, 𝑘௦௬ and 𝑘௦௭, 𝑖 = (1~4) are the bending stiffness of the shafts Ⅰ and Ⅱ; 𝑘௧ଵ, 𝑘௧ଶ are 
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the torsional stiffness of the shafts Ⅰ and Ⅱ; 𝑐௦௫, 𝑐௦௬ and 𝑐௦௭, 𝑖 = (1~4) are the bending damping 
of the shafts Ⅰ and Ⅱ. 𝑐௧ଵ, 𝑐௧ଶ are the torsional damping of the shafts Ⅰ and Ⅱ; 𝑐, (𝑖 = 1~4) is the 
damping at the bearing; 𝐹௦௫, 𝐹௦௬ and 𝐹௦௭, 𝑖 = (1~4) are nonlinear support force in 𝑥-, 𝑦- and 𝑧-
directions at the bearing. The gear system parameters studied in this paper are the actual 
parameters of high-speed stage helical gears in wind turbine gearboxes, some of which are referred 
to literature [8], as shown in Tables 1-3. 

Table 1. Gear parameters 
Parameter name Parameter symbol  Value 
Number of teeth 𝑍ଵ, 𝑍ଶ 100, 25 
Pressure angle 𝛼 / (°) 20 
Spiral angle  𝛽 / (°) 15 

modulus 𝑚 8 
Driving/Driven gear mass 𝑚ଵ, 𝑚ଶ / (kg) 668, 141 

Rotational inertia of driving/driven gear 𝐽ଵ, 𝐽ଶ / (kg∙m2) 44.35, 0.21 
Meshing damping ratio 𝜁 0.1 

Mean value of meshing stiffness 𝑘 1.811×109 
Error mean/magnitude value 𝑒, 𝑒ଵ / (m) 2×10-5, 2×10-5 

Lateral clearance 𝑏 / (um) 10 
Eccentric distance 𝜌ଵ, 𝜌ଶ / (m) 5×10-5 

Table 2. Bearing parameters 
Parameter name  Parameter symbol  Value 

Bearings 1, 2, 3 and 4 concentrate mass 𝑚ଵ, 𝑚ଶ, 𝑚ଷ, 𝑚ସ / (kg) 115.2, 115.2, 73.2, 73.2 

Bearing 1, 2 support stiffness 
𝑘௫ଵ, 𝑘௫ଶ / (N∙m-1) 6×108 𝑘௬ଵ, 𝑘௬ଶ / (N∙m-1) 9×108 𝑘௭ଵ, 𝑘௭ଶ / (N∙m-1) 4.8×108 

Bearing 3, 4 support stiffness 
𝑘௫ଷ, 𝑘௫ସ / (N∙m-1) 2×108 𝑘௬ଷ, 𝑘௬ସ / (N∙m-1) 3×108 𝑘௭ଷ, 𝑘௭ସ / (N∙m-1) 1.6×108 

Brace damping ratio 𝜉 0.01 
Contact stiffness of bearings 1 and 2 𝑘ଵ / (N∙m-1) 1.334×108 
Contact stiffness of bearings 3 and 4 𝑘ଶ / (N∙m-1) 1.034×108 

Number of rollers 𝑁ଵ, 𝑁ଶ 14, 10 
Bearing 1, 2 inner/outer radius 𝑟ଵ, 𝑅ଵ / (m) 0.2, 0.25 
Bearing 3, 4 inner/outer radius 𝑟ଶ, 𝑅ଶ / (m) 0.1, 0.125 

Bearing clearance 𝛾ଵ, 𝛾ଶ / (m) 2.5×10-7, 5×10-7 

Table 3. Axis parameters 
Parameter name  Parameter symbol  Value 

Shaft I and Ⅱ bending stiffness 𝑘௦ଵ, 𝑘௦ଶ, 𝑘௦ଷ, 𝑘௦ସ  
/ (N∙m-1) 

6×108, 6×108,  
1.5×108, 1.5×108 

Bending damping ratio 𝜉௦ 0.07 
Shaft I and II torsional stiffness 𝑘௧ଵ,𝑘௧ଶ/(N∙m-1) 8×108, 1.5×108 

Torsional damping ratio 𝜉௧ 0.07 
Moment of inertia of the driving and load device 𝐽ௗ, 𝐽 / (kg∙m2) 20, 5 

