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Abstract. As a new type of flexible retaining structure, reinforced soil retaining wall is widely 
used in civil engineering and highway engineering because of good seismic performance and 
economy. The residual displacement under seism is one of the most important parameters to 
evaluate the seismic performance of reinforced soil retaining wall. The related theoretical research 
is rare. Taking the pseudo-dynamic method and kinematic differential equation as the theoretical 
basis, considering the residual deformation under large magnitude, a theoretical method is 
proposed to calculate the residual displacement of reinforced soil retaining wall under seismic. 
The rationality and accuracy of the theoretical method is verified by centrifuge model test. The 
results would provide some reference for the performance design and damage evaluation of 
reinforced soil retaining wall. 
Keywords: reinforced soil retaining wall, pseudo-dynamic method, residual deformation. 

1. Introduction 

Reinforced soil retaining wall has good seismic performance in engineering application, and 
its post-earthquake damage degree is far less than the traditional gravity retaining structure [1]. 
Due to the superiority seismic performance, reinforced soil retaining wall has been widely used. 
The failure modes of reinforced earth retaining wall under seism are various, among which the 
horizontal residual displacement is the most common. During the 1994 Northridge earthquake in 
the United States, the Valencia reinforced soil wall only cracked at the top of the wall under an 
earthquake with a peak seismic acceleration of 0.5 g, and there was no obvious deformation or 
displacement on the wall surface [2]. In the 1995 Kobe earthquake, a horizontal residual 
displacement of about 20 cm occurred on the top of the reinforced soil retaining wall of Tanata  
[3-4]. 

Thus, as a common seismic response of reinforced soil retaining wall, the in-depth study of 
horizontal residual displacement is particularly important. The calculation theory of 
post-earthquake residual displacement of reinforced soil retaining wall based on pseudo-dynamic 
method and kinematic differential equation is established. The correctness of the theory is verified 
by comparing with the centrifuge model test. 

2. Methodology 

2.1. Assumptions 

The following assumptions are made to calculate the reinforcement load under horizontal 
seism: 

(a) Residual deformation is mainly caused by the back filling of the wall, ignoring the residual 
deformation caused by the creep of the reinforcement in the reinforced area. 
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(b) Calculate the reinforced area homogeneously. 
(c) The potential sliding surface of the back filling area is considered as Rankine straight line. 
The calculation diagram is shown in Fig. 1. 

 
Fig. 1. Residual deformation after earthquake 

2.2. Theoretical calculation 

Based on the assumption (c), the dynamic earth pressure of the reinforced soil retaining wall 
in earthquake could be calculated as: 

𝑝ሺ𝑧, 𝑡ሻ ൌ sinሺ𝛼 − 𝜑ሻ 𝛾𝑧cosሺ𝛿 − 𝛼 ൅ 𝜑ሻ tan𝛼 ൅ cosሺ𝛼 − 𝜑ሻ 𝛾𝑧cosሺ𝛿 − 𝛼 ൅ 𝜑ሻ tan𝛼 𝑎௛ሺ௭,௧ሻ𝑔 , (1)

where 𝑎௛ሺ௭,௧ሻ is the response acceleration. Through the pseudo-dynamic method [5], it would be 
calculated as: 𝑎௛ሺ௭,௧ሻ ൌ ቂ1 ൅ 𝑧𝐻 ሺ𝑓௔ − 1ሻቃ 𝑘௛𝑔sin 2𝜋𝑇 ൬𝑡 − 𝑧𝑉௦൰, (2)

where 𝐻 is the height of the wall; 𝑧 is the height from the foundation; 𝑓௔ is the acceleration 
amplification coefficient; 𝑘௛ is the horizontal acceleration coefficient; 𝑇 is the seismic period, 𝛾 ൌ 𝜌𝑔 is the filling weight; 𝛼 ൌ 45° ൅ 𝜑/2 is the angle between the potential slip surface behind 
the wall and the horizontal ground; 𝑡 is the time; 𝛿 is the angle between the resultant force of earth 
pressure and the horizontal direction, without considering the vertical earthquake; 𝛿 ൌ 0. 𝑉௦ is the 
velocity of the seismic wave propagation. 

