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Abstract. A study on enhancement of heat transfer in thermal systems by convective-radiative 
porous fin with temperature-invariant thermal conductivity is presented in this paper using optimal 
homotopy asymptotic method. The efficacy of the method is displayed through the verification of 
the results with the previous studies. Also, significance of various parameters of the nonlinear 
model on the heat transfer enhancement of thermal systems using the solutions presented by the 
method are discussed. The graphical representation of the thermal behaviour of the extended 
surfaces is presented for pictorial discussion. The results illustrate that the augmentations of the 
conductive-radiative, conductive-convective, porosity and magnetic field cause the extended 
surface temperature to reduce as a result of increased rate of heat flow via the passive device. The 
graphical illustrations show that the efficiency and effectiveness of the fin is high at low values of 
the radiative-conductive, convective-conductive, porosity and magnetic field parameters. This 
study will assist in proper thermal analysis of fins for effective thermal managements of 
engineering systems. 
Keywords: fins, thermal analysis, optimal homotopy asymptotic method, thermal performance. 

Nomenclature 𝐴 Cross sectional area of the fins, m2 𝐴  Porous fin base area  𝐴  Porous fin surface area 𝐵  Magnitude of magnetic field, [Ω1/2kg1/2m-1s1/2 or 𝑇] 𝑐  Specific heat of the fluid passing through porous fin (J/kg-K) 𝐸 External electric field, [V⋅m-1] 𝑔 Gravity constant (m/s2) 𝐻𝑎 Hartmann number ℎ Heat transfer coefficient over the fin surface (W/m2k) 𝐽  Conduction current intensity [A] 𝐽 Total current intensity [A]  𝑘𝑒𝑓𝑓 Effective thermal conductivity ratio 𝐿 Length of the fin, m 𝑀 Dimensionless thermo-geometric parameter 𝑁𝑟 Radiation number 𝑅𝑎 Rayleigh number 
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𝑅𝑑 Porous radiation number 𝑡 Thickness of the fin 𝑇  Base temperature (K) 𝑇 Fin temperature (K) 𝑇  Ambient temperature, K 𝑣 Average velocity of fluid passing through porous fin (m/s) 𝑥 Axial length measured from fin tip (m) 𝑋 Dimensionless length of the fin 𝑤 Width of the fin 𝑞 Internal heat generation in W/m3 𝜃 Dimensionless temperature 𝜂 Efficiency of the fin ε Porosity or void ratio 𝜖 Emmisivity 𝜎 Stefan-Boltmann constant 𝛿 Fin thickness 𝜐 Kinematic viscosity (m2/s) 𝜌 Density of the fluid (kg/m3) 𝜎  Electric conductivity, [Ω-1⋅m-1⋅K-1] 

