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Abstract. The instantaneous dynamic contact state analysis is carried out to reveal the process of 
scuffing failure of the gear tooth pair. A stick-slip dynamic model of a two-gear set is proposed 
and the coupling effects of time-varying mesh stiffness, tooth separations, friction between the 
gear teeth surfaces, and potential stick-slip are considered. Dynamic analysis shows that stick 
contact is an important source of tooth scuffing failure. Additionally, stick contact dramatically 
increases the vibration amplitudes and causes chaos. Parametric studies show that heavy load and 
rough tooth surfaces increase the probability of sticking and increase the time of stick state over a 
single mesh period. This study provides a design guard for avoiding scuffing failure and improving 
the reliability of gear transmission.  
Keywords: stick-slip, gear dynamic, nonlinear. 

1. Introduction 

Friction between mating teeth dramatically affects gear dynamics. On the one hand, friction is 
one of the vibration excitations in the off-line-of-action direction [1]. Friction increases the 
magnitude of dynamic transmission error (DTE) [2], weakens the reduction effect of tooth profile 
modifications on DTE [3], and significantly affects high-frequency parts at the low speed [4]. 
With increasing friction coefficients, the spectral amplitudes of the meshing components are 
increased [5]. On the other hand, friction suppresses the gear vibrations like damping [6] and acts 
as one of the main sources of power loss [7, 8]. The meshing force fluctuations, vibrations in the 
line-of-action [1], and the gear angular displacements [4], [9] are reduced by friction. Friction also 
reduces the large oscillations at certain resonant conditions [10] and causes impulses at the pitch 
points where the friction changes its direction [11]. Additionally, friction has some other effects 
on gear dynamics. Liu and Parker [12] found that different types of instabilities have different 
sensitivities to the friction moment and bending effect. The torsional response is probably less 
sensitive to tooth friction than the bending response [13]. The effect of friction during approach 
and recessing is converse on the time-varying mesh stiffness [14]. Another important potential 
hazard of gear tooth friction is the scuffing of gear teeth [8], [15-17]. Scuffing may damage the 
designed tooth profile and induce additional excitation of vibrations. In tooth surface fault 
diagnosis, the plate and beam models are usually used to approximate the gear body and gear 
tooth, respectively. And the dynamic characters of the plate [18-20] and the beam [21, 22] have 
been developed for a long time. The existing research on gear bonding failure is mainly through 
oil analysis [23] and fatigue tests [24]. However, few studies have analyzed the adhesive failure 
of gears through dynamics. Dynamic analysis can go deeper into the instantaneous state of tooth 
surface contact and analyze the process of tooth surface bonding from a more accurate dimension.  

The interactions between friction and other factors make the nonlinear vibration of the gear 
more complicated [4]. For helical gear sets, the effect of friction on teeth contact stress varies at 
different contact positions, which induces nonlinearity [25]. For herringbone gear sets, the effects 
of friction may be covered by the effects of profile errors [1]. Due to the interaction of the mesh 
force and friction force, tooth profile modification may even amplify the motions in the 
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off-line-of-action [2]. The dissipation mechanism of tooth friction is also substantially influenced 
by tooth profile modifications [7].  

 
Fig. 1. Effects of vibration velocity on sliding velocity 

The stick-slip phenomenon, which is caused by friction, may lead to negative damping that 
can cause self-excited oscillations of mechanical structures in certain instances [26]. Under the 
effects of the wheel-set stick-slip, the gear transmission system of high-speed trains has a larger 
superharmonic response and loses its stability because of Hopf bifurcation [27]. A prominent 
characteristic of gear tooth friction is the reversal of its direction near the pitch point. Repeatedly 
changing of the friction direction induces significant oscillatory bearing forces [28]. Usually, the 
contributions of the vibration velocity to the actual relative sliding velocity are ignored. Under 
this approximate treatment, as shown in Fig. 1, the relative sliding velocity between the mating 
gear teeth is monotonic as the gear rotates, and the direction of the relative sliding velocity reverses 
when the contact line exactly passes through the pitch point. However, the vibration velocity 
induces fluctuations in the relative sliding velocity, and the direction-reversing point is not exactly 
at the pitch point. Furthermore, there even exists more than one direction-reversing point near the 
pitch point, as shown in the magnified figure of Fig. 1. The repeated changes of the sliding velocity 
direction mean the repeated reversals of the friction direction. In the areas of the magnified figure 
of Fig. 1, the value of the sliding velocity is close to zero, and the two gear tooth surfaces seem to 
bond together. It's not clear whether the sticking phenomenon exists in this area. Furthermore, the 
effects of the sticking phenomenon on the dynamic character of the gear transmission are also still 
not clear. 