Input and output revolutions 𝑛ଵ, 𝑛ଶ / (r/min) 500, 2000 

3. Analysis of vibration response and influencing factors of HGRBS system 

3.1. Vibration response analysis of HGRBS system 

Based on the data in Tables 1, 2 and 3, the vibration response of the gear-rotor-bearing 
transmission system with input torque 𝑇ௗ = 800 kN∙m and input speed 𝑛ଵ = 500 r/min has been 
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calculated by decoupling the equations of the transmission system dynamics using ode15s in 
MATLAB, and the simulation results are shown in Figs. (4-6). the time domain waveforms and 
frequency spectra of the driving and driven gears and their corresponding left end bearings in the 𝑥-, 𝑦- and 𝑧-directions are shown respectively (the plots include local amplification of some 
frequency bands). In the plots, the vibration displacements in the two translational, axial, and 
torsional directions of the driving gear are denoted by 𝑥ଵ, 𝑦ଵ, 𝑧ଵ and 𝜃ଵ respectively, and the two 
translational and axial vibration displacements of its corresponding left bearing are denoted by 𝑥ଵ, 𝑦ଵ and 𝑧ଵ, 𝑥ଶ, 𝑦ଶ, 𝑧ଶ, 𝜃ଶ and 𝑥ଶ, 𝑦ଶ, 𝑧ଶ are the displacements at the corresponding 
positions of the driven device (the same expressions are used in the later sections). 

As can be seen from Fig. 4, the time domain characteristics of the vibrations of the driving 
gear (Fig. 4(a-c)) and the corresponding bearing (Fig. 4(g-i)) in the 𝑥-, 𝑦- and 𝑧-directions show 
significant differences. the amplitude and principal frequency components of the vibrations in the 𝑦-direction are significantly larger than those in the 𝑥- and 𝑧-directions. From the spectrograms 
corresponding to the driving gear (Fig. 4(d-f)) and the bearing position (Fig. 4(j-l)) it can be seen 
that the main frequency of the vibration in the 𝑥- and 𝑧-directions is the driving shaft rotation 
frequency component 𝑓ଵ (𝑛ଵ/60 = 8.3 Hz), while the main frequency in the 𝑦-direction is the 
driven shaft rotation frequency component 𝑓ଶ (𝑛ଶ/60 = 33.3 Hz), due to coupling effects, both 
transverse and axial vibrations contain both frequency components. In addition, the variable 
stiffness frequency 𝑓ଷ (52 Hz) of the bearing appears in the 𝑥-direction of the driving gear and 
bearing, but is not evident in the other two directions. At the same time, complex frequency 
components are exhibited in the 𝑥-, 𝑦- and 𝑧-directions, in addition to the combined frequency 
components 𝑓ଶ − 2𝑓ଵ (16.7 Hz), 𝑓ଶ − 𝑓ଵ (25 Hz), 2𝑓ଶ − 𝑓ଵ (58.3 Hz) with multiplies frequency 2𝑓ଵ (16.7 Hz) and other components, the high frequency component 𝑓 (meshing frequency 𝑛ଵ ⋅𝑧ଵ/60 = 833.3 Hz) was also found, but this frequency component was not as strong as 𝑓ଵ and 𝑓ଶ. 
From the previous analysis, it can be seen that the vibration frequencies of the system in the three 
directions are mainly expressed as the low-speed shaft rotation frequency 𝑓ଵ, the high-speed shaft 
rotation frequency 𝑓ଶ and the gear meshing frequency 𝑓. 

Fig. 5 shows the vibration response of the driven gear (Fig. 5(a-c)) and the bearing position 
(Fig. 5(g-i)). It can be seen that compared to the driving gear, the amplitude of the driven gear 
becomes larger in the 𝑥-, 𝑦- and 𝑧-directions, and the change in the 𝑥-direction is very significant, 
the vibration waveform in 𝑦-direction becomes very complex and the vibration amplitude is still 
larger than that in 𝑥- and 𝑧-directions, which is consistent with that of the driving gear, mainly 
due to the meshing form of the helical gear and the established coordinate system. According to 
the spectrograms corresponding to the time domain response (Fig. 5(d-f)) and (Fig. 5(j-l)), it can 
be seen that the vibrations in the 𝑦- and 𝑧-directions are dominated by 𝑓ଵ, and in the 𝑥-direction, 𝑓ଶ is the dominant frequency. In addition to 𝑓ଵ and 𝑓ଶ, the 𝑦-direction of the driven gear exhibits 
a stronger meshing frequency 𝑓 compared to each direction of the main gear, and the frequency 
components become more complex. For example, combined frequencies 𝑓ଵ + 𝑓ଶ appear in all 
three directions, and more complex components such as combined frequencies 𝑓ଵ + 2𝑓ଶ, 3𝑓ଶ − 𝑓ଵ, 
and multiplication frequency 2𝑓ଶ appear in the 𝑧-direction. 

Fig. 6 shows the time domain (Fig. 6(a-b)) and frequency domain responses (Fig. 6(c-d)) of 
the driving and driven gears in the torsional direction. From the time domain response, it can be 
seen that the torsional vibration of the driving gear is positive, while the opposite is true for the 
driven gear, this is caused by the meshing force of the driving and driven gear as a pair of action 
and reaction forces. In addition, the amplitude of the torsional vibration of the pinion shaft is 
slightly larger due to its smaller torsional stiffness (𝑘௧ଶ = 1.5×108 N/m). In the frequency domain 
response, both are mainly represented by the shaft rotation frequencies 𝑓ଵ, 𝑓ଶ and the mesh 
frequency 𝑓 components of the gears, and both have the low-speed shaft rotation frequency 𝑓ଵ 
as the dominant frequency. 