1. Introduction 

For the passive augmentation of the rate of heat transfer in thermal and electronic components, 
fins are widely used. In practice, the extended surfaces are attached to heat transfer devices and 
components to facilitate the rate of heat transfer from the prime surface. Further augmentation of 
the heat transfer has been achieved through the use of porous fins. Such important passive method 
of heat transfer enhancements has provoked several studies over the past decades. The importance 
of the extended surfaces has provoked a large volume of research in literatures. The theoretical 
investigations of thermal damage problems and heat transfer enhancement by the extended 
surfaces have attest to the facts that the controlling thermal models of the passive devices are 
always nonlinear. Consequently, the nonlinear thermal models have been successfully analyzed 
in the past studies with the aids of approximate analytical, semi-analytical, semi-numerical, and 
numerical methods. In such previous studies, Jordan et al. [8] adopted optimal linearization 
method to solve the nonlinear problems in the fin while Kundu and Das [9] utilized Frobenius 
expanding series method for the analysis of the nonlinear thermal model of the fin. Khani et al. 
[10] and Amirkolaei and Ganji [11] applied homotopy analysis method. In a further analysis, Aziz 
and Bouaziz [12], Sobamowo [13], Ganji et al. [14] and Sobamowo et al. [15] employed methods 
of weighted residual to explore the nonlinear thermal behaviour of fins. In another studies, 
methods of double decomposition and variation of parameter were used by Sobamowo [16] and 
Sobamowo et al. [17], respectively to study the thermal characteristics of fins. Also, differential 
transformation method has been used by some researchers such as Moradi and Ahmadikia [18], 
Sadri et al. [19], Ndlovu and Moitsheki [20], Mosayebidarchech et al. [21], Ghasemi et al. [22] 
and Ganji and Dogonchi [23] to predict the heat transfer behaviour in the passive devices. With 
the help of homotopy perturbation method, Sobamowo et al. [24], Arslanturk [25], Ganji et al. 
[26] and Hoshyar et al. [27] scrutinized the heat flow in the extended surfaces. With the aid of 
hybrid method of Laplace transformation and Legendre wavelet collocation, Jemiseye et al. [28] 
presented the transient heat transfer analysis of fin made of functionally graded materials for 
electronics cooling. Patel and Meher [29] utilized Adomian decomposition Sumudu transform 
method to study the thermal characteristics of the fin under the influence of magnetic field while 
Moradi et al. [30] explored homotopy analysis method to analyze the same problem. In another 
work, Shateri and Salahshour [31] used least-square method for the heat transfer analysis in the 
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longitudinal porous fins with various profiles and multiple nonlinearities. Sobamowo et al. [32] 
Laplace transform – Exp-function method to develop explicit exact solutions for nonlinear 
transient thermal models of a porous moving fin. To the best of the authors’ knowledge, optimal 
homotopy asymptotic method (OHAM) has not been applied to the fin problem. Consequently, in 
this work, the optimal asymptotic homotopy method is applied to carry out thermal analysis of 
convective-radiative porous fin with temperature-variant internal heat generation under the 
influence of magnetic field. Parametric studies are carried out and the results are discussed.  

2. Problem formulation 

In Fig. 1, it is consideration is given to a porous fin with temperature-invariant thermal 
properties allowing radiative and convective heat transfer. To thermally describe the behaviour of 
the passive device, assumptions is made that the heat flow porous medium is filled with fluid of 
single-phase. The solid portion of the extended surface is homogeneous and isotropic. The fin 
temperature changes only along its length and the condition of a perfect thermal contact between 
the prime surface and the fin base is assumed.  

 
Fig. 1. Schematic of the convective-radiative longitudinal porous fin [29] 

The unidirectional energy model based on the assumptions and with the aid of Darcy’s model 
is: 𝑑𝑑𝑥 𝑑𝑇𝑑𝑥 + 4𝜎3𝑘 𝛽 𝑑𝑇𝑑𝑥 − 𝜌𝛽𝑐 𝑔𝐾𝑣𝑘 𝐴 (𝑇 − 𝑇 ) − ℎ(1 − 𝜀)𝑃𝑘 𝐴 (𝑇 − 𝑇 )       − 𝜎𝑃 ∈𝑘 𝐴 (𝑇 − 𝑇 ) − 𝐉𝐜 × 𝐉𝐜𝜎𝑘 𝐴 𝐴 = 0. (1)

Eq. (1) can be expressed as: 𝑑 𝑇𝑑𝑥 + 4𝜎3𝑘 𝛽 𝑑𝑑𝑥 𝑑𝑇𝑑𝑥 − 𝜌𝛽𝑐 𝑔𝐾𝑣𝛿𝑘 (𝑇 − 𝑇 ) − ℎ(1 − 𝜀)𝑘 𝛿 (𝑇 − 𝑇 ) − 𝜎 ∈𝑘 𝛿 (𝑇 − 𝑇 )− 𝐉𝐜 × 𝐉𝐜𝜎𝑘 𝐴 𝐴 = 0. (2)

The boundary conditions are: 

𝑥 = 0,    𝑑𝑇𝑑𝑥 = 0, (3a)𝑥 = 𝐿,    𝑇 = 𝑇 . (3b)
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The term 𝑇  can be expressed as a linear function of temperature as: 𝑇 = 𝑇 + 4𝑇 𝑇 − 𝑇 + 6𝑇 𝑇 − 𝑇 +. . .≅ 4𝑇 𝑇 − 3𝑇 . (4)

