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Abstract. The lapping and polishing operations are of the most important ones considering the 
finishing treatment of machine parts. These operations can be performed by numerous methods, 
among which the vibration-driven ones are of the most widespread. The present paper is focused 
on studying the dynamic behavior of the vibratory finishing machine providing the single-sided 
lapping and polishing of flat surfaces of cylindrical and prismatic parts. The major scientific 
novelty of this research consists in an improved control technique of generating the translational 
oscillations of the lapping (polishing) plates by means of implementing the double-magnet 
excitation system. In order to investigate the machine’s double-mass vibratory system dynamics, 
the corresponding mathematical model is developed using the Lagrange-d’Alembert principle. 
The numerical modeling is carried out with the help of the Mathematica software and presents the 
time dependencies of the lapping (polishing) plates kinematic parameters. The simplified 
experimental prototype of the vibratory lapping machine is developed and tested under different 
operational conditions. The proposed design ideas and obtained theoretical and experimental 
results can be effectively used by the designers of lapping and polishing equipment, as well as by 
the technologists implementing new techniques of finishing treatment. 
Keywords: finishing treatment, circular oscillations, excitation system, double-mass vibratory 
system, mathematical model, numerical modeling, experimental prototype, lapping machine. 

1. Introduction 

The finishing treatment of machine parts can be performed by numerous methods, particularly 
by lapping and polishing. These operations are thoroughly studied in numerous research papers. 
In [1], the authors studied the influence of the lap’s kinematic on its wear characteristics effecting 
the quality and efficiency of the finishing treatment. Similar research is presented in [2], where 
the authors studied the unconventional lapping machine providing the single-sided treatment of 
flat surfaces. The problems of defining the friction conditions taking place during the lapping 
process are analyzed in [3]. The paper [4] is focused on modeling the relationships between the 
lapping conditions, physical and mechanical properties of the workpiece and abrasive medium, 
and the necessary roughness of the surface being treated. In order to improve the efficiency of the 
lapping process and the quality of the lapped surfaces, in [5], there is proposed the novel design 
of the planetary-type driving system for the single-sided lapping machine. Another innovative 
design of the liquid metal lapping (polishing) plate with a self-shaping ability is proposed in [6]. 
The double-sided lapping process performed in the eccentric-type rotary machine is thoroughly 
studied in [7] on an example of the finishing treatment of the bearing rollers cylindrical surfaces.  

In the vast majority of lapping machines, particularly those considered in the papers [1]-[7], 
the surface treatment is performed with the help of the planetary-type driving mechanisms 
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characterized by the complex trajectories (paths) of the working (lapping, polishing) plates or the 
part being treated, and their nonuniform relative velocities. These facts significantly decrease the 
efficiency of the finishing treatment, reduce the quality of the treated surfaces and intensify the 
lapping (polishing) tools wear processes. Therefore, there is a number of investigations dedicated 
to implementing the robotic systems for performing the finishing treatment with improved 
efficiency and accuracy. For example, in [8] the authors developed the novel design and control 
system of the parallelogram-type 5-axis manipulating mechanism with the 3-axis gantry machine 
for performing automatic lapping processes. Despite numerous advantages of such systems, they 
are characterized by the design complexity and expensive control systems. 

Along with the traditional lapping and polishing operations, the vibratory finishing treatment 
is also widespread. The general overview of the vibratory finishing processes is presented in [9]. 
The paper [10] presents the results of the mathematical modeling and experimental investigations 
of dynamic behavior of the bowl-type vibratory finishing machine. In [11], the authors developed 
the improved mathematical model of the vibratory polishing processes, which more accurately 
predicts the surface roughness evolution. In [12], the kinematics of the abrasive medium during 
the vibratory finishing process is studied, and the material removal intensity model is proposed 
and experimentally tested. Another mathematical model describing the process of the volumetric 
vibration finishing treatment of various machine parts fixed in the rotary devices is derived and 
numerically solved in [13]. In most cases, the vibratory operational principles are implemented in 
the bowl-type finishing machines, whilst for the lapping and polishing operations on the flat 
surfaces the traditional planetary-type equipment is usually use. 