Since the soil will not transmit the tension force, the earth pressure behind the wall may be 
less than 0 when the response acceleration direction points inward. At this time, the backfill behind 
the wall contacts with the retaining wall without effect. When 𝑝ሺ௭,௧ሻ ൏ 0, let 𝑝ሺ௭,௧ሻ ൌ 0; when 𝑝ሺ௭,௧ሻ ൌ 0, the critical horizontal acceleration is: 

𝑘௛௖ ൌ tanሺ𝛼 − 𝜑ሻ1 ൅ 𝑧𝐻 ሺ𝑓௔ − 1ሻ. (3)

In earthquake, the reinforced soil retaining wall is not only subjected to the dynamic earth 
pressure of the backfill, but also to the seismic inertial force. The force is shown in Fig. 2. 

The seismic inertia force of the reinforced unit can be calculated as: 𝑃௧ ൌ 𝑀௜𝑎௛ሺ௭,௧ሻ ൌ 𝐿𝑆௩𝜌𝑎௛ሺ௭,௧ሻ, (4)

where 𝐿 is the laying length of reinforcement; 𝑆௩ is the spacing of reinforcement, and 𝜌 is the 
backfill density. 
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Fig. 2. Reinforcement area calculation unit 

In earthquake, the horizontal interference force 𝑃଴ of the reinforced soil retaining wall units 
are the sum of the dynamic earth pressure behind the wall and the seismic inertia force of the units 
in the reinforced area, 𝑃଴ can be calculated as: 

𝑃଴ ൌ 𝑃 ൅ 𝑃௧ ൌ න 𝑝ሺ௭,௧ሻ𝑑𝑧 ൅௭ାௌೡଶ௭ିௌೡଶ 𝐿𝑆௩𝜌𝑎௛ሺ௭,௧ሻ. (5)

The movement of the reinforced soil retaining wall satisfies the kinematics equation: 

𝑦ᇱᇱሺ𝑡ሻ ൅ 𝑐ଵ𝑚 𝑦ᇱሺ𝑡ሻ ൅ 𝑘ଵ𝑚 𝑦ሺ𝑡ሻ ൌ 𝑃଴𝑚 , (6)

where:𝑐ଵ/𝑚 ൌ 2𝜔𝜆, 𝑘ଵ/𝑚 ൌ 𝜔ଶ, 𝜆 is the damping ratio, measured by three-axis experiment; 𝑚 
is the quality of the reinforcement units as shown in Fig. 3; 𝜔 is the self-circular frequency, and 𝑃଴ is the horizontal interference force. 

The solution of Eq. (6) is: 

𝑦ሺ𝑡ሻ ൌ 𝑒ିఉ௧ ቂ𝐴ଵcos ቀඥ𝜔ଶ − 𝛽ଶ𝑡ቁ ൅ 𝐵ଵsin ቀඥ𝜔ଶ − 𝛽ଶ𝑡ቁቃ ൅ 𝑃଴୫ୟ୶𝑘ଵ cosሺ𝜔ଵ𝑡 − 𝜃ሻ
ඨ൬1 −𝜔ଵଶ𝜔ଶ ൰ଶ ൅ 4𝜆ଶ 𝜔ଵଶ𝜔ଶ

. (7)

The solution consists of two parts, one is the constant attenuation of free vibration, and the 
other is the stress vibration under the action of interference force. The stress vibration 𝑦ሺ௧ሻଶ can be 
calculated as: 