Substitution of Eq. (6) into Eq. (5), results in: 𝑑 𝑇𝑑𝑥 + 16𝜎3𝑘 𝛽 𝑑 𝑇𝑑𝑥 − 𝜌𝛽𝑐 𝑔𝐾𝑣𝛿𝑘 (𝑇 − 𝑇 ) − ℎ(1 − 𝜀)𝑘 𝛿 (𝑇 − 𝑇 ) − 4𝜎𝑇 ∈𝑘 𝛿 (𝑇 − 𝑇 )− 𝐉𝐜 × 𝐉𝐜𝜎𝑘 𝐴 𝐴 = 0. (5)

It should be noted that: 𝐉𝐜 × 𝐉𝐜𝜎 = 𝜎 𝐵 𝑢 . (6)

Therefore: 𝑑 𝑇𝑑𝑥 + 16𝜎3𝑘 𝛽 𝑑 𝑇𝑑𝑥 − 𝜌𝛽𝑐 𝑔𝐾𝑣𝛿𝑘 (𝑇 − 𝑇 ) − ℎ(1 − 𝜀)𝑘 𝛿 (𝑇 − 𝑇 )       −𝜎𝑇 ∈𝑘 𝛿 (𝑇 − 𝑇 ) − 𝜎 𝐵 𝑢𝐴 𝑘 𝐴 (𝑇 − 𝑇 ) = 0. (7)

The magnetic field is taken to be temperature-dependent since the magnetic field varies 
temperature. 

Using the following nondimensional parameters in Eq. (8) on Eqs. (3) and (7): 

𝑋 = 𝑥𝐿 ,      𝜃 = 𝑇 − 𝑇𝑇 − 𝑇 ,    𝑅𝑎 = 𝑔𝛽𝑘(𝑇 − 𝑇 )𝐿𝑣𝛼𝑘 ,      𝑀 = ℎ𝐿𝑘 𝑡, 𝑅𝑑 = 4𝜎 𝑇3𝛽 𝑘 ,    𝑁𝑟 = 4𝜎 𝐿𝑇𝑘 𝑡 ,    𝐻 = 𝜎 𝐵 𝑢 𝐴𝐴 𝑘 . (8)

The following adimensional form of the governing Eq. (1) is developed: 𝑑 𝜃𝑑𝑋 + 4𝑅𝑑 𝑑 𝜃𝑑𝑋 − 𝑅𝑎𝜃 −𝑀 𝜃 − 𝑁𝑟𝜃 − 𝐻𝑎𝜃 = 0, (9)

and the adimensional boundary conditions: 

𝑋 = 0,    𝑑𝜃𝑑𝑋 = 0, (10a)𝑋 = 1,    𝜃 = 1. (10b)

3. Application of optimal asymptotic homotopy method 

In this section, application of optimal asymptotic homotopy method to the nonlinear model.  
For OHAM (developed by Marinca and Herizanu [33] and [34] and applied in other works 

[35-40], we choose the linear operators from Eq. (9) in the form: 

𝐿 𝜃 = 𝑑 𝜃𝑑𝑋 . (11)
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The initial approximation 𝜃 (𝑋) can be obtain as: 𝑑 𝜃𝑑𝑋 = 0, (12)

with the boundary conditions: 

𝑋 = 0, 𝑑𝜃𝑑𝑋 = 0,       𝑋 = 1,   𝜃 = 1. (13)

Last equation has solutions: 𝜃 (𝑋) = 1. (14)

Nonlinear operators corresponding to Eq. (9) and linear operator given in Eq. (14) is defined 
by: 𝑁 𝜃 = −𝛼𝜃 (𝑋) − 𝛽𝜃(𝑋), (15)

where: 

𝛼 = 𝑅𝑎(1 + 4𝑅𝑑) ,     𝛽 = 𝑁𝑐(1 − 𝜀) + 𝑁𝑟 + 𝐻(1 + 4𝑅𝑑) . 
By substituting Eq. (14) into Eq. (15), we can obtain the expression of 𝑁 𝜃 (𝑋) : 𝑁 𝜃 (𝑋) = −𝛼 − 𝛽. (16)