The present paper continues the authors’ previous investigations, particularly those presented 
in [13]-[15]. Unlike the paper [13] studying the volumetric vibration finishing treatment, in [14] 
there is proposed and investigated a novel design of the vibratory lapping machine with circular 
oscillations of the working plates (the lap and the carrier with the parts being treated). The paper 
[15] is focused on studying the dynamic behavior of the vibratory plate compactor equipped with 
the crank-type inertial vibration exciter. The present research is dedicated to the dynamics of the 
vibratory finishing machine providing the single-sided lapping (polishing) of flat surfaces. The 
major novelty of this paper consists in improving the control system of the double-magnet 
vibration exciter used for generating the translational oscillations of the working plates. 

2. Research methodology 

2.1. General idea and mathematical model of the machine’s oscillatory system 

One of the main ideas of this paper consists in developing the double-mass vibratory machine 
for carrying out the single-sided lapping (polishing) of flat surfaces (see Fig. 1). 

The machine’s body consists of the stationary frame assembled of the unmovable upper and 
lower plates (positions 1 and 8, respectively), and rigid vertical rods 2. The double-mass 
oscillatory system is suspended from the upper plate 1 by the flexible ropes (cables) 3. The upper 
lap 4 is connected with the lower plate 7 by a set of the coil springs 5. The parts 6 being treated 
are fixed on the lower plate 7. The horizontal periodic disturbing force 𝐹 is applied between the 
lap 4 and plate 7, and is directed along the springs’ longitudinal axes. 

Using the Lagrange-d’Alembert principle, let us derive the simplified mathematical model of 
the oscillatory system motion based on the following differential equations: 𝑚ଵ𝑥ሷଵ + 𝑐ଵሺ𝑥ሶଵ − 𝑥ሶଶሻ + 𝑘ଵሺ𝑥ଵ − 𝑥ଶሻ = 𝐹ሺ𝑡ሻ, (1)𝑚ଶ𝑥ሷଶ + 𝑐ଵሺ𝑥ሶଶ − 𝑥ሶଵሻ + 𝑘ଵሺ𝑥ଶ − 𝑥ଵሻ = −𝐹ሺ𝑡ሻ, (2)

where 𝑥ଵ, 𝑥ଶ denote the time functions of the upper lap and lower plate displacements; 𝑚ଵ, 𝑚ଶ 
are the masses of the lap and plate, respectively; 𝑘ଵ is the stiffness coefficient of the coil springs; 𝑐ଵ is the viscous friction coefficient taking into account the energy dissipation during the lap 
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sliding over the parts being treated. This coefficient depends on numerous factors: lapping 
conditions, physical and mechanical properties of the lap’s and parts’ materials, specific features 
of the abrasive medium, etc., and can be determined experimentally. The characteristics of the 
periodic disturbing force 𝐹ሺ𝑡ሻ depend on the drive and control type, and are considered below. 

 
Fig. 1. Calculation diagram of the lapping machine’s oscillatory system 

2.2. Design diagram and experimental prototype of the vibratory lapping machine 

Based on the proposed design idea of the double-mass oscillatory system (Fig. 1), the 
corresponding 3D-model of the vibratory lapping machine has been developed in the SolidWorks 
software (see Fig. 2(a)). Its experimental prototype has been implemented at the Vibroengineering 
Laboratory of Lviv Polytechnic National University (see Fig. 2(b)). The machine’s frame 1 is 
welded using the square-shape tubes. The lower plate 2 is suspended from the flexible metal ropes 
(cables) 3 and is made of the mild (soft) AISI 1018 steel. Two driving electromagnets  
(push-pull-type linear solenoids ZUIDID KK-0520B) 4 are radially and oppositely fixed on the 
lower plate 2. The retractable rods (armatures) of the electromagnets 4 are spring-loaded and 
connected with the upper lap 5. The thin coat of the fine-grained abrasive medium Abro GP-201 
is applied between the contacting surfaces of the lower plate 2 and the upper lap 5. The latter is 
made of the synthetic-resin bonded (SRB) paper laminate. 

 
a) 

 
b) 

Fig. 2. General design of the vibratory lapping machine: a) 3D-model; b) experimental prototype 
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3. Results and discussion 