From the previous analysis, it can be seen that the gears and bearings in the HGRBS system 
exhibit different vibration response characteristics in the transverse and axial directions, in 
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addition to the frequency of the rotating shaft and the meshing frequency component of the gear, 
variable stiffness frequencies caused by rolling bearings appear in individual directions and 
complex combined frequency components as well as multiplicative frequency components also 
appear in transverse and axial vibration, and the vibration frequency in the torsion direction is 
relatively simple. It is clear that the system studied in this paper is very complex. Therefore, in 
order to have a detailed understanding of the dynamic characteristics of this complex transmission 
system, it is necessary to carry out an in-depth study of the influence of each key parameter on the 
system. The effects of input torque, transmission error and variation of tooth side clearance on the 
vibration response will be discussed later. 
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j) k) 

 
l) 

Fig. 4. Transverse and axial time/frequency domain response of driving gears and bearing Ⅰ;  
a)-c) is driving gear time domain waveform, d)-f) is the diving gear spectrogram;  

g)-i) is the time domain waveform of bearing Ⅰ, j)-l) is the spectrogram of bearing Ⅰ 
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a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

 
g) 

 
h) 

 
i) 

 
j) 

 
k) 

 
l) 

Fig. 5. Transverse and axial time/ frequency domain response of driven gears and bearing Ⅲ;  
a)-c) is driven gear time domain waveform; d)-f) is the driven gear spectrogram;  

g)-i) is the time domain waveform of bearing Ⅲ; j)-l) is the spectrogram of bearing Ⅲ 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 6. Torsional time/ frequency domain response of driving/driven gears; a)-b) is the time domain 
waveform and spectrum of driving gear; c)-d) is the time domain waveform and spectrum of driven gear 
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3.2. Effect of input torque on vibration response of HGRBS system 

This subsection focuses on the effect of the variation of the input torque on the response of the 
system vibration. Increasing the input torque 𝑇ௗ from 800 kN∙m to 900 kN∙m, the comparative of 
the time-domain response of the system at different torques, and the frequency-domain response 
of the system a torque of 900 kN∙m are shown by Fig. 7 and Fig. 8, respectively. The time domain 
waveforms in Fig. 7(a-c) and Fig. 8(a-c) show that the amplitude of the driving gear vibration 
changes less significantly as the input torque changes, however, the amplitude of the driven gear 
vibration decreases significantly in the 𝑦- and 𝑧-directions, and the vibration waveforms of the 
driving/driven gears remain almost identical in all directions. From the corresponding spectrogram 
(Fig. 7(d-f)), it can be seen that for the driving gear, the dominant frequency in the 𝑥-direction is 
still 𝑓ଵ, and the main frequency components are still 𝑓ଵ, 𝑓ଶ and 𝑓, and the magnitude of the 
frequencies is almost constant, in this direction there are still combination frequencies (𝑓ଶ − 2𝑓ଵ, 𝑓ଶ − 𝑓ଵ...), the bearing variable stiffness frequency 𝑓ଷ and the multiplication frequency 2𝑓ଵ, but, 
the magnitude of the combined and multiplication frequencies in this direction is reduced 
compared to 𝑇ௗ = 800 kN∙m. In the y-direction, the frequency components are almost constant. In 
the 𝑧-direction, the dominant frequency changes from 𝑓ଵ to 𝑓ଶ, but the magnitude of the frequency 
amplitude between 𝑓ଵ and 𝑓ଶ does not differ much. The spectrogram of the driven gear vibration 
is shown in (Fig. 8 (d-f)). In the 𝑥-direction of the driven gear, the amplitudes of 𝑓ଵ and 𝑓ଶ increase 
slightly, but the frequencies of each combination decrease significantly. In the 𝑦-direction, the 
amplitudes of 𝑓ଵ and 𝑓 decrease nearly two times, and the amplitude of 𝑓ଶ increases slightly, but 
the amplitudes of all other frequencies decrease significantly. In the 𝑧-direction, the amplitudes of 
frequencies 𝑓ଵ and 𝑓 decrease nearly three times, the amplitude of 𝑓ଶ increases slightly, and the 
amplitude of 𝑓ଵ is smaller than that of 𝑓ଶ, which is consistent with the driving gear, and the 
dominant frequency in this direction also has 𝑓ଵ changed to 𝑓ଶ. The frequency of each combination 
in the 𝑧-direction decreases nearly two times, and some complex combination frequencies (such 
as 2𝑓ଶ + 𝑓ଵ) disappear.  