In this study, the gear dynamics with the effects of the stick-slip phenomenon are studied. A 
stick-slip dynamic model of a two-gear set is proposed. In this model, time-varying mesh stiffness, 
tooth separation, gear teeth friction, and the potential stick-slip phenomenon are considered. 
Considering the contributions of the vibration velocity to the gear teeth sliding velocity, transition 
conditions between the stick and slip states are revealed. Discussions of the dynamic response of 
gear transmissions under the stick-slip effect offer a comprehensive understanding of gear scuffing 
from a dynamic perspective. The remainder of the paper is organized as follows. In the next 
section, the modeling details and the governing equations of motion for a two-gear set with 
stick-slip are presented. The effects of stick-slip on the dynamic responses and parametric study 
are discussed in Section 3. Concluding remarks are given in the last section. 

2. Stick-model and slip-model 

In this section, a stick-slip dynamic model of a two-gear set is proposed. In this model, 
time-varying mesh stiffness, tooth separation, friction between the mating gear teeth, and the 
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potential stick-slip phenomenon are considered. This stick-slip dynamic model is the combination 
of a stick model and a slip model. The slip model in this current study is the traditional 6 degrees 
of freedom (DOF) model considering two translational and rotational motions. The stick model is 
an evolution of the slip model based on instantaneous dynamic conditions. 

2.1. Slip-model 

Fig. 2 shows the traditional slip model with 6 DOF. In this model, two translational motions 
and the rotational motion of each gear are considered. The components are modeled as rigid bodies 
and the masses are concentrated in the corresponding centroid. A linear spring is used to model 
the compliance of gear mesh. In Fig. 2, 𝑘௕ଵ and 𝑘௕ଶ represent the translational support stiffness, 𝑘௥ଶ is the rotational stiffness, and 𝑘௠ is the mesh stiffness. 𝑥 and 𝑦 denote the translational 
motions. 𝑢 denotes the rotational motions, and counterclockwise is positive. 

As shown in Fig. 3, 𝑆ଵ𝑆ଶ is the mesh line and point 𝑃 is the pitch point. 𝑀௝ represents the 
moving contact point between the 𝑗th mating gear teeth. For spur gears, 𝑗 = 1 and 2. 𝑣௥௝ଵ and 𝑣௥௝ଶ 
are the velocities of the mesh teeth at mesh point 𝑀௝, respectively. The direction of 𝑣௥௝ଵ is 
perpendicular to line 𝑜ଵ𝑀௝, and the direction of 𝑣௥௝ଶ is perpendicular to line 𝑜ଶ𝑀௝. The 
components of 𝑣௥௝ଵ and 𝑣௥௝ଶ on the 𝑦-axis are equal during the whole mesh process; 𝛼௝ଵ and 𝛼௝ଶ 
are the pressure angles of the driving gear and driven gear, respectively. 𝑓௙௝ represents the friction 
forces, whose direction is perpendicular to line 𝑆ଵ𝑆ଶ. The sliding friction 𝑓௙௝ଶଵ is positive when it 
is directed to the left, and 𝑓௙௝ଵଶ is positive when it is directed to the right. 

 
Fig. 2. Slip model of two-gear set 

Under the running state, the gear teeth start to contact near 𝑆ଵ, and 𝑀௝ moves towards 𝑆ଶ. 
Suppose there is no reversal of the friction direction before 𝑀௝ arrives at point 𝑃௦ and also no 
reversal after 𝑀௝ passes by point 𝑃௘. When 𝑀௝ moves in 𝑆ଵ𝑃௦, the components of 𝑣௥௝ଶ on the 𝑥-
axis are larger than those of 𝑣௥௝ଵ. The direction of the friction force applied on the 1st gear tooth 𝑓௙௝ଶଵ is to the left. In addition, the reaction force 𝑓௙௝ଵଶ points to the right. After 𝑀௝ passes by point 𝑃௘, 𝑓௙௝ଶଵ points to the right, and 𝑓௙௝ଵଶ points to the left. When 𝑀௝ is in 𝑃௦𝑃௘, the friction oscillates, 
and the mating teeth may transit between the slip and stick states. The motion equations of the 
gear pair under the slip state could be expressed as Eq. (1) and Eq. (2): 
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𝑚ଵ𝑥ሷଵ + 𝑐௕ଵ𝑥ሶଵ + 𝑘௕ଵ𝑥ଵ = − ෍ 𝑓௙௝ଶଵ௖௘௜௟ሺఌሻ
௝ୀଵ ,𝑚ଵ𝑦ሷଵ + 𝑐௕ଵ𝑦ሶଵ + 𝑐௠𝛿ሶ + 𝑘௕ଵ𝑦ଵ + 𝑘௠ሺ𝛿, 𝑡ሻ𝛿 = 0,𝐽ଵ𝑟௕ଵଶ 𝑢ሷ ଵ + 𝑐௠𝛿ሶ + 𝑘௠ሺ𝛿, 𝑡ሻ𝛿 = 𝑇௥𝑟௕ଵ + 1𝑟௕ଵ ෍ 𝑓௙௝ଶଵ ⋅ ห𝑆௝𝑆ଵห௖௘௜௟ሺఌሻ