If we consider the first-order approximate solution for nonlinear differential Eq. (9): 𝜃(𝑋) = 𝜃 (𝑋) + 𝜃 (𝑋,𝐶 ), (17)

where 𝜃 (𝑋,𝐶 ) are obtained as: 𝑑 𝜃𝑑𝑋 = 𝑁 𝜃 (𝑋) ℏ(𝑋,𝐶 ), (18)

with boundary conditions: 

𝑋 = 0, 𝑑𝜃𝑑𝑋 = 0,        𝑋 = 1,   𝜃 = 0. (19)

Note that the convergence of the approximate solution 𝜃(𝑋) depends up on the auxiliary 
function ℏ(𝑋,𝐶 ), we can choose ℏ(𝑋,𝐶 ) as: ℏ(𝑋,𝐶 ) = 𝐶 + 𝐶 𝑒 + 𝐶 𝑒  + ⋯𝐶 𝑒 ( ) . (20)

By solving Eq. (18) with boundary condition Eq. (19), we obtained: 𝜃 (𝑋) = 12 (𝛽 − 𝛼) 29𝐶 (𝑒 − 𝑒 ) + 12𝐶 (𝑒 − 𝑒 ) + 2𝐶 (𝑒 − 𝑒 )       +(𝑋 − 1) 𝐶 𝑋 + 𝐶 + 2𝐶 + 𝐶 + 23𝐶 . (21)



THERMAL PERFORMANCE INVESTIGATION OF POROUS FINS WITH CONVECTION AND RADIATION UNDER THE INFLUENCE OF MAGNETIC FIELD 
USING OPTIMAL HOMOTOPY ASYMPTOTIC METHOD. M. G. SOBAMOWO, H. BERREHAL, A. B. AJAYI, O. K. ONANUGA, R. O. FAWUMI 

 MATERIAL SCIENCE, ENGINEERING AND APPLICATIONS. DECEMBER 2023, VOLUME 3, ISSUE 2 13 

Finally, the solution in Eq. (22) is obtained through Eqs. (14) and (21): 𝜃(𝑋) = 1 + 12 (𝛽 − 𝛼) 29𝐶 (𝑒 − 𝑒 ) + 12𝐶 (𝑒 − 𝑒 ) + 2𝐶 (𝑒 − 𝑒 )       +(𝑋 − 1) 𝐶 𝑋 + 𝐶 + 2𝐶 + 𝐶 + 23𝐶 , (22)

where 𝐶  is unknown parameters which can be obtained with Least-square method (LSM). In our 
study we choose 𝑝 = 4. For example, when 𝑅𝑎 = 0.3, 𝑅𝑑 = 0.4, 𝑁𝑐 = 0.3, 𝑁𝑟 = 0.5, 𝐻 = 0.6 
and ԑ, the values of constants are: 𝐶 = –3.034900727, 𝐶 = 6.159911506, 𝐶 = –6.848991138, 𝐶 = 2.590773069. 

Substituting these values in Eq. (22), we obtain 𝜃(𝑋) in a series form as follow: 𝜃(𝑋) = 2.652103740 − 2.463964602𝑒 + 0.6848991138𝑒        −0.1151443183𝑒 − 1.439594147𝑋 + 0.6069801454𝑋 . (23)

4. Efficiency of the fin 

The fin efficiency is the ratio of the rate of heat transfer rate by the fin to the rate of heat 
transfer that would be if the entire fin were at the base temperature. Efficiency of the fin is an 
indication of thermal performance and is given by: 

𝜂 = 𝜌𝑐 𝑔𝐾𝛽𝑘 𝑡𝑣 (𝑇 − 𝑇 ) + ℎ𝑘 𝑡 (𝑇 − 𝑇 ) + 4𝜎𝜀𝑇𝑘 𝑡 (𝑇 − 𝑇 ) + 𝜎𝐵 𝑢𝑘 𝐴 (𝑇 − 𝑇 ) 𝑑𝑥𝜌𝑐 𝑔𝐾𝛽𝑘 𝑡𝑣 (𝑇 − 𝑇 ) + ℎ𝑘 𝑡 (𝑇 − 𝑇 ) + 4𝜎𝜀𝑇𝑘 𝑡 (𝑇 − 𝑇 ) + 𝜎𝐵 𝑢𝑘 𝐴 (𝑇 − 𝑇 ) . (24)