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 7. Comparison of driving gear time domain waveforms at 𝑇ௗ = 800, 900 kN∙m  
and the frequency spectrum at 𝑇ௗ = 900 kN∙m; a)-c) is the comparison  

of driving gear time domain waveforms; d)-f) is the spectrum of driving gear  

Fig. 9 shows the vibration response of the gear in the torsional direction, the amplitudes of the 
driving and driven gears in the twisting direction decreased significantly as the input torque of the 
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system increased, but the waveforms did not change significantly. In addition, by comparing the 
frequency domain plots of torsional vibration in 3.1 (Fig. 6), it can be seen that the frequency 
components do not change, but the amplitude of 𝑓ଵ and the amplitude of 𝑓 decrease significantly, 
but 𝑓ଶ remains almost unchanged.  

From the previous analysis, it can be seen that the increase of input torque has less significant 
effect on the transverse and axial vibration of the driving gear. However, the transverse and axial 
of the driven gear, the amplitude and the main frequency of the torsional direction of the 
driving/driven gear are significantly reduced. To further discuss the effect of input torque on the 
gear system response, this parameter is discussed in detail below. 

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 8. Comparison of the time-domain waveforms of the driven gear at 𝑇ௗ = 800, 900 kN∙m, and the 
frequency spectrum at 𝑇ௗ = 900 kN∙m; a)-c) is the comparison of driven gear time  

domain waveforms; d)-f) is the spectrum of driven gear 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 9. Comparison of time domain waveforms in the direction of driving/driven gear rotation at 𝑇ௗ  = 800, 
900 kN∙m and the frequency domain response at 𝑇ௗ  = 900 kN∙m; a)-b) is the time domain waveform  

and spectrum of driving gear; c)-d) is the time domain waveform and spectrum of driven gear 

In the previous paragraph, the vibration response of the transmission system under two 
operating conditions with input torque of 𝑇ௗ = 800 kN∙m and 𝑇ௗ = 900 kN∙m were compared and 
analyzed respectively. To better learn the effect of input torque on the system response, the 
spectral waterfall plots of the driving and driven gears in the 𝑥-, 𝑦-, 𝑧- and 𝜃-directions 
respectively, are given in Figs. 10-11 when the input torque increases (the waterfall plot only gives 
the frequencies of the main bands and the local zoomed-in plot of 𝑓). From Fig. 10(a-f), it can 
be seen that the frequency of the driving/driven gears changes significantly as the input torque 
increases, and the meshing frequency 𝑓 of the driving/driven gears in all directions reaches a 
minimum value at 𝑇ௗ = 900 kN∙m (𝑇 = 225 kN∙m). Fig. 10(a, c, e) shows the vibration response 
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of the driving gear in 𝑥-, 𝑦-, and 𝑧-directions respectively. For the 𝑥-direction of the driving gear, 
the variation of frequencies other than the meshing frequency 𝑓 is quite insignificant. In the 𝑦-
direction, firstly, the amplitude of 𝑓ଵ increases with the increase of input torque, then decreases, 
and finally remains stable, reaching the maximum value at 𝑇ௗ = 700 kN∙m, the multiplier 
frequency 2𝑓ଵ changes in a trend of increasing and then decreasing. In the 𝑧-direction, the changes 
of 𝑓ଵ, 𝑓ଶ and 2𝑓ଵ are basically the same as those in the y-direction, but the dominant frequency 
changes. When 𝑇ௗ is less than 800 kN∙m, the dominant frequency is 𝑓ଵ, and when 𝑇ௗ is greater 
than this value, the amplitude of the rotational frequency 𝑓ଶ of the high-speed axis is greater than 𝑓ଵ, and the dominant frequency changes to 𝑓ଶ.  

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

Fig. 10. Spectral waterfall of transverse and axial vibration of driving/driven gear with varying input 
torque; a), c) and e) is the spectral waterfall of the driving gear in the transverse and axial directions;  

b), d) and f) is the spectral waterfall of the driven gear in the transverse and axial directions 

For the driven gear (Fig. 10(b, d, f)), the amplitude of the frequency 𝑓ଶ increases monotonically 
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with increasing input torque. In the 𝑥-direction, 𝑓ଶ is always the dominant frequency in this 
direction, and the change trend of 𝑓ଵ is not obvious, which is consistent with the 𝑥-direction of the 
active gear. The 𝑦-direction and 𝑧-direction are the same, and the trend of 𝑓ଵ amplitude both 
increases and then decreases before leveling off, reaching the maximum value when  𝑇 = 175 kN∙m (𝑇ௗ = 700 kN∙m), and when the output torque 𝑇 ≤ 225 kN∙m (𝑇ௗ ≤ 1100 kN∙m), 𝑓ଵ 
is the dominant frequency, and 𝑓ଶ is the dominant frequency when it is greater than this value. The 
multiplication frequency 2𝑓ଵ and each combination frequency are increasing and then decreasing, 
and the multiplication frequency 2𝑓ଶ is monotonically increasing. In the torsion direction 
(Fig. 11(a-b)), the frequency amplitude of the driving/driven gears at each location changes the 
same, the amplitude of the rotational frequency 𝑓ଵ increases then decreases and finally remains 
stable and unchanged, the change of the rotational frequency 𝑓ଶ is not obvious, and the amplitude 
of the frequency 𝑓ଵ is always larger than 𝑓ଶ. 