௝ୀଵ , (1)

𝑚ଶ𝑥ሷଶ + 𝑐௕ଶ𝑥ሶଶ + 𝑘௕ଶ𝑥ଶ = ෍ 𝑓௙௝ଵଶ௖௘௜௟ሺఌሻ
௝ୀଵ ,𝑚ଶ𝑦ሷଶ + 𝑐௕ଶ𝑦ሶଶ + 𝑐௠𝛿ሶ + 𝑘௕ଶ𝑦ଶ + 𝑘௠ሺ𝛿, 𝑡ሻ𝛿 = 0,𝐽ଶ𝑟௕ଶଶ 𝑢ሷ ଶ + 𝑐௥ଶ𝑢ሶ ଶ + 𝑐௠𝛿ሶ + 𝑘௥ଶ𝑢ଶ + 𝑘௠ሺ𝛿, 𝑡ሻ𝛿 = 1𝑟௕ଶ ෍ 𝑓௙௝ଵଶ ⋅ ห𝑆௝𝑆ଶห௖௘௜௟ሺఌሻ

௝ୀଵ , (2)

where 𝑚 represents mass, 𝑐 represents damping and 𝐽 represents the moment of inertia. 𝑟௕ଵ and 𝑟௕ଶ are respectively the base radii of the gears. 𝑇௥ is the transmitted torque applied on the driving 
gear. 𝜀 represents the contact ratio and 𝛿 is the compressive defections of the gear mesh: 𝛿 = 𝑦ଵ − 𝑦ଶ + 𝑢ଵ + 𝑢ଶ. (3)

 
Fig. 3. Relative sliding velocity 

The matrix form of Eq. (1) and (2) could be expressed as: 𝐌𝐱ሷ + 𝐂𝐱ሶ + ሾ𝐊௕ + 𝐊௠ሺ𝐱, 𝑡ሻሿ𝐱 − 𝐅௙ = 𝐅௧ , (4)

where 𝐌 is the mass matrix, and 𝐊௕ is the support stiffness matrix: 
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𝐱 = ሾ𝑥ଵ, 𝑦ଵ, 𝑢ଵ, 𝑥ଶ, 𝑦ଶ, 𝑢ଶሿ்,𝐌 = diag ൤𝑚ଵ, 𝑚ଵ, 𝐽ଵ𝑟௕ଵଶ , 𝑚ଶ, 𝑚ଶ, 𝐽ଶ𝑟௕ଶଶ ൨𝐊௕ = diagሾ𝑘௕ଵ, 𝑘௕ଵ, 0, 𝑘௕ଶ, 𝑘௕ଶ, 𝑘௥ଶሿ., (5)

𝐊௠ is the time-varying mesh stiffness matrix, as expressed in Eq. (6). 𝑘௠ሺ𝑡ሻ in Eq. (7) is the 
time-varying mesh stiffness. Θሺ𝛿ሻ is the tooth separation function, as expressed in Eq. (8): 

𝐊௠ሺ𝐱, 𝑡ሻ = 𝑘௠ሺ𝛿, 𝑡ሻ
⎣⎢⎢
⎢⎢⎡0 0 0 0 0 01 1 0 −1 11 0 −1 10 0 0𝑠𝑦𝑚 1 −11 ⎦⎥⎥

⎥⎥⎤, (6)

𝑘௠ሺ𝛿, 𝑡ሻ = 𝑘௠ሺ𝑡ሻΘሺ𝛿ሻ, (7)Θሺ𝛿ሻ = ൜1, 𝛿 ≥ 0,0, 𝛿 < 0. (8)𝐅௙ and 𝐅௧ are respectively the friction force vector and applied torque vector, as expressed in 
Eq. (9) and (10): 

