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Abstract. The lateral vibration of drill string causes well deviation and the collision between drill 
collar and sidewall, and severe lateral vibration even affects the drilling safety or reliability. In 
view of the problems above, the lateral vibration characteristics of drill string need to be analyzed. 
Therefore, a newly vibration-collision model of BHA (bottom hole assembly) with random 
collision characteristics is proposed in this paper. Firstly, the dynamic model of drill collar with 
double stabilizer is presented by utilizing the Lagrange equations. Secondly, the dynamic 
characteristics of drill collar in air and mud drilling is analyzed with different collision 
frequencies. Subsequently, the displacement and motion trajectory of drill collar under different 
structure parameters of BHA and mechanical parameters of system are investigated by numerical 
simulation. Finally, the influence of rotation speed of BHA and length of drill collar on lateral 
vibration of drill collar is discussed. The results indicate that the lateral vibration of drill collar in 
air drilling is more serious than that in mud drilling; and the higher the collision frequency, the 
more severe the lateral vibration. Improving rotation speed of BHA, length of drill collar and 
WOB (weight on bit) have promoting influence on lateral vibration of drill collar; however, 
increasing stabilizer diameter has suppressing influence on lateral vibration of drill collar. The 
research findings give reasonable guidance for structure design of BHA and selection of 
mechanical parameters of system. 
Keywords: drill string dynamics, air drilling, random collision, lateral vibration. 

1. Introduction 

In the drilling of vertical well, dual-stabilizer BHA (bottom hole assembly) is widely applied 
to control the well deviation. However, well deviation is still appeared in the process of air and 
mud drilling [1-3]. As the transverse vibration of BHA is more acute in air drilling, the well 
deviation in air drilling process is more severe than that in mud drilling process, which leads to 
increase of collision frequency between drill collar and sidewall [4, 5]. Therefore, dynamic 
characteristics of BHA is a complex coupling behavior between vibration and collision in the drill 
string system. On the vibration analysis of BHA, some ideas can be obtained from the research of 
Jena et al. [6, 7]. These findings will provide guidance for the follow-up work of drill string 
mechanics. 

Due to the complexity of drilling conditions, the motion of drill string includes axial, torsional 
and lateral vibration in the actual drilling engineering, furthermore, the lateral vibration of BHA 
determining the degree of well deviation should be seriously studied [8-10]. To explore the 
transverse vibration of BHA, many scholars have presented some methods for studying the motion 
characteristics of BHA, which can give support for analyzing adverse effects caused by transverse 
vibration of BHA. On account of the high slenderness ratio of the BHA, the transverse vibration 
model of BHA can be established based on Euler-Bernoulli beam theory; in this case, the 
governing equation is effectively simplified. The governing equations of transverse vibration of 
BHA under axial load and interaction with sidewall were established by Yigit et al. by applying 
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the assumed modes method [11, 12]. Chen et al. [13] applied an improved transfer matrix method 
to analyze the lateral vibration of BHA, which is suitable for drill string subjected to large axial 
load. Besides, added mass coefficient caused by mud-drill string interaction affecting on lateral 
vibration is explored. Subsequently, to consider the force caused by bit-rock interaction, a 
stochastic dynamic approach is introduced into investigation of lateral vibration by Spanos, which 
can solve the uncertainty of force on the bit [14]. For decreasing the lateral vibration of BHA, Zhu 
and Di [15] presented a prebent structure of drill collar between the two stabilizers, who 
demonstrated that the lateral vibration is obviously affected by prebent deflection, and the severe 
whirling motion of BHA can be effectively prevented by designing a reasonable prebent 
deflection. On the basis of Zhu’s research, Wang et al. [16] investigated the influence of bend 
angle on well deviation control mechanism, and the control ability of well deviation is evaluated 
by the dynamic bit lateral force. Meanwhile, the field experiment shows that the prebent structure 
of drill collar performs an excellent deviation control effect. However, the above-mentioned 
articles mainly concentrated on the research of lateral displacement of BHA, the whirling of BHA 
affected on lateral vibration is neglected. In view of this phenomenon, Marcin et al. [17] adopted 
a nonsmooth lumped parameter model to analyze the whirling of drill string, and various types of 
whirling motion are revealed. In the following years, to demonstrate the reliability of model for 
whirling of drill string, a new type of experimental rig was applied to study the forward and 
backward whirling of BHA by Marcin et al. [18]. The co-existing state of forward and backward 
whirling of BHA was firstly observed in experiments. To avoid complicated derivation and 
solution, the lateral vibration of drill-string was analyzed by many scholars based on finite element 
method. In addition, the finite element model of drill string can be established with reference to 
the modeling method by Jena et al. [19]. According to the beam-column theory and finite element 
method, Wang et al. [20] proposed a model to explore the transverse vibration of BHA, and an 
indoor experiment was implemented to demonstrate the accuracy of the model. In view of Wang’s 
research, Li et al. [21] presented a new experimental setup to investigate the lateral motion of 
BHA, and the motion mechanism of BHA was analyzed. However, the researches above only 
considered the lateral motion of BHA, and the influence of drill string above BHA was ignored. 
Consequently, to solve this problem, Li et al. [22] proposed a new model with full-dimensional 
beam elements by using the finite element method, and the static-kinetic friction model was 
considered. To better study the dynamic behavior of drill string, Zhu et al. [23] analyzed the 
buckling response of drill string when the lateral vibration is considered, which can evaluate the 
critical buckling and working security of drill string. Furthermore, for analyzing the transverse 
vibration of drill-string in curved well, a beam finite element method was presented by Cai et al. 
[24]; different with the previous well structure, the curved well consists of vertical section, 
deflecting section and horizontal section. The above-mentioned research solved many problems 
existed in the drilling engineering and provided theoretical guidance for the new lateral vibration 
model, but the vibration-collision mechanism of dual-stabilizer BHA system with random 
collision characteristics is less explored. Therefore, according to the findings above, a new model 
with random collision between stabilizers and sidewall is proposed to determine the vibration of 
BHA; in this case, the relationship among lateral vibration, random collision and parameter 
variation in the drill string system can be ascertained. 