Using the dimensional parameters in Eq. (17), we arrived at: 

𝜂 = 𝑅𝑎 𝜃 𝑑𝑋 + 𝑁𝑐(1 − 𝜀) + 𝑁𝑟 + 𝐻 𝜃𝑑𝑋𝑅𝑎 + 𝑁𝑐(1 − 𝜀) + 𝑁𝑟 + 𝐻 . (25)

5. Results and discussion 

The OAHM solutions are simulated for the purpose of graphical illustrations, sensitivity and 
parametric investigations. Table 1 presents the verifications of results of the OAHM, numerical 
method (NUM) and differential transformation method (DTM). Although, the DTM provides 
higher accurate results than OAHM as compared to the results of NM. The higher accuracy is due 
to the large number of terms (18 terms) in the solutions of DTM as compared to the small number 
of terms (2 terms). This proves that OAHM is a very convenient mathematical method for the 
analysis of nonlinear fin thermal models. Also, Table 2 shows the comparison of the results of the 
present study with the results of the other methods in the previous studies as presented by Patel 
and Meher [29]. From the results in the table, the validity and superiority of the optimal homotopy 
asymptotic method are established as the method presents better results with the results of the 
numerical method.  

The significance of various parameters of the nonlinear model on the thermal management 
enhancement of thermal systems using the solutions presented are graphical represented for pictorial 
discussion in Figs. 2-11. The results illustrate that the augmentations of the conductive-radiative, 
conductive-convective, porosity and magnetic field cause the extended surface adimensional 
temperature to reduce as a result of increased rate of heat flow via the passive device. The graphical 
illustrations show that the efficiency and effectiveness of the fin is high at low values of the 
radiative-conductive, convective-conductive, porosity and magnetic field parameters. 
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Table 1. Comparative of results methods using OAHM, DTM and NUM for 𝜃(𝑋)  
when 𝑅𝑑 = 0.5, 𝜀 = 0.1, 𝑅𝑎 = 0.4, 𝑁𝑐 = 0.3, 𝑁𝑟 = 0.2, 𝐻 = 0.1 

X NUM [35] DTM Ordre 18 [35] OAHM Ordre 1 Difference 1 Difference 2 
0.0 0.86349923 0.86349915 0.86349987 0.00000008 0.00000064 
0.1 0.86481708 0.86481703 0.86481420 0.00000005 0.00000288 
0.2 0.86877626 0.86877619 0.86877319 0.00000007 0.00000307 
0.3 0.87539340 0.87539333 0.87539383 0.00000007 0.00000043 
0.4 0.88469650 0.88469643 0.88469975 0.00000007 0.00000325 
0.5 0.89672509 0.89672504 0.89672757 0.00000005 0.00000248 
0.6 0.91153065 0.91153060 0.91152929 0.00000005 0.00000136 
0.7 0.92917705 0.92917701 0.92917206 0.00000004 0.00000499 
0.8 0.94974120 0.94974116 0.94973660 0.00000004 0.00000460 
0.9 0.97331376 0.97331372 0.97331485 0.00000004 0.00000109 
1.0 1.00000000 1.00000000 1.00000741 0.00000000 0.00000741 
Difference 1 = │𝜃 –𝜃 │, Difference 2 = │𝜃 –𝜃 │ 

Table 2. Comparative of the results of methods using OHAM, ADSTM and LSM  𝑁𝑟 = 0.3, 𝑁𝑐 = 0.4,𝐻 = 0.9, 𝑅𝑑 = 0.5 and 𝑅𝑎 = 0.1 
X NUM  ADSTM [29] LSM [36]  OAHM 