𝐅௙ = ቎− ෍ 𝑓௙௝ଶଵ௖௘௜௟ሺఌሻ
௝ୀଵ ,0, 1𝑟௕ଵ ෍ 𝑓௙௝ଶଵ ⋅ ห𝑆௝𝑆ଵห௖௘௜௟ሺఌሻ

௝ୀଵ , ෍ 𝑓௙௝ଵଶ௖௘௜௟ሺఌሻ
௝ୀଵ ,0, 1𝑟௕ଶ ෍ 𝑓௙௝ଵଶ ⋅ ห𝑆௝𝑆ଶห௖௘௜௟ሺఌሻ

௝ୀଵ ቏், (9)

𝐅௧ = ൤0, 0, 𝑇௥𝑟௕ଵ , 0, 0, 0,൨் . (10)

The sliding friction force could be expressed as: 𝑓௙௝ଶଵ = 𝑓௙௝ଵଶ = sign൫𝑣௝௥൯𝜇௝𝑘௠௝𝛿, (11)

where 𝑣௝௥ is the relative sliding velocity between the 𝑗th gear mesh, as expressed in Eq. (12): 𝑣௝௥ = ൣ𝑣௥௝ଶsin൫𝛼௝ଶ൯ − 𝑥ሶଶ൧ − ൣ𝑣௥௝ଵsin൫𝛼௝ଵ൯ − 𝑥ሶଵ൧, (12)𝑣௥௝ଵ = Ωଵ൫𝑟௕ଵ/cos𝛼௝ଵ൯,    𝑣௥௝ଶ = Ωଶ൫𝑟௕ଶ/cos𝛼௝ଶ൯, (13)

where Ωଵ and Ωଶ are the rotational speed. 

2.2. Stick-model 

As shown in Fig. 1, there may exist more than one direction reversal of friction when the 
moving point 𝑀௝ is near the pitch point. At the direction-changing point, if the force that attempts 
to slide one tooth surface over the other is less than the maximum possible friction force, the 
surfaces of the meshing gear teeth stick together. The preconditions for stick condition is: 𝑣௥ = ሾ𝑣௥ଶsinሺ𝛼ଶሻ − 𝑥ሶଶሿ − ሾ𝑣௥ଵsinሺ𝛼ଵሻ − 𝑥ሶଵሿ = 0,ห𝑓௙ଶଵห = ห𝑓௙ଵଶห < ห𝑓௙୫ୟ୶ห = |𝜇𝑓௠௘௦௛|,  (14)

where 𝑓௙ଶଵ and 𝑓௙ଵଶ are the force attempting to slide one tooth surface over the other, which can 
be obtained by the instantaneous conditions. And 𝑓௠௘௦௛ is the mesh force of the mating gear teeth: 
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𝑓௙ଶଵ = −ሺ𝑚ଵ𝑥ሷଵ + 𝑐௕ଵ𝑥ሶଵ + 𝑘௕ଵ𝑥ଵሻ,𝑓௙ଵଶ = ሺ𝑚ଶ𝑥ሷଶ + 𝑐௕ଶ𝑥ሶଶ + 𝑘௕ଶ𝑥ଶሻ,  (15)𝑓௠௘௦௛ = 𝑘௠ሺ𝑡ሻΘሺ𝛿ሻ𝛿. (16)

To simplify the equations, let: 𝑣෤௥ଵ = 𝑣௥ଵsinሺ𝛼ଵሻ,    𝑣෤௥ଶ = 𝑣௥ଶsinሺ𝛼ଶሻ. (17)

Substituting Eq. (17) to Eq. (14), the relationship of 𝑥ሶଵ and 𝑥ሶଶ is obtained: 𝑥ሶଶ = 𝑥ሶଵ + 𝑣෤௥ଶ − 𝑣෤௥ଵ. (18)

Respectively integrating and differentiating Eq. (18), there exists: 𝑥ଶ = 𝑥ଵ − 𝑥ଵ଴ + 𝑥ଶ଴ + ሺ𝑣෤௥ଶ − 𝑣෤௥ଵሻ ⋅ Δ𝑡,𝑥ሷଶ = 𝑥ሷଵ.  (19)