2. Dynamic model of drill collar with double stabilizer 

Fig. 1(a) shows the structure of BHA in a vertical well. It usually consists of stabilizers, drill 
bit and drill collar. Viewed from the positive z axis, the system of drill string rotates clockwise 
with an angular velocity Ω. In addition, Fig. 1(b) shows the schematic diagram of drill collar 
cross-section A-A. The transverse vibration of drill collar between double stabilizer is investigated 
in this paper. To obtain the motion equations of drill collar, the formulas for calculating the virtual 
work, potential energy and kinetic energy need to be given. 
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a) The sketch of BHA 

 
b) Section A-A 

Fig. 1. The sketch of the system 

2.1. Kinetic energy 

The total kinetic energy includes translational energy and rotational kinetic energy of drill 
collar, which is expressed as: 

𝑇 = 12න ൫𝜌𝐴𝑉ଶ + 𝜌𝐴𝑉ଶ + 𝐽௫𝜔௫ଶ + 𝐽௬𝜔௬ଶ + 𝐽௭𝜔௭ଶ൯𝑑𝑧
 , (1)

where, 𝐿 is the length of drill collar between two stabilizers, 𝜌 and 𝜌 are the density of drill 
collar and circulation medium of drilling, respectively. 𝐴 and 𝐴 are the cross-section area of 
drill collar and circulation medium inside the drill collar, respectively. 𝑉 and 𝑉 are the velocity 
of mass center of drill collar and circulation medium at the distance 𝑧, respectively, which can be 
given as: 𝐕 = ሺ𝑢ሶ + 𝑒ΩcosΩ𝑡ሻ𝐢 + ሺ𝑣ሶ − 𝑒ΩsinΩ𝑡ሻ𝐣 + 𝑤ሶ 𝐤, (2)𝐕 = 𝑢ሶ 𝐢 + 𝑣ሶ 𝐣 + 𝑤ሶ 𝐤, (3)

where 𝑢, 𝑣 and 𝑤 are the displacements in the 𝑥, 𝑦 and 𝑧 directions, respectively. 𝐢, 𝐣 and 𝐤 are 
the unit vectors in the 𝑥, 𝑦 and 𝑧 directions, respectively. 𝑒 represents the eccentricity of mass 
center relative to the geometrical center of drill collar. Symbol (·) indicates derivative with respect 
to time 𝑡. 𝐽௫ and 𝐽௬ indicate the transverse inertia moments of drill-collar with unit length relative 
to 𝑥 and 𝑦 axes, respectively. 𝐽௭ indicates the rotational inertia moment of drill-collar with unit 
length relative to 𝑧 axis. Therefore, the mass inertia moment of drill-collar with unit length are 
written as: 𝐽௫ = 𝐽௬ = 𝜌𝐼,𝐽௭ = 2𝜌𝐼,  (4)