𝑦ሺ௧ሻଶ ൌ 𝑃଴୫ୟ୶𝑘ଵටሺ1 − 𝜔ଵଶ𝜔ଶ ሻଶ ൅ 4𝜆ଶ 𝜔ଵଶ𝜔ଶ cos ൤𝜔ଵ𝑡 − arctan ൬ 2𝜆𝜔𝜔ଵ𝜔ଶ − 𝜔ଵଶ൰൨, (8)

where 𝑘ଵ ൌ 𝑚𝜔ଶ, 𝜔ଵ ൌ 2𝜋/𝑇. When the magnitude is small, the motion equation would oscillate 
in a certain range. Because the soil cannot transfer tensile stress, when the magnitude is large, that 
is, 𝑝ሺ௭,௧ሻ ൏ 0, the displacement of outward motion in a single cycle is more than that of inward 
motion, leading to the residual displacement of the units. When 𝑝ሺ௭,௧ሻ ൏ 0, the residual 
displacement of a single period is the difference between inward and outward displacement, the 
residual displacement of a single period can be calculated as: 

Δ𝑢் ൌ ׬ cosሺ𝛼 − 𝜑ሻ𝛾𝑧ሾ1 ൅ 𝑧𝐻 ሺ𝑓௔ − 1ሻሿ𝑘௛cosሺ𝛿 − 𝛼 ൅ 𝜑ሻtan𝛼 − sinሺ𝛼 − 𝜑ሻ𝛾𝑧cosሺ𝛿 − 𝛼 ൅ 𝜑ሻtan𝛼௭ାௌೡଶ௭ିௌೡଶ 𝑑𝑧
𝑘ଵඨ൬1 − 𝜔ଵଶ𝜔ଶ ൰ଶ ൅ 4𝜆ଶ 𝜔ଵଶ𝜔ଶ

. (9)
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The post-earthquake residual displacement under multiple seismic cycles can be calculated as: 

𝑢௔ = ෍Δ𝑢்௜௡
௜ୀଵ . (10)

2.3. Parameter value 

The natural frequency ω could be calculated as [6]: 

𝜔 = ඨ12.362𝐸௧𝐼𝑀𝐻ସ + 𝑘ଶ𝑀 , (11)

where 𝐻 is the height of the retaining wall; 𝑀 is the quality of reinforced area of reinforced soil 
retaining wall; 𝐼 is the moment of inertia of the reinforced section of the retaining wall. The 
backfill spring stiffness 𝑘ଶ could be calculated as [7]: 

𝑘ଶ = 4(1 − 𝜇)𝐺௧5𝐻(1 − 2𝜇). (12)

The whole shear modulus of reinforced area 𝐺௧ could be calculated as [8]: 

𝐺௧ = ൥ቀ1 − 𝑠𝑆௩ቁ𝐸௦1 − 𝜇ଶ + 𝑠𝐸𝑆௩1 − 𝜇௥ଶ ൩ (1 − 𝜇ଶ)2(1 + 𝜇) , (13)

where 𝑠 is the reinforcement thickness; 𝑆௩ is the reinforcement spacing; 𝜇 is the Poisson ratio of 
soil; 𝜇௥ is reinforcement Poisson ratio, and 𝐸 is the reinforcement elastic modulus. 𝐸௦ is the elastic 
modulus of soil, and can be calculate as [9]: 𝐸௦ = 𝑘𝑃௔ ൬𝜎௛𝑃௔൰௡ (1 −𝑚௙)ଶ, (14)𝑚௙ = 𝑅௙ (1 − sin𝜑)(1 − 𝐾௔)2𝐾௔sin𝜑 . (15)

That: 𝐾௔ = tanଶ ቀ45° − 𝜑2ቁ, (16)

where 𝑘 is the modulus number; 𝑛 is the modulus index; 𝑃௔ is the atmospheric pressure, and 𝜑 is 
the internal friction angle of soil. 