In conclusion, as the input torque increases, both gears in the 𝑥-direction exhibit the rotational 
frequency component of their rotary axis as the dominant frequency. Both gears in the torsion 
direction reflect 𝑓ଵ as the dominant frequency. In the 𝑦-direction, when 𝑇ௗ ≤ 900 kN∙m  
(𝑇 ≤ 225 kN∙m), the two gears are dominated by the rotational frequency not of their axis of 
rotation, but the rotational frequency component of their axis is not very weak, and when  𝑇ௗ > 900 kN∙m (𝑇 > 225 kN∙m), the dominant frequency in the 𝑦-direction of the driven gear 
changes to the rotation frequency of its shaft. In the 𝑧-direction, when 𝑇ௗ ≤ 900 kN∙m  
(𝑇 ≤ 225 kN∙m) the 𝑓ଵ component is the dominant frequency. However, when 𝑇ௗ > 900 kN∙m  
(𝑇 > 225 kN∙m), the dominant frequencies in the 𝑧-direction of the driving and driven gear change 
from the previous 𝑓ଵ to 𝑓ଶ. The amplitude of the meshing frequency 𝑓 in all directions of gears 
changes abruptly at 𝑇ௗ = 900 kN∙m (𝑇ௗ = 225 kN∙m) and reaches a minimum value. There is no 
uniform variation in the other frequency components. 

 
a) 

 
b) 

Fig. 11. Spectral waterfall plot of driving/driven gear torsional vibration with varying input torque;  
a) is the spectral waterfall of the driving gear in the torsional direction;  
b) is the spectral waterfall of the driven gear in the torsional direction 

3.3. Effect of transmission error on vibration response of HGRBS system 

This section focuses on analyzing the effect of transmission error on the vibration response of 
the system. First, the vibration response of the system is calculated for transmission errors 𝑒 of  
2e-5, 3e-5 and 4e-5m, respectively. A comparison of the time-domain response of the vibration is 
shown in Fig. 12, and the spectral waterfall plot is shown in Fig. 13 (the 2D spectral plot is not 
given in this subsection, and the frequency amplitude change is analyzed directly in conjunction 
with the spectral waterfall plots of the gear in the y- and torsion directions, which are the same in 
all the subsequent sections). From Fig. 12(a-c, e-g), it can be seen that the transverse and axial 
amplitudes of the driving/driven gears increase significantly with the increase of transmission 
error, and the vibration waveforms are always consistent, but the harmonic components in the 
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𝑦-direction of the driven gears become obviously complex.  

 
a) 

 
b) 

 
c) 

 
d) 

 
e) 

 
f) 

 
g) 

 
h) 

Fig. 12. Comparison of time domain response of driving/driven gear vibration for different transmission 
errors; a)-b) is time domain waveforms in the 𝑥-, 𝑦-, 𝑧- and 𝜃-directions of the driving gear;  

e)-h) is time domain waveforms in the 𝑥-, 𝑦-, 𝑧- and 𝜃-directions of the driven gear 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 13. Spectral waterfall of vibration in the transverse, axial and torsional directions of the driving/driven 
gears for variations in transmission errors; a) and c) are the spectral waterfall plots of the driving gear  

in the 𝑦-direction and torsion direction, respectively; b) and d) are the spectral waterfall plots  
of the driven gear in the 𝑦-direction and torsion direction, respectively 

From the torsional vibration of the gears in Fig. 12(d, h), it can be seen that with the increase 
of transmission error, the amplitude of the driving gear increases significantly, and the vibration 
time-domain waveform becomes more complex, but the vibration amplitude of the driven gears 
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does not change much. The spectral waterfall plot of the gear in each direction is obtained by 
varying the magnitude of the transmission error (Fig. 13). In Fig. 13, it is obvious that as the gear 
transmission error increases, the magnitude of the 𝑓 is proportional to it, and by referring to the 
spectrum plot in 3.1 (𝑒 = 2e-5 m), it can be seen that the increase or decrease of the gear 
transmission error has no obvious effect on the frequency amplitude other than 𝑓, and the 
components of each order of frequency do not change significantly. Combined with the time 
domain response diagram of the gear, the trend of the amplitude change of the gear vibration is 
consistent with the trend of the amplitude change of the gear meshing frequency. This shows that 
the transmission error of the gear only affects 𝑓, and the other frequency components are not 
sensitive to it. From the previous analysis, we can see that the increase of error will lead to the 
increase of gear vibration amplitude. Therefore, the gear transmission error should be reduced as 
much as possible during the manufacturing process to avoid serious vibration and failure of the 
gear system. 