where, 𝐼 expresses the area inertia moment of drill collar with unit length. 𝜔௫, 𝜔௬ and 𝜔௭ denote 
the angular velocity components of drill collar at position 𝑧 in the 𝑥, 𝑦 and 𝑧 directions, 
respectively. According to the previous research, the components of angular velocity are written 
as: 
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𝜔௫ = 𝛾ሶଵcos𝛾ଶ − Ωcos𝛾ଵsin𝛾ଶ,𝜔௬ = 𝛾ሶଶ + Ωsin𝛾ଵ,𝜔௭ = 𝛾ሶଵsin𝛾ଶ + Ωcos𝛾ଵcos𝛾ଶ, (5)

where 𝛾ଵ and 𝛾ଶ represent the rotation angle generated by bending of BHA relative to 𝑥 and 𝑦 
axes, respectively. Based on the small deformation hypothesis, and the torsional deformation of 
drill collar is ignored, the Eq. (5) can be simplified as: 𝜔௫ = 𝛾ሶଵ − Ω𝛾ଶ,𝜔௬ = 𝛾ሶଶ + Ω𝛾ଵ,𝜔௭ = 𝛾ሶଵ𝛾ଶ + Ω . (6)

The shear deformation of rotational drill collar is neglected, the rotation angles expressed by 
the deflection are given as: 

𝛾ଵ = −𝜕𝑣𝜕𝑧 ,𝛾ଶ = 𝜕𝑢𝜕𝑧 .  (7)

Substituting Eqs. (2-7) into the kinetic energy, and the axial vibration is neglected, the equation 
is deduced as: 

𝑇 = 12න ቐ𝜌𝐴ሾ𝑢ሶ ଶ + 𝑣ሶ ଶ + 2𝑒Ωሺ𝑢ሶ cosΩ𝑡 − 𝑣ሶsinΩ𝑡ሻ + 𝑒ଶΩଶሿ + 𝜌𝐴ሺ𝑢ሶ ଶ + 𝑣ሶ ଶሻ   +𝜌𝐼 ቈ൬𝜕𝑣ሶ𝜕𝑧൰ଶ + ൬𝜕𝑢ሶ𝜕𝑧൰ଶ − 2Ω൬𝜕𝑣𝜕𝑧൰ ൬𝜕𝑢ሶ𝜕𝑧൰ − 2Ω൬𝜕𝑣ሶ𝜕𝑧൰ ൬𝜕𝑢𝜕𝑧൰ + 2Ωଶ ቑ𝑑𝑧
 . (8)

By analyzing the regularity of lateral vibration of drill collar, and utilizing the assumed-modes 
method, the first-order expression of lateral deflection of drill collar is given as: 𝑢 = 𝑟ሺ𝑡ሻsin𝜋𝑧𝐿 sin𝜃,𝑣 = 𝑟ሺ𝑡ሻsin𝜋𝑧𝐿 cos𝜃, (9)

where, 𝑟 is the radial displacement of drill string at distance 𝑧 = 𝐿/2, which is one of the 
generalized coordinates of lateral vibration of BHA. Besides, 𝜃 is expressed the rotation angle of 
radial displacement of drill string, which is another generalized coordinate of lateral vibration of 
BHA. 

Substituting Eq. (9) into Eq. (8), the final form of kinetic energy is obtained as: 

𝑇 = 𝜌𝐴2 ቈ𝑟ሶ ଶ𝐿2 + 𝑟ଶ𝜃ሶ ଶ𝐿2 + 4𝑒Ω𝐿𝜋 𝑟ሶsinሺ𝜃 − Ω𝑡ሻ + 4𝑒Ω𝐿𝜋 𝑟𝜃ሶcosሺ𝜃 − Ω𝑡ሻ + 𝑒ଶΩଶ𝐿
      +𝜌𝐴2 ቈ𝑟ሶ ଶ𝐿2 + 𝑟ଶ𝜃ሶ ଶ𝐿2   
      +𝜌𝐼2 ቈ𝜋ଶ2𝐿 𝑟ሶ ଶ + 𝜋ଶ2𝐿 𝑟ଶ𝜃ሶ ଶ − 𝜋ଶΩ𝐿 𝑟𝑟ሶsin2𝜃 − 𝜋ଶΩ𝐿 𝑟ଶ𝜃ሶcos2𝜃 + 2Ωଶ𝐿. 