Substituting Eq. (19) to Eq. (1) and Eq. (2), the equations of the system motions degenerate as 
Eq. (20) and (21): ሺ𝑚ଵ + 𝑚ଶሻ𝑥ሷଵ + ሺ𝑐௕ଵ + 𝑐௕ଶሻ𝑥ሶଵ + ሺ𝑘௕ଵ + 𝑘௕ଶሻ𝑥ଵ = 𝑐௕ଶሺ𝑣෤௥ଵ − 𝑣෤௥ଶሻ      +𝑘௕ଶሾ𝑥ଵ଴ − 𝑥ଶ଴ + ሺ𝑣෤௥ଵ − 𝑣෤௥ଶሻ ⋅ Δ𝑡ሿ,𝑚ଵ𝑦ሷଵ + 𝑐௕ଵ𝑦ሶଵ + 𝑐௠𝛿ሶ + 𝑘௕ଵ𝑦ଵ + 𝑘௠𝛿 = 0,ቈ|𝑆𝑆ଵ|𝑚ଵ𝑟௕ଵ 𝑥ሷଵ + 𝐽ଵ𝑟௕ଵଶ 𝑢ሷ ଵ቉ + |𝑆𝑆ଵ|𝑐௕ଵ𝑟௕ଵ 𝑥ሶଵ + 𝑐௠𝛿ሶ + |𝑆𝑆ଵ|𝑘௕ଵ𝑟௕ଵ 𝑥ଵ + 𝑘௠𝛿 = 𝑇௥𝑟௕ଵ , (20)

𝑚ଶ𝑦ሷଶ + 𝑐௕ଶ𝑦ሶଶ + 𝑐௠𝛿ሶ + 𝑘௕ଶ𝑦ଶ + 𝑘௠𝛿 = 0,ቈ− |𝑆𝑆ଶ|𝑚ଶ𝑟௕ଶ 𝑥ሷଵ + 𝐽ଶ𝑟௕ଶଶ 𝑢ሷ ଶ቉ + ቈ− |𝑆𝑆ଶ|𝑟௕ଶ 𝑐௕ଶ𝑥ሶଵ + 𝑐௥ଶ𝑢ሶ ଶ + 𝑐௠𝛿ሶ቉      + ቈ− |𝑆𝑆ଶ|𝑘௕ଶ𝑟௕ଶ 𝑥 + 𝑘௥ଶ𝑢ଶ + 𝑘௠𝛿቉  
      = |𝑆𝑆ଶ|𝑐௕ଶ𝑟௕ଶ ሺ𝑣෤௥ଶ − 𝑣෤௥ଵሻ + |𝑆𝑆ଶ|𝑘௕ଶ𝑟௕ଶ ሾ𝑥ଶ଴ − 𝑥ଵ଴ + ሺ𝑣෤௥ଶ − 𝑣෤௥ଵሻ ⋅ Δ𝑡ሿ. 

(21)

Comparing the motion equations of the slip model and stick model, one can find that the stick 
model has one FOD less than the slip model. That is because 𝑥ଶ has a certain relationship with 𝑥ଵ 
under the stick state, and 𝑥ଶ is eliminated. These stick-model equations could be expressed in 
matrix forms as: 𝐌௧𝐱ሷ ௧ + 𝐂௧𝐱ሶ ௧ + 𝐊𝐱௧ − 𝐅௙೟ = 𝐅௧௧, (22)

where the subscript 𝑡 denotes the matrices and vectors in stick-model: 
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𝐱௧ = ሾ𝑥ଵ, 𝑦ଵ, 𝑢ଵ, 𝑦ଶ, 𝑢ଶሿ்,
𝐌௧ =

⎣⎢⎢
⎢⎢⎢
⎢⎡ሺ𝑚ଵ + 𝑚ଶሻ 𝑚ଵ|𝑆𝑆ଵ|𝑚ଵ𝑟௕ଵ 𝐽ଵ𝑟௕ଵଶ 𝑚ଶ− |𝑆𝑆ଶ|𝑚ଶ𝑟௕ଶ 𝐽ଶ𝑟௕ଶଶ ⎦⎥⎥

⎥⎥⎥
⎥⎤, (23)

𝐊௕௧ =
⎣⎢⎢
⎢⎢⎢
⎢⎡ሺ𝑘௕ଵ + 𝑘௕ଶሻ 𝑘௕ଵ|𝑆𝑆ଵ|𝑘௕ଵ𝑟௕ଵ 0 𝑘௕ଶ− |𝑆𝑆ଶ|𝑘௕ଶ𝑟௕ଶ 𝑘௥ଶ⎦⎥⎥

⎥⎥⎥
⎥⎤ ,      𝐊௠௧ = 𝑘௠ ⋅ ⎣⎢⎢

⎢⎡0 0 0 0 01 1 −1 11 −1 1𝑠𝑦𝑚 1 −11 ⎦⎥⎥
⎥⎤, (24)