3.1. Developing the control system for the electromagnetic drive 

In order to provide the efficient near-resonance operation of the lapping machine’s oscillatory 
system, it is expedient to ensure the possibilities of changing the forced frequency and the maximal 
displacements of the electromagnets’ retractable rods. The corresponding control system has been 
developed using the Arduino software and hardware (Fig. 3). It provides the controllable forced 
frequency and supplying voltage of the electromagnets with the necessary phase (time) shifts. The 
phases of the electromagnets operation are opposite, and the corresponding control signals take 
the rectangular shape. 

 
a) 

 
b) 

Fig. 3. Control system of the lapping machine’s drive: 1) voltage regulator;2) voltage sensor; 3) driver; 
4) Arduino controller; 5) electromagnet; 6) keyboard; 7) visual display; 8) oscilloscope 

3.2. Numerical modeling of the lapping process 

The mathematical modeling of the machine operation is carried out in the Mathematica 
software using the integrated Runge-Kutta methods. Using the 3D-model of the lapping machine, 
and the implemented experimental prototype, let us define the following input parameters of the 
differential Eq. (1) and (2): 𝑚ଵ = 0.42 kg, 𝑚ଶ = 1.25 kg, 𝑘ଵ = 102 N/m, 𝑐ଵ = 20 N∙s/m, forced 
frequency 𝑓 = 16 Hz (period 𝑇 = 0.0625 s). The disturbing force 𝐹 is generated by the developed 
control system and can be described as follows: 𝐹ሺ𝑡ሻ = ൜4 N, 0 + 2𝜋𝑛 ≤ 𝑡 < 0.5𝑇 + 2𝜋𝑛,−4 N, 0.5𝑇 + 2𝜋𝑛 ≤ 𝑡 < 𝑇 + 2𝜋𝑛, 𝑛 = 0, 1, 2, 3, … . (3)
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The results of numerical modeling are presented in the form of the graphical time dependencies 
of the upper lap and the lower plate displacements (𝑥), velocities (𝑉), and accelerations (𝑎). The 
maximal acceleration of the lap reaches 9 m/s2, whilst its maximal displacement (oscillation 
amplitude) is about 0.8 mm. Considering the lower plate, its maximal acceleration is about 3 m/s2, 
and the oscillation amplitude is equal to 0.27 mm. Based on the obtained results, it can be 
concluded that the oscillatory system’s relative motion parameters characterizing the lapping 
process reach the following maximal values: displacement – 1.1 mm; velocity – 0.12 m/s; 
acceleration – 12 m/s2. 

 
Fig. 4. Numerical modeling results of the lapping machine’s oscillatory system motion 

4. Experimental investigations of the machine operation 

The experiments have been carried out at the forced frequency of 16 Hz. The absolute 
acceleration of the upper lap has been registered by the WitMotion BWT901CL accelerometer. 
The obtained experimental data (Fig. 5(a)) has been interpolated and numerically integrated using 
the built-in algorithms in the Mathematica software. The experimentally measured time 
dependencies of the lap velocity (Fig. 5(b)) and displacement (Fig. 5(c)) satisfactorily agree with 
the results of numerical modeling presented above (see Fig. 4). 

 
a) 

 
b) 

 
c) 

Fig. 5. Results of the experimental study of the lap motion: a) acceleration; b) velocity; c) displacement 
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5. Conclusions 

The present research is dedicated to the dynamics of the double-mass vibratory lapping 
(polishing) machine providing the single-sided treatment of the flat surfaces. The mathematical 
model of the machine’s double-mass vibratory system is developed using the 
Lagrange-d’Alembert principle. The simplified experimental prototype of the vibratory lapping 
machine with double-magnet excitation system is designed in the SolidWorks software and 
implemented in practice. The corresponding control system ensuring the efficient near-resonance 
operation is developed based on the Arduino software and hardware. The numerical modeling of 
the lapping process is carried out with the help of the Mathematica software. According to the 
theoretical and experimental results, the maximal acceleration of the lap reaches 9 m/s2, whilst its 
maximal displacement (oscillation amplitude) is about 0.8 mm. The proposed design ideas and 
obtained research results can be effectively used while designing the novel lapping and polishing 
equipment, and while implementing new techniques of finishing treatment. 
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