(10)

2.2. Potential energy 

For the drill collar subjected to axial force and bending deformation, the potential energy is 



VIBRATION-COLLISION MECHANISM OF DUAL-STABILIZER BOTTOM HOLE ASSEMBLY SYSTEM IN VERTICAL WELLBORE TRAJECTORY.  
PAN FANG, KANG YANG, GAO LI, QUNFANG FENG, SHUJIE DING 

230 JOURNAL OF VIBROENGINEERING. MARCH 2023, VOLUME 25, ISSUE 2  

given by: 

𝑈 = 12න ൝𝐸𝐼 ቆ𝜕ଶ𝑢𝜕𝑧ଶቇଶ + ቆ𝜕ଶ𝑣𝜕𝑧ଶቇଶ൩ − 𝑃 ቈ൬𝜕𝑢𝜕𝑧൰ଶ + ൬𝜕𝑣𝜕𝑧൰ଶൡ 𝑑𝑧
 , (11)

where, 𝑃 is the axial force; in this study, the axial force of drill collar between two stabilizers is 
approximately equal to WOB (weight on bit). 𝐸𝐼 indicates the flexural rigidity of drill collar. 
Introducing Eq. (9) into Eq. (11), the potential energy is derived as: 

𝑈 = 𝐸𝐼𝜋ସ4𝐿ଷ 𝑟ଶ − 𝑃𝜋ଶ4𝐿 𝑟ଶ. (12)

When 𝑟 > 𝑠, the stabilizer will contact the sidewall. Thus, equivalent stiffness of the 
drill-collar 𝑘 is given by: 

𝑘 = 1𝑟 − 𝑠 𝜕𝑈𝜕𝑟 , (13)

where, 𝑠 is the clearance between stabilizer and sidewall. The purpose for solving the stiffness 
of drill collar is to equivalent the potential energy to a restoring force, which is simplifying the 
derivation of motion equation of drill collar. 

2.3. Virtual work 

In this study, the virtual work includes four parts, which are from equivalent restoring force 𝐹, contact force between drill collar and sidewall 𝐹, air damping 𝐹ௗ and gyroscopic moment 𝐹, 
respectively. The formula of virtual work can be expressed as: 𝛿𝑊 = 𝛿𝑊ிೖ + 𝛿𝑊ி + 𝛿𝑊ி + 𝛿𝑊ி . (14)
 

 
a) Ipsilateral contact 

 
b) Random contact c) Projection in 𝑥-𝑦 plane 

Fig. 2. The contact model between stabilizers and sidewall 

The virtual work of restoring force can be given as: 𝛿𝑊ிೖ = 𝐹,𝛿𝑟 + 𝐹,ఏ𝑟𝛿𝜃, (15)

where 𝐹, and 𝐹,ఏ indicate the normal component and tangential component of equivalent 
restoring force 𝐹, respectively. Besides, the restoring force is generated by the interaction of the 
stabilizer with the sidewall. In previous studies, the contact model between stabilizers and sidewall 
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shown in Fig. 2(a) was applied to calculate the restoring force, which means that the contact points 
between two stabilizers and sidewall are in the same plumb line. However, in the actual drilling 
engineering, the contact points between two stabilizers and sidewall are in different plumb line, 
in this case, there is an offset distance between the geometric centers of the case two stabilizers in 
the x direction, as displayed in Fig. 2(b). Fig. 2(c) shows the projection of the contact position 
between two stabilizers and sidewall in 𝑥-𝑦 plane, where 𝜑 is the phase angle between two 
stabilizers and sidewall contact point. When the contact between stabilizers and sidewall is 
ipsilateral, the phase angle 𝜑 is 0; when the contact between stabilizers and sidewall is random, 
the phase angle 𝜑 is ranged from 0 to 𝜋. According to geometric relationship, the expression for 
the offset distance of geometric centers of the two stabilizers in terms of the phase angle is written 
as: 𝑎 = 𝑠ሺ1 − cos𝜑ሻ. (16)

When the friction between stabilizer and sidewall is ignored, the restoring force is written as: 

𝐹 = ቐ−𝑘 ቈ𝑟 − 𝑠ሺ1 + cos𝜑ሻ2  ,0,     𝑟 ≤ 𝑠.     𝑟 > 𝑠, (17)

However, the friction between stabilizer and sidewall is considered, the restoring force is 
indicated as: 

𝐹 = ቐ−𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  ,     𝑟 > 𝑠,0,     𝑟 ≤ 𝑠,   (18)

where, 𝛼 is the angle displacement of rotation of geometrical center of drill collar relative to 
geometrical center of stabilizer. 𝛽 is the friction angle caused by the contact between stabilizer 
and sidewall. The friction angle can be confirmed based on the law of Coulomb friction. In 
addition, the geometric relationship of 𝛼 and 𝛽 is obtained by: 

𝑟sin𝛼 = 𝑠ሺ1 + cos𝜑ሻ2 sin𝛽. (19)

When stabilizer contacts with the wall of well, the normal component 𝐹, and tangential 
component 𝐹,ఏ of equivalent restoring force are given as: 