𝐅௧ଶ =
⎣⎢⎢
⎢⎢⎡

𝑐௕ଶሺ𝑣෤௥ଵ − 𝑣෤௥ଶሻ + 𝑘௕ଶሾሺ𝑣෤௥ଵ − 𝑣෤௥ଶሻ ⋅ Δ𝑡 + 𝑥ଵ଴ − 𝑥ଶ଴ሿ000|𝑆𝑆ଶ|𝑐௕ଶ𝑟௕ଶ ሺ𝑣෤௥ଶ − 𝑣෤௥ଵሻ + |𝑆𝑆ଶ|𝑘௕ଶ𝑟௕ଶ ሾሺ𝑣෤௥ଶ − 𝑣෤௥ଵሻ ⋅ Δ𝑡 + 𝑥ଶ଴ − 𝑥ଵ଴ሿ⎦⎥⎥
⎥⎥⎤, 

𝐅௧௧ = ൤0, 0, 𝑇௥𝑟௕ଵ , 0, 0൨் . 
(25)

The gear set is in stick state or slip state depending on Eq. (14). If both conditions in Eq. (14) 
are satisfied, the gear set is in the stick state. Otherwise, the slip state domains the gear set. In the 
process of numerical integration, a status check based on Eq. (14) is required at each substep 
calculation. 

3. Results and discussions 

In this chapter, an example gear set is applied to eliminate the effects of stick-slip on the 
dynamic responses. The main parameters are shown in Tabel 1. Unlike frictionless gear models, 
constant input and output torques cannot be assumed since energy dissipation due to tooth friction 
[13]. 

Table 1. Main parameters of an example gear train 
 Gear1 Gear2 

Mass (kg) 17.29 101.62 
Inertia (kgm2) 0.139 4.799 
Tooth number 33 80 

Tooth width (mm) 200 200 
Translational stiffness (N/m) 4.06e7 4.11e10 

Damping ratio 0.02 
Pressure angle (deg) 20 

Coefficient of friction 0.02 
Module (mm) 6 

Mean Mesh stiffness (N/m) 4.05e9 



DYNAMIC ANALYSIS OF GEAR PAIRS WITH THE EFFECTS OF STICK-SLIP.  
CHAO XUN, HE DAI, YUNLONG WANG 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460 799 

The mesh stiffness of the example gear train is obtained by the Finite element quasi-static 
analysis, as shown in Fig. 4.  

 
Fig. 4. Mesh stiffness of the example gear train 

3.1. Comparisons of modal properties 

Fig. 5 and Fig. 6 show the comparisons of modal shapes and natural frequencies of the slip 
model and stick model. 

 
Fig. 5. Modal shapes and natural frequencies of slip model 

As shown in Fig. 5, the first natural frequency of the slip model is 32 Hz, which is associated 
with the ‘rigid’ mode. The rigid mode has pure rotational motions of both gears. The 3rd and 5th 
modes have pure translational motions of Gear1 and Gear2, respectively. The 2nd, 4th and 6th 
modes have combined motions of the translation and rotation. 

The first natural frequency of the stick model, as shown in Fig. 6, is approximately equal to 
the first natural frequency of the slip model. However, these two modes are very different in their 
corresponding modal shapes. There are similar differences between the second mode, and between 
the 4th mode of the slip model and the 3rd mode of the stick model. In the stick state, these two 
gears are bonded in the 𝑥 direction. Therefore, there are no relative displacements between 𝑥ଵ and 𝑥ଶ in any of the modal shapes of the stick model. And, in the stick model, there is no corresponding 
mode to the 3rd and 5th modes of the slip model. The results of modal analysis, reveal that the 
stick effect has a dramatic influence on both natural frequencies and modal shapes. 
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Fig. 6. Modal shapes and natural frequencies of stick model 

3.2. Comparisons of the dynamic responses 

Once the stick occurs, the vibration conditions of the gear set vary between the stick state and 
the slip state. The constant transitions between these states certainly induce impacts. The 
calculation process of dynamic response is shown in the flow chart in Fig. 7. 