0.0 0.781820729 0.781820594 0.781820569 0.781820657 
0.1 0.783904154 0.783904049 0.783904760 0.783904121 
0.2 0.790166187 0.790166063 0.790165668 0.790166132 
0.3 0.800641805 0.800641676 0.800641589 0.800641734 
0.4 0.815389668 0.815389550 0.815389906 0.815389592 
0.5 0.834492509 0.834492402 0.834492969 0.834492478 
0.6 0.858057690 0.858057590 0.858057970 0.858057623 
0.7 0.886217964 0.886217887 0.886217828 0.886217919 
0.8 0.919132513 0.919132442 0.919132060 0.919132480 
0.9 0.956988020 0.956987943 0.956987665 0.956987985 
1.0 1.000000000 1.000000000 1.000000000 1.000000000 

The impacts of convective-conductive, radiative-conductive and porosity parameters on the 
adimensional temperature distribution in the passive device is graphically illustrated in Fig. 2. The 
figure shows that as the convection-radiative increases the adimensional temperature in the fin 
increases. This also means that the local temperature in the extended surface increases as the 
conduction-convection parameter increases. 

 
Fig. 2. Effects of conductive-radiative  

on the temperature distribution 

 
Fig. 3. Effects of porous parameter  

on the temperature distribution 

It is presented in Fig. 3 about the impact of porosity on the extended surface temperature 
behaviour. The graphical illustrations show that the amplification of parameter of porosity 
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(Rayleigh number) causes the passive device temperature to be lessened because of the increased 
permeability allowed by the fin. 

Figs. 4 and 5 display the effects of convective-conductive and radiative-conductive parameters 
on the fin temperature behaviour. It is shown that the rise of the conductive-radiative, and 
conductive-convective cause the extended surface adimensional temperature to fall as a result of 
increased rate of heat flow via the fin. The graphical illustrations show that the efficiency and 
effectiveness of the fin is high at low values of the radiative-conductive, convective-conductive, 
porosity and magnetic field parameters. 

 
Fig. 4. Effects of convective parameter  

on the temperature distribution 

 
Fig. 5. Effects of radiative parameter  

on the temperature distribution 
 

 
Fig. 6. Effects of magnetic parameter  

on the temperature distribution 

 
Fig. 7. Effects of porosity/void ratio  

on the temperature distribution 

Fig. 6 displays the effect of value of magnetic field or Lorentz force on the fin temperature 
behaviours. It is illustrated that when the value of the parameter of the magnetic field increase, the 
passive device temperature decrease. The graphical illustrations show that the efficiency and 
effectiveness of the fin is high at low values of the magnetic field parameters. 

The effects of convective-conductive, radiative-conductive, magnetic field and porous 
parameters on the thermal efficiency of the fin are presented in Figs. 8, 9 and 10 while the effect 
of porosity or void ratio on the fin thermal efficiency is shown in Fig. 11. It is shown in the figures 
that when the convective-conductive, radiative-conductive, porosity and magnetic field 
parameters rise, the passive device efficiency falls.  
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Fig. 8. Effects of convective parameter  

on the thermal efficiency 

 
Fig. 9. Effects of radiative parameter  

on the thermal efficiency 
 

 
Fig. 10. Effects of porous parameter  

on the temperature distribution 

 
Fig. 11. Effects of porosity/void ratio  

on the temperature distribution 

6. Conclusions 

In this work, optimal asymptotic homotopy method has been used to investigate the heat 
transfer characteristics of a convective-radiative porous fin with temperature-invariant thermal 
conductivity. The effect of various parameters of the nonlinear model on the thermal management 
enhancement of thermal systems have been explored using the solutions presented by the 
approximate analytical method. The graphical representations of the thermal behaviour of the 
extended surfaces have been presented and the results have been discussed. The study has showed 
that the augmentations of the conductive-radiative, conductive-convective, porosity and magnetic 
field cause the extended surface temperature to reduce as a result of increased rate of heat flow 
via the passive device. The graphical illustrations show that the efficiency and effectiveness of the 
fin is high at low values of the radiative-conductive, convective-conductive, porosity and magnetic 
field parameters. This study will assist in proper thermal analysis of fins and will help in the 
passive device design. 
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