𝐹, = −𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  cos𝛼, (20)𝐹,ఏ = −𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  sin𝛼.  (21)

When the lateral displacement is large enough, the drill collar will contact with sidewall. On 
the basis of the Hertz contact law, the normal force is written as: 

𝐹, = ቊ−𝑘ሺ𝑟 − 𝑐ሻଷଶ,     𝑟 > 𝑐,0,     𝑟 ≤ 𝑐,   (22)

where 𝑘 is the contact coefficient, 𝑐 is the clearance between drill collar and sidewall. 
Furthermore, the tangential force is indicated as: 
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𝐹,ఏ = ቊ−sign൫𝑟𝜃ሶ + 𝑅Ω൯𝜇𝑘ሺ𝑟 − 𝑐ሻଷଶ,      𝑟 > 𝑐,0,     𝑟 ≤ 𝑐,   (23)

where 𝜇 denotes the friction coefficient, 𝑅 is the outer radius of drill collar. 
Thus, the virtual work generated by contact force is written as: 𝛿𝑊ி = 𝐹,𝛿𝑟 + 𝐹,ఏ𝑟𝛿𝜃. (24)

The damping force will be generated when the drill collar vibrates, the virtual work of the 
damping force is expressed as: 𝛿𝑊ி = 𝐹ௗ,𝛿𝑟 + 𝐹ௗ,ఏ𝑟𝛿𝜃. (25)

The normal and tangential components of the damping force are written as follow: 𝐹ௗ, = −𝑐𝑟ሶඥ𝑟ሶ ଶ + 𝑟ଶ𝜃ሶ ଶ, (26)𝐹ௗ,ఏ = −𝑐𝑟𝜃ሶඥ𝑟ሶ ଶ + 𝑟ଶ𝜃ሶ ଶ. (27)

with 𝑐 = ସଷగ 𝜌𝐶ௗ𝑅𝐿, where 𝐶ௗ is the damping coefficient. 
The drill collar rotates about its own axis; thus, gyroscopic moment will be occurred when the 

axis is deflected. The virtual work from gyroscopic moment can be expressed as: 

𝛿𝑊ி = Ω𝐽௭ න ሺ𝛾ሶଵ𝛿𝛾ଶ − 𝛾ሶଶ𝛿𝛾ଵሻ𝑑𝑧
 . (28)

Substituting Eqs. (4), (7) and (9) into Eq. (28), the result of virtual work from gyroscopic 
moment is derived as: 

𝛿𝑊ி = 𝜋ଶ𝜌𝐼Ω𝐿 𝑟൫𝑟ሶ𝛿𝜃 − 𝜃ሶ𝛿𝑟൯. (29)

Therefore, the total generalized forces of system from virtual work can be obtained as: 

𝑄 = 𝛿𝑊ிೖ + 𝛿𝑊ி + 𝛿𝑊ி + 𝛿𝑊ி𝛿𝑟 , (30)𝑄ఏ = 𝛿𝑊ிೖ + 𝛿𝑊ி + 𝛿𝑊ி + 𝛿𝑊ி𝛿𝜃 . (31)

2.4. Governing equations 

In this study, to acquire the motion equations of drill collar, the expressions of Lagrange 
equations are adopted as: 𝑑𝑑𝑡 ൬𝜕𝑇𝜕𝑟ሶ ൰ − 𝜕𝑇𝜕𝑟 = 𝑄 , (32)𝑑𝑑𝑡 ൬𝜕𝑇𝜕𝜃ሶ൰ − 𝜕𝑇𝜕𝜃 = 𝑄ఏ. (33)

By applying Lagrange equations, the governing equations are obtained as follow: 
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𝑚𝑟ሷ − 𝑚𝑟𝜃ሶ ଶ + 𝜋ଶ𝜌𝐼Ω𝐿 𝑟𝜃ሶ + 𝑐𝑟ሶඥ𝑟ሶ ଶ + 𝑟ଶ𝜃ሶ ଶ = 2𝑒Ωଶ𝜌𝐴𝐿𝜋 cosሺ𝜃 − Ω𝑡ሻ + 𝐹ଵ, (34)𝑚𝑟𝜃ሷ + 2𝑚𝑟ሶ𝜃ሶ − 𝜋ଶ𝜌𝐼Ω𝐿 𝑟ሶ + 𝑐𝑟𝜃ሶඥ𝑟ሶ ଶ + 𝑟ଶ𝜃ሶ ଶ = −2𝑒Ωଶ𝜌𝐴𝐿𝜋 sinሺ𝜃 − Ω𝑡ሻ + 𝐹ଶ, (35)

with: 