3.4. Effect of tooth side clearance on the vibration response of HGRBS system 

In this section, the effect of variation of tooth side clearance𝑐on the vibration response of the 
transmission system is investigated and analyzed. The vibration response of the system is solved 
for the tooth side clearance 𝑐 of 1.4×10-6 m, 1.8×10-6 m and 1.9×10-6 m, respectively. The 
velocity-time comparison of the 𝑦-direction and torsion direction of the driven gear for different 𝑐 is shown in Fig.14, and the spectral waterfall is shown in Fig. 15. 

 
a) 

 
b) 

Fig. 14. Comparison of time domain response of driven gear vibration with different tooth side clearances; 
a) and b) are the time-domain waveforms in the 𝑦- and torsion directions of the driven gears respectively 

As shown in Fig. 14, as the tooth side clearance increases, the vibration speed of the gear first 
decreases, and then the vibration undergoes a sudden change and the vibration speed increases 
sharply. It can be seen from Fig. 15 that with the increase of tooth side clearance, the gear meshing 
frequency and time domain response change the same law, also showed a trend of decreasing and 
then increasing, when the tooth side clearance 𝑐 = 1.8e-6 m, meshing frequency reaches the 
minimum value, but when the tooth side clearance𝑐exceeds 1.8e-6 m, a significant sideband 
frequency is generated near the meshing frequency, which is caused by the increase in the impact 
excitation of gear meshing when the tooth side clearance of the gear is too large, thus leading to a 
surge in the vibration amplitude of the gear in all directions. The size of the tooth side clearance 
obviously affects the vibration of the gear, therefore, the gear tooth side clearance should be 
selected reasonably. Based on the above analysis, there is a certain relationship between the mesh 
frequency amplitude of gears and the trend of vibration amplitude, but whether the gear vibration 
amplitude reaches the minimum when the mesh frequency is smallest is to be determined. In order 
to investigate the connection between the two, the effect of gear mesh frequency on gear vibration 
under different parameters will be analyzed later. 
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a) 

 
b) 

 
c) 

 
d) 

Fig. 15. Spectrum waterfall of driving/driven gears in transverse, axial and torsional directions during 
Tooth side clearance changes; a) and c) are the spectral waterfall plots of the driving gear  

in the 𝑦-direction and torsion direction, respectively; b) and d) are the spectral waterfall plots  
of the driven gear in the 𝑦-direction and torsion direction, respectively 

3.5. Effect of gear meshing frequency on the response amplitude of a gear train 

From the analysis in sections 3.3 to 3.4 of this paper, it can be seen that both the meshing 
frequency 𝑓 and the vibration amplitude of the gear increase monotonically with the increase of 
the error𝑒. As the tooth side clearance𝑐increases, the trend of the gear amplitude is synchronized 
with the trend of 𝑓. Next, we will explore the relationship between the amplitude trends of the 
gears and the amplitude trends of the major frequencies (include 𝑓, 𝑓ଵ and 𝑓ଶ). Firstly, based on 
the results in Sections 3.2 to 3.4, the amplitude variation curves of 𝑓, 𝑓ଵ, 𝑓ଶ and the amplitude 
variation curves of time domain waveforms of the driven gears are deduced for different excitation 
changes, and the results are compared in Figs. 16-18. In order to fully explore this problem, we 
will consider changes in the other excitations of the gear system. Firstly, the average meshing 
stiffness of the gear is increased from 6e8 N/m to 3e9 N/m, and then the eccentricity𝜌of the gear is 
increased from 1e-5 m to 9e-5 m. The vibration response of the system under the above two 
excitations is solved and the variation of its major frequency amplitude and the variation of the 
amplitude of the time domain waveforms in the y-direction and torsion direction are obtained, 
respectively, and the results are shown in Figs. 19-20. 

Fig. 16 shows the variation of vibration amplitude in each direction of the driven gear and the 
variation of amplitude of 𝑓, 𝑓ଵ, 𝑓ଶ when the input torque 𝑇ௗ is from 500 kN∙m to 1300 kN∙m. 
From the conclusion 3.2, it can be seen that the dominant frequency in the 𝑥-direction of the driven 
gear is always 𝑓ଶ, and the frequency increases monotonically, which is consistent with the trend 
of the amplitude curve in this direction. When 𝑇ௗ < 900 kN∙m, the dominant frequency in 𝑦- and 𝑧- direction is 𝑓ଵ, before 𝑇ௗ = 900 kN∙m, the trend of amplitude curve in this direction is consistent 

0 40 80 120 160 200
0.0

5.710-6

1.110-5

1.710-5

2.310-5

2.910-5

3.410-5

4.010-5

y1
 a

m
pl

itu
de

 (m
)