 
Fig. 7. Flow chart of the calculation process 

Fig. 8 and Fig. 9 show the comparisons of the velocities of the slip model and stick-slip model. 
From Fig. 8, one can see that the relative velocity is close to zero and that there exists a small 
fluctuation near the pitch point. The relative velocity changes its direction several times near the 
pitch point, as shown in the amplified inset in Fig. 8. These repeated changes in the direction of 
the relative velocity are also reflected in the friction direction, as shown in Fig. 12. 
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Fig. 8. Velocities of slip model 

Fig. 9(a) shows the corresponding velocities of the stick-slip model. The solid points denote 
the stick state. Stick occurs in every single mesh period. However, the stick situation in any 
specific mesh period is different from that in its adjacent mesh periods. The specific situation is 
the same as that in every other mesh period. Fig. 9(b) and (c) show the details in rectangles A and 
B of Fig. 9(a), respectively. Stick occurs four times in the single mesh period marked A. And 
under the stick state, the vibration velocity is opposite to the sliding velocity with equal value. 
Therefore, the relative velocity exactly equals zero. Stick occurs twice in the single mesh period 
marked B, and the relative velocity changes its direction rapidly out of the scope of the stick. 
These repeated changes in the directions of relative velocity are also reflected in the friction 
direction shown in Fig. 13. 

 
a) 

 
b) 
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c) 

Fig. 9. Velocities of stick-slip model 

 
Fig. 10. Mesh force of slip model 

 
a) 

  
b) 
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c) 

Fig. 11. Mesh force of the stick-slip model 

The corresponding mesh forces of the slip model and stick-slip model are shown in Fig. 10 
and Fig. 11. In Fig. 10, mesh forces fluctuate from 25 kN to 60 kN. These fluctuations are mainly 
caused by the varying mating mesh tooth number, and the mesh force fluctuations are the same 
among all mesh periods. However, as shown in Fig. 11(a), the mesh force fluctuations of the 
stick-slip model are the same every other mesh period, and the mesh forces between adjacent mesh 
periods are much different. In the mesh period marked A, mesh forces fluctuate from 0 to 280 kN. 
The mesh forces fluctuate from 0 to 140 kN in the mesh period marked B. Contact loss occurs 
when mesh force equals 0. Details on mesh forces in rectangles A and B of Fig. 11(a) are shown 
in Fig. 11(b) and (c), respectively. Similar to the stick effect, contact loss occurs four times in 
mesh period A and twice in mesh period B. Comparisons of the mesh forces of slip and stick-slip 
models show that the excitation effect of stick causes contact loss, and the interactions of stick 
and contact loss dramatically increase the fluctuations of mesh forces. 

As shown in Fig. 8, in the slip model, the relative velocity changes its direction frequently near 
the pitch point, causing frequent direction changes of the corresponding friction. Over the whole 
period, friction always consists of sliding friction. The mating teeth are not always able to break 
through the frictional resistance at every direction-changing point. The state between the mating 
teeth depends on whether the instantaneous state satisfies Eq. (14). The mating gear teeth are 
bonded together once Eq. (14) is satisfied, and friction should be recognized as static friction. 

 
Fig. 12. Friction of slip model 

Fig. 13(a) shows the corresponding friction of the stick-slip model. Similar to the mesh force, 
fluctuations in friction are dramatically increased by the stick. The frictions in the adjacent mesh 
periods are much different. Details of periods A and B in Fig. 13(a) are shown in Fig. 13(b) and 
(c), respectively. In period A, stick and contact loss occur alternatively, and there exists a short 
slip between stick and contact loss. The interaction of stick, slip, and contact loss leads to a much 
more complex dynamic friction. There are four and two transitions among these three states in 
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periods A and B, respectively. Under the stick state, the mating teeth are bonded together and 
friction equals the force that tries to pull them out. Under the slip state, the mating teeth slide one 
from another, and friction is recognized as sliding friction. As shown in Fig. 13(c), the direction 
of friction under the slip state changes frequently as the direction of relative velocity changes. 
Under the contact loss state, the mating teeth lose their contact, and no mesh force or friction 
between them. 

Finally, comparisons of DTE are shown in Fig. 14. Under the alternative effects of the stick, 
slip, and contact loss, the fluctuation of DTE obtained by the stick-slip model is much larger than 
that obtained by the slip model. The DTE obtained by stick-slip has much more half frequency 
components of mesh frequency. While the amplitudes of 𝜔௠, 2𝜔௠, and 3𝜔௠ of DTE obtained by 
the stick-slip model are slightly lower than that obtained by the slip model. It means that part of 
the dynamic energy is transmitted from the multiple components to half components of mesh 
frequency. 

 
a) 

 
b) 

 
c) 

Fig. 13. Friction of stick-slip model 
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a) 

 
b) 