𝑚 = 12ቆ𝜌𝐴𝐿 + 𝜌𝐴𝐿 + 𝜋ଶ𝜌𝐼𝐿 ቇ, 
𝐹ଵ = ⎩⎪⎨

⎪⎧0,      𝑟 ≤ 𝑠,−𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  cos𝛼,     𝑠 < 𝑟 ≤ 𝑐,
−𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  cos𝛼 − 𝑘ሺ𝑟 − 𝑐ሻଷଶ,     𝑟 > 𝑐,  

𝐹ଶ = ⎩⎪⎨
⎪⎧0,      𝑟 ≤ 𝑠,−𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2   sin𝛼,     𝑠 < 𝑟 ≤ 𝑐,
−𝑘 ቈ𝑟cos𝛼 − 𝑠ሺ1 + cos𝜑ሻcos𝛽2  sin𝛼 − sign൫𝑟𝜃ሶ + 𝑅Ω൯𝜇𝑘ሺ𝑟 − 𝑐ሻଷଶ,     𝑟 > 𝑐. 

3. Numerical simulation 

The dynamic model of lateral vibration of drill collar has been established in the previous 
section. To demonstrate the applicability of the theoretical analysis and dynamic model, in this 
section, the simulation results of dynamic characteristics of drill collar are given. In the actual 
drilling engineering, the collision between stabilizers and sidewall is random, and the phase angle 
is ranged from 0 to 𝜋; in this case, the collision frequency between stabilizers and sidewall is 
regarded as 𝑓, i.e., the phase angle is changed in every 1/𝑓 second. To better satisfy this condition, 
the random function is introduced to solve dynamic equations. Consequently, the phase angle can 
be written as: 𝜑 = 𝜋 × randሺ𝑡𝑓, 1ሻ, (36)

where, randሺ ሻ is the random function and ranges from 0 to 1, 𝑡 is the integral time. The dynamic 
characteristics of drill collar are analyzed in air drilling and mud drilling when the collision 
frequency 𝑓 is 0.2, 1 and 5 Hz, respectively. The structural parameters of the BHA are listed in 
Table 1, the mechanical parameters of the system are given in Table 2. 

Table 1. Structural parameters of BHA 
Property Value Units 

Young’s modulus of drill collar 210 GPa 
Density of drill collar 7860 Kg/m3 
Length of drill collar 21 m 

Outer diameter of drill collar 228.6 mm 
Inner diameter of drill collar 76.2 mm 

Eccentricity of drill collar 12.7 mm 
Diameter of stabilizer 308 mm 

The Runge-Kutta method, as a high-precision algorithm, is widely applied in complex 
nonlinear calculation. Hence, in the numerical simulation of this paper, Runge-Kutta method is 
applied to solve the dynamic equations. The flow chart of the numerical simulation of the dynamic 
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model is shown in Fig. 3. Firstly, the phase angle is determined by the collision frequency. 
Secondly, the forces 𝐹ଵ and 𝐹ଶ are obtained based on the judgment conditions. Subsequently, the 
forces are introduced to the governing equations. Finally, the acceleration, velocity and 
displacement can be calculated according to the Runge-Kutta method. All data will be saved in 
the blue box on the right of Fig. 3, which is an observation device. 

Table 2. Mechanical parameters of the system 
Property Value Units 

Weight on bit 20 kN 
Rotation speed 45 r/min 

Density of compressed air 50 kg/m3 
Diameter of borehole 311.2 mm 
Contact coefficient 6.78×1011 Nm-1.5 