Frequency (HZ)

f1

f2 fm
2.200-5

1.800-5

1.400-5

1.000-5

0.600-5

2f1

f2-f1

To
ot

h 
sid

e c
lea

ra
nc

e (
m

)

side-bandfrequencies

780 800 820 840 860 880 900
0.0

2.010-6

4.010-6

6.010-6

8.010-6

1.010-5

2.200-5

2.000-5

1.800-5

1.600-5

1.400-5

1.200-5

1.000-5

0.800-5

0.600-5

To
ot

h 
sid

e c
lea

ra
nc

e (
m

)

0 40 80 120
0.0

8.610-6

1.710-5

2.610-5

3.410-5

4.310-5

5.210-5

y2
 a

m
pl

itu
de

 (m
)

Frequency (HZ)

f2

fm
2.200-5

1.800-5

1.400-5

1.000-5

0.600-5

f2-f1

f1

2f1

To
ot

h 
sid

e c
lea

ra
nc

e (
m

)780 800 820 840 860 880 900
0.0

8.010-6

1.610-5

2.410-5

3.210-5

4.010-5

2.200-5

2.000-5

1.800-5

1.600-5

1.400-5

1.200-5

1.000-5

0.800-5

0.600-5

0 40 80 120
0.0

1.410-4
2.810-4
4.210-4
5.610-4
7.010-4
8.410-4
9.810-4

θ1
 a

m
pl

itu
de

 (r
ad

)

Frequency (HZ)

f1

f2

To
ot

h 
sid

e c
lea

ra
nc

e (
m

)
fm

2.200-5

1.800-5

1.400-5

1.000-5

0.600-5

2f1

f2-f1

780 800 820 840 860 880 900
0.0

4.010-5

8.010-5

1.210-4

1.610-4

2.010-4

2.200-5

2.000-5

1.800-5

1.600-5

1.400-5

1.200-5

1.000-5

0.800-5

0.600-5

0 40 80 120
0.0

1.410-4
2.810-4
4.210-4
5.610-4
7.010-4
8.410-4
9.810-4

θ2
 a

m
pl

itu
de

 (r
ad

)

Frequency (HZ)

f1

f2

fm
2.200-5

1.800-5

1.400-5

1.000-5

0.600-5

f2-f1

2f1

To
ot

h 
sid

e c
lea

ra
nc

e (
m

)780 800 820 840 860 880 900
0.0

2.010-6

4.010-6

6.010-6

8.010-6

1.010-5

2.200-5

2.000-5

1.800-5

1.600-5

1.400-5

1.200-5

1.000-5

0.800-5

0.600-5



DYNAMICS MODEL AND VIBRATIONAL RESPONSE ANALYSIS OF HELICAL GEAR-ROTOR-BEARING TRANSMISSION SYSTEM.  
HONGYUAN ZHANG, SHUO LI, XIN ZHANG 

 JOURNAL OF VIBROENGINEERING. MARCH 2024, VOLUME 26, ISSUE 2 259 

with 𝑓ଵ, when 𝑇ௗ > 900 kN∙m, the dominant frequency in this direction is 𝑓ଶ, then the trend of 
amplitude curve in this direction is consistent with 𝑓ଶ. The dominant frequency in the torsional 
direction is always 𝑓ଵ, and the trend of the amplitude curve is always consistent with 𝑓ଵ. In short, 
as the input torque increases, the amplitude of the gear in each direction has the same trend as the 
dominant frequency in that direction. As shown in Fig. 17-20, (except for the torsional excitation, 
the differences in the vibration response of the gears in the all directions due to other excitation 
variations are not significant, so only the results in the 𝑦- and torsional directions are given) the 
variation of 𝑓, 𝑓ଵ, 𝑓ଶ of the gear system and the variation of vibration amplitude in 𝑦- and torsion 
direction of the gear are compared for different transmission errors𝑒, tooth side clearance𝑐, 
average values of meshing stiffness 𝑘 and eccentricity 𝜌 respectively. As shown in Fig. 17, with 
the increase of gearing error, the vibration amplitude in 𝑦- and torsion direction of the gear is 
synchronized with the amplitude of the meshing frequency in that direction, and they all tend to 
increase monotonically. As shown in Fig. 18, with the increase of tooth side clearance, the 
vibration amplitude of gears in 𝑦- and torsion directions and the change of meshing frequency are 
decreasing first and then increasing, and reach the minimum value at 𝑐 = 1.8e-5 m.  