3. Validation of the proposed method 

To explore the displacement law of reinforced soil retaining wall in earthquake, multiple sets 
of centrifugal model tests were carried out by TSUJI [10]. The CASE4 condition is the equal 
length laying of the reinforced soil retaining wall with block panel. The similarity ratio of the 
model is 𝑁 = 50, the centrifugal acceleration would load to 𝐺 = 50 g before the seismic wave 
load. In this way, the experimental parameters are restored back to a gravity field, 𝑓௔ = 1.3,  𝑃௔ = 101.32 kPa, 𝑛 = 0.5, 𝐻 = 20.6 m, 𝐿 = 16.6 m, 𝑘 = 1144, 𝑅௙ = 0.7, 𝑆௩ = 1.2 m, 𝜆 = 0.128, 
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𝜑 = 40.6°, 𝑠 = 5 mm, 𝑇 = 1 s, 𝜌 = 1592 kg/m3. 
Taking the middle layer (𝑧 = 10.3 m) and the top layer (𝑧 = 17.6 m) for analysis, the 

theoretical calculation values of cumulative residual displacement for 20 cycles are compared with 
the experimental values of residual displacement after 20 s seismic condition. The comparison 
results ae shown in Fig. 3. 

The theoretical value and experimental value of the cumulative residual displacement under 
different seismic peak acceleration are compared. After 20 seismic cycles, it can be found that the 
change of the experimental and theoretical values is the same. When the magnitude is smaller than 
0.2 g, the cumulative residual displacement is basically zero. As the magnitude increases, there 
would be a critical point, and the cumulative speed of displacement after the critical point would 
improve rapidly. 

At the horizontal acceleration less than 0.6 g, the theoretical and experimental values fit well. 
When 𝑘௛ ൐ 0.6 g, the experimental results show a trend of convergence. The reason is that with 
the magnitude and duration of the earthquake increase, the integrity of the reinforced soil retaining 
wall would gradually weaken. The energy will be consumed rapidly, and the final cumulative 
residual displacement will increase nonlinearly. 

 
a) The comparison of cumulative residual 

displacement (𝑧 = 10.3 m) 

 
b) The comparison of cumulative residual 

displacement (𝑧 = 17.6 m) 
Fig. 3. The comparison of cumulative residual displacement 

 
Fig. 4. The comparison of critical horizontal acceleration coefficient 

4. Parametric study 

In this section, the results of a parametric study are reported to study the effects of 𝑓௔ and 𝜑 to 
the critical horizontal acceleration coefficient 𝑘௛௖. The design conditions: 𝐻 = 10 m, 𝜆 = 0.13, 
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𝑃௔ = 101.325 kPa, 𝑛 = 0.5, 𝑘ଵ = 900, 𝐿 = 7 m, 𝑆௩ = 0.25 m, 𝑇 = 1 s, 𝜇 = 𝜇௥ = 0.5,  𝑘௛ = [0.2 g, 0.4 g, 0.6 g], 𝑠 = 3 mm, 𝜌 = 2000 kg/m3, 𝜑 = [30, 35, 40, 45, 50], 𝑓௔ = [1.0, 1.3, 
1.5], 𝑅௙ = 0.7. The comparison results are shown in Fig. 4. 

It can be known from the Fig. 4, if the acceleration amplification factor is not considered, for 
the same reinforced soil retaining wall, the critical horizontal acceleration of each layer is 
consistent. When the acceleration amplification factor is considered, as the wall height increases, 
the critical horizontal acceleration becomes smaller. By the way, the upper part of the retaining 
wall is more prone to the cumulative deformation in earthquake. When the height of the retaining 
wall and the considered acceleration amplification factor are consistent, with the increase of the 
internal friction angle of the fill, the retaining wall is more likely to produce cumulative 
deformation in earthquake. 

5. Conclusions 

The pseudo-dynamic method and kinematic differential equation is used to calculate the 
cumulative residual displacement. The following conclusions are drawn from the proposed 
method: 

1. When 𝑘௛ < 0.2 g, the residual displacement of the reinforced soil retaining wall almost 
hardly occur.  

2. When 𝑘௛ > 0.3 g, the residual displacement rises quickly. 
3. The internal friction angle of the reinforced soil retaining wall has a significant effect on the 

critical horizontal seismic acceleration. Reducing the internal friction angle of the filling would 
patently slow down the cumulative residual deformation. 
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