Friction angle 0.5 ° 
Friction coefficient 0.2  

Damping coefficient 1  

 
Fig. 3. The flow chart of the numerical simulation of the dynamic model 

3.1. The dynamic characteristics of drill collar under different collision frequencies 

3.1.1. Air drilling 

The dynamic characteristics of drill collar in air drilling is shown in Fig. 4 when the collision 
frequency between stabilizers and sidewall are 0.2, 1 and 5 Hz, respectively. Fig. 4(a) shows the 
motion trajectory of geometric center of drill collar, it can be found that the trajectory is chaotic, 
and the collision between drill collar and sidewall is frequently occurred. Meanwhile, the final 
motion trajectory of drill collar under all conditions is circular. With the increase of collision 
frequency between stabilizers and sidewall, the trajectory curve is more chaotic, and the lateral 
displacement of drill collar is more severe. Fig. 4(b) and (c) show the phase trajectory of drill 
collar in 𝑋 and 𝑌 directions, respectively, and the maximum velocities in two directions are 
consistent under the same frequency collision. Besides, in the case of low frequency collision, the 
maximum lateral velocity is decreased comparing with frequent frequency collision. In Fig. 4(d), 
the black solid line represents the whirling angle, when the slope of black line is positive, this 
phenomenon means that the average whirling speed is positive, i.e., the drill collar is forward 
whirling; when the slope of black line is negative, this suggests that the average whirling speed is 
negative, i.e., the drill collar is backward whirling. Meanwhile, the whirling angle increases 
initially and decreased afterwards under different collision frequencies, which demonstrates that 
the drill collar is first forward whirling, and then backward whirling. However, it takes more time 
when the drill collar reaches the backward whirling under high collision frequency. Furthermore, 
the slope of black line is changed with the variation of average whirling speed of drill collar. The 
red solid line represents the whirling speed of drill collar, it is seen that numerous spikes are 
appeared, which can be explained by Fig. 4(a). In trajectory curve diagram, the geometric center 
of drill collar frequently passes by the center of borehole, in this case, the whirling radius of drill 
collar is become small. As the whirling speed of drill collar is inversely proportional to whirling 
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radius of drill collar, thus, the whirling speed of drill collar will appear peak value. The number 
of peak value of whirling speed is increased with the collision frequency, and the inflection point 
related to the average whirling speed is increased accordingly. When the motion state of drill collar 
from forward whirling to backward whirling, the backward whirling speed is maintained around 
13 rad/s, which is three times of the rotation speed of BHA. Therefore, it can be concluded that 
lower collision frequency is beneficial to decrease lateral displacement of drill collar, however, 
the lower collision frequency is more likely to induce the backward whirling of drill collar. 

 
a) Motion trajectory 

 
b) Phase trajectory in 𝑋 direction 

 
c) Phase trajectory in 𝑌 direction 

 
d) Whirling speed and angle 

Fig. 4. Dynamic characteristics of drill collar in air drilling with different collision frequency 

3.1.2. Mud drilling 

Different from the air drilling, the friction coefficient is given as 0.1 and the density of drilling 
fluid is treated as 1500 kg/m3 in mud drilling. Fig. 5 shows the dynamic characteristics of drill 
collar in mud drilling when the collision frequency between stabilizers and sidewall is chosen as 
0.2, 1 and 5 Hz, respectively.  



VIBRATION-COLLISION MECHANISM OF DUAL-STABILIZER BOTTOM HOLE ASSEMBLY SYSTEM IN VERTICAL WELLBORE TRAJECTORY.  
PAN FANG, KANG YANG, GAO LI, QUNFANG FENG, SHUJIE DING 

236 JOURNAL OF VIBROENGINEERING. MARCH 2023, VOLUME 25, ISSUE 2  

 
a) Motion trajectory 

 
b) Phase trajectory in 𝑋 direction 

 
c) Phase trajectory in 𝑌 direction 

 
d) Whirling speed and angle 

Fig. 5. Dynamic characteristics of drill collar in mud drilling with different collision frequency 

Fig. 5(a) displays the motion trajectory of geometric center of drill collar, and it is found that 
the lateral displacement of drill collar is increased with the increase of collision frequency. 
Furthermore, the maximum lateral displacement is less than the clearance between drill collar and 
sidewall, under the circumstances, the contact between drill collar and sidewall is disappeared. 
When the collision frequency is up to 5 Hz, the displacement of drill collar in 𝑌 direction is 
significantly greater than the displacement in 𝑋 direction. In the light of Fig. 5(b) and (c), the 
velocities in two directions are both increased with the collision frequency, and the lateral velocity 
is no more than 0.2 m/s. The lateral velocity of drill collar in the mud drilling is much smaller than 
air drilling process. As shown in Fig. 5(d), the whirling angle is increased with the time, which 
means that the average whirling speed is always positive, i.e., the drill collar is always forward 
whirling. When the collision frequency is 0.2 Hz, there is no spikes in whirling speed curve of 
drill collar because the geometric center of drill collar is deviated from the center of borehole 
according to trajectory curve diagram. With the increase of collision frequency between stabilizers 
and sidewall, the number of peak value of whirling speed is increased; besides, the number of 
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inflection points is increased, i.e., the number of average whirling speed changes is increased. 
Compared with air drilling process, the whirling speed of drill collar mainly fluctuates near the 
rotation speed in mud drilling, and the backward whirling of drill collar is accidentally happened. 
Therefore, to reduce the lateral displacement and lateral velocity of drill collar, the collision 
frequency between stabilizers and sidewall should be controlled. 