Fig. 14. Comparisons of DTE of slip and stick-slip model 

3.3. Effects of working conditions on the stick states 

In this section, the effects of key parameters, including rotation speed, friction coefficient, and 
applied torque on the occurrence of the stick are discussed. We define two parameters to illustrate 
the degree of stick and contact loss. The intercept for a sufficiently long time in steady-state 
vibration, which is denoted by 𝑡௧. The stick ratio 𝑟௞ is defined as the ratio of the stick time 𝑡௞ in 
this intercepted period to 𝑡௧. The contact loss ratio 𝑟௟ is the ratio of the corresponding contact loss 
time 𝑡௟ to 𝑡௧: 𝑟௞ = 𝑡௞𝑡௧ , (26)𝑟௟ = 𝑡௟𝑡௧ . (27)

Fig. 15 shows the effects of the rotation speed on the stick ratio and contact loss ratio. For the 
example gear set in this study, the stick occurs only when the rotation speed is in the low ranges 
on [0, 300] r/min. Stick occurs in three single ranges in the scope of [0, 300] r/min, and the trend 
of the contact loss ratio versus rotation speed is similar to that of the stick ratio. However, there is 
no certain relation between the stick ratio and rotation speed.  
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Fig. 15. Stick-ratio and contact-ratio versus rotate speed 

Fig. 16 shows the bifurcation diagrams with varying rotation speeds. Without considering the 
stick phenomenon, as shown by the bifurcation diagrams of the slip model in Fig. 16(a), the 
dynamic response is steady and periodical. However, the dynamic response is chaotic in the ranges 
with the stick effect, as shown by the bifurcation diagrams of the stick-slip model in Fig. 16(b). 
The dynamic response obtained by the stick-slip model out of the stick ranges almost equals that 
obtained by the slip model. 

 
a) 

 
b) 

Fig. 16. Bifurcation diagrams of slip and stick-slip models 

The friction coefficient 𝜇 is another key parameter, and Fig. 17 shows the effects of 𝜇 on the 
stick ratio and the contact loss ratio. In the range of 𝜇 ∈ [0; 0:01], the stick ratio and the contact 
loss ratio remain at 0. As 𝜇 increases above 0.01, the stick ratio monotonically increases. The trend 
of the contact loss ratio is similar to that of the stick ratio. 
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Fig. 17. Stick-ratio and contact-ratio versus friction coefficient 

The applied torque has similar effects to those of the friction coefficient on the stick ratio and 
the contact loss ratio, as shown in Fig. 18. When the applied torque is in the range of  
[0, 3000] Nm, the stick ratio and the contact loss ratio remain almost at 0. As the applied torque 
increases above 3000 Nm, the stick ratio monotonically increases. And the trend of the contact 
loss ratio is similar to that of the stick ratio. 

Based on these parametric studies, designers should avoid choosing parameters in the 
designing process that may later result in the stick. 

 
Fig. 18. Stick-ratio and contact ratio versus applied torque 

4. Conclusions 

In this paper, the instantaneous dynamic contact state analysis is carried out to reveal the 
process of scuffing failure of the gear tooth pair. A stick-slip dynamic model of a two-gear set is 
proposed, and the coupling effects of time-varying mesh stiffness, tooth separation, friction, and 
the potential stick-slip phenomenon are considered. An example gear set is applied and the results 
of numerical integration show that the sticking phenomenon has a dramatic effect on gear 
dynamics. This study provides a design guard for avoiding scuffing failure and improving the 
reliability of gear transmission, and several conclusions are obtained. 

1) Stick-slip dynamic model can capture the transition of the contact states between the stick 
and slip of the gear tooth pair. The instantaneous dynamic contact state analysis offers a 
comprehensive understanding of gear scuffing from a dynamic perspective. 

2) The stick phenomenon has dramatic effects on gear dynamics. The mating gear teeth are 
bonded together once the stick occurs, and the modal shapes are dramatically changed. The stick 
phenomenon involves excitation and induces considerable fluctuation in the DTE, mesh forces, 
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and friction. Stick causes contact loss, and the interaction effects of stick and contact loss lead to 
much more complex than the nonlinearity gear dynamics. Under the effects of the stick, there 
exists more than one contact loss in a mesh period, which is different from the assumption in 
previous studies. 

3) Stick occurs only at low rotation speed ranges. Stick causes the gear dynamic response 
chaotic. Out of the stick speed ranges, the dynamic response is periodical, similar to that obtained 
by the slip model. Stick is more likely to occur under heavy load and poor lubrication conditions. 
The stick ratio increases with increasing applied torque and with increasing friction coefficient. 
The contact loss ratio has similar growth trends to the stick ratio. 
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