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 16. a)-d) are respectively the amplitudes of the driven gears in 𝑥-, 𝑦-, 𝑧- and torsional directions 
compared with the amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ in the corresponding directions for different input torques 𝑇ௗ 

As shown in Fig. 19, with the increase of meshing stiffness, the vibration amplitude of 𝑦- and 
torsion direction of the gear is consistent with the amplitude of the meshing frequency in that 
direction, and the trend is first increasing and then decreasing, and the minimum value is taken at 𝑘 = 5e8 N/m; the maximum value is taken at 𝑘 = 2.5e9 N/m. Thus, the traditional belief that the 
greater the gear mesh stiffness gear, the smaller the vibration of the gear system, the more stable 
the operation is incorrect. As shown in Fig. 20, the vibration amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ of the gear 
system vary with 𝑦- and torsion direction of the gear when the gear eccentricity 𝜌 is 1e-5 m to  
9e-5 m. It can be seen from the figure that the variation of the amplitude of the gears in 𝑦- and 
torsion direction is consistent with the variation of the main frequency amplitude in its 
corresponding direction, which all show a monotonic upward trend. 
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a) 

 
b) 

Fig. 17. a)-b) are respectively the amplitudes of the driven gears in 𝑦- and torsional directions compared 
with the amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ in the corresponding directions for different transmission error 𝑒 

 
a) 

 
b) 

Fig. 18. a)-b) are respectively the amplitudes of the driven gears in 𝑦- and torsional directions compared 
with the amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ in the corresponding directions for different tooth side clearance 𝑐 

 
a) 

 
b) 

Fig. 19. a)-b) are respectively the amplitudes of the driven gears in 𝑦- and torsional directions compared 
with the amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ in the corresponding directions for different mean meshing stiffness 𝑘 

In summary, the input torque 𝑇ௗ and gear eccentricity 𝜌 are the external excitations affecting 
the gear set, while the transmission error 𝑒, meshing stiffness 𝑘 and tooth side clearance 𝑐 are 
the internal excitations of the gear set. From the above analysis, it can be seen that the change of 
vibration in each direction of the gear caused by the change of the external excitation of the gear 
set is synchronized with the trend of the change of the main frequency amplitude in the 
corresponding direction, while the change of vibration in each direction of the gear caused by the 
change of the internal excitation of the gear set is consistent with the trend of the change of the 
mesh frequency amplitude in the corresponding direction. Therefore, in the gear design, we can 
avoid the gear to be at the vibration peak according to this change law. 
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a) 

 
b) 

Fig. 20. a)-b) are respectively the amplitudes of the driven gears in 𝑦- and torsional directions compared 
with the amplitudes of 𝑓, 𝑓ଵ, 𝑓ଶ in the corresponding directions for different eccentric distance 𝜌 

4. Conclusions 

In order to study the effect of several important excitations on the response of the gear rotating 
system and to analyze the relationship between the trend of amplitude change in each direction of 
the helical gear and the trend of amplitude change in several important frequencies in that direction 
when the internal and external excitations change, this paper establishes a dynamics model of the 
Multi-degree-of-freedom helical gear-rotor-bearing transmission system using the lumped 
parameter method, taking into account the time-varying meshing stiffness, comprehensive 
transmission error, tooth side clearance, gear eccentricity and non-linear support force of angular 
contact ball bearings, and solves the dynamics response of the system based on the Runge-Kutta 
method, and the results show the following:  

1) The vibration amplitude in the 𝑦-direction of the system is significantly larger than that in 
the 𝑥- and 𝑧-directions, while the vibration in the direction of torsion is significantly larger than 
that in the transverse and axial directions, so the system is dominated by torsional vibration. The 
main frequencies of the system include the low-speed shaft rotation frequency 𝑓ଵ, the high-speed 
shaft rotation frequency 𝑓ଶ and the engagement frequency 𝑓, and the above frequencies are 
present in each direction. 

2) With the increase of input torque 𝑇ௗ, the vibration amplitude of the driving/driven gears 
decreases except for the 𝑥-direction, and the amplitude of the driven gears decreases very 
significantly, and the low-speed shaft rotation frequency 𝑓ଵ in individual directions decreases 
significantly, and changes from 𝑓ଵ as the dominant frequency to the high-speed shaft rotation 
frequency 𝑓ଶ as the dominant frequency. The combination frequency of gear vibration in each 
direction is significantly reduced, and some complex combination frequencies even disappear. 

3) Gear transmission errors and changes in tooth side clearance 𝑐 have a significant effect on 
the amplitude of gear vibration, but the effect on other frequencies at various points in the gear is 
not significant, except for a significant effect on the meshing frequency. 

4) The relationship between the change trend of the gear vibration amplitude and the change 
trend of the main frequency amplitude in each direction of the gear was analyzed. The results 
show that the change trend of vibration amplitude in each direction of the gear caused by the 
change of external excitation of the gear system is synchronized with the change trend of the main 
frequency amplitude in the corresponding direction; while the change trend of vibration amplitude 
in each direction of the gear caused by the change of internal excitation of the gear system is 
consistent with the change trend of the mesh frequency amplitude in the corresponding direction. 
The research results can provide reference for the design of gear set parameters. 
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