The previous section, the dynamic characteristics of drill collar under different collision 
frequencies are explored in air and mud drilling process, respectively. It is obviously found that 
lateral displacement and velocity in air drilling are greater than that in mud drilling, and the 
collision between drill collar and sidewall will be happened in air drilling. Meanwhile, the whirling 
angle increases initially and decreased afterwards in air drilling; however, the whirling angle is 
always increased in mud drilling. Hence, the backward whirling of drill collar is more likely to 
occur in air drilling process. Besides, to further analyze the dynamic behavior of drill collar in 
different structure and mechanical parameters, the lateral displacement and motion trajectory of 
drill collar are given. Since the influence of structure and mechanical parameters of the system on 
lateral vibration during mud drilling has been discussed several times in previous studies, thus, 
only the lateral vibration of drill collar in air drilling will be analyzed below. It can provide 
theoretical guidance to control the well deviation of trajectory. 

3.2. The lateral displacement of drill collar under different diameters of stabilizer 

To explore the drill collar lateral vibration affected by the size of stabilizer, the stabilizer 
diameter is treated as 306, 307, 309 and 310 mm, respectively. The rotation speed of BHA, length 
of drill collar and WOB are given by 45 r/min, 21 m and 20 kN. As shown in Fig. 6, the 
displacement and the trajectory curve of geometric center of drill collar are discussed. In right part 
of Fig. 6(a), the motion trajectory of drill collar represented by the black curve is overlapped with 
clearance between drill collar and sidewall represented by the red circle, which means that drill 
collar always contacts the sidewall; in this situation, the lateral displacement of drill collar is 
maximum, and same conclusion can be seen in time-displacement curve. In Fig. 6(b), the 
displacement in 𝑋 direction is larger than 𝑌 direction, and the collision between drill collar and 
sidewall is occurred. When the diameter of the stabilizer is 309 mm, the lateral displacement of 
drill collar is displayed in Fig. 6(c), and it can be observed that the displacements in 𝑋 and 𝑌 
directions are always less than the clearance between drill collar and sidewall. As shown in 
Fig. 6(d), the motion trajectory of drill collar is mainly concentrated in near the center of borehole, 
and the motion trajectory is approximated to a circle; in this case, the variation ranges of 
displacement in 𝑋 and 𝑌 directions are almost identical. Therefore, the larger the diameter of 
stabilizer, the smaller the lateral vibration of drill collar; and the simulation result is consistent 
with the actual working conditions. 

According to the numerical results, the lateral displacement is decreased with the diameter of 
stabilizer, therefore, to deduce the lateral vibration of BHA in air drilling, the larger diameter of 
stabilizer should be chosen. Besides, the influence of diameter of stabilizer on lateral displacement 
of drill collar is significant. In Fig. 6(a) and (d), the difference in stabilizer diameter is 4mm; 
however, the lateral displacement in 6(a) is greatly larger than 6(d). 

3.3. The lateral displacement of drill collar under different rotation speeds 

To investigate the rotation speed affected on the lateral vibration of drill collar, the rotation 
speed is chosen as 35, 40, 45 and 50 r/min, respectively; and the diameter of stabilizer, length of 
drill collar and WOB are given by 308 mm, 21 m and 20 kN. Fig. 7 shows the motion trajectory 
of geometric center of drill collar under different rotation speeds. As shown in Fig. 7(a), the lateral 
displacement of drill collar in 𝑋 direction ranges from –0.01 to 0.01m, and the lateral displacement 
of drill collar in 𝑌 direction ranges from –0.03 to 0.03m. Hence, the drill collar is not contact with 
the sidewall. In Fig. 7(b), it can be found that the peak values of displacement in 𝑋 and 𝑌 direction 
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are consistent; the drill collar contacts with sidewall, however, the collision frequency is small. 
When the rotation speed is 45 r/min, Fig. 7(c) shows the displacement of geometric center of drill 
collar, and the motion trajectory is complicated; besides, with the increase of time, the lateral 
displacement of drill collar will reach the maximum. Fig. 7(d) shows the motion trajectory of drill 
collar when the rotation speed is 50 r/min; but the red circle is only displayed in trajectory diagram, 
which means that the black curve is overlapped with red circle. In this case, the drill collar is 
always in contact with sidewall. Based on the analysis above, increasing rotation speed can 
promote the lateral vibration of drill collar. Therefore, to avoid the collision between drill collar 
and sidewall and backward whirling of drill collar, when the ROP (rate of penetration) requirement 
is satisfied in practical engineering, a smaller rotation speed should be chosen. 

 
a) 𝐷௦ = 306 mm 

 
b) 𝐷௦ = 307 mm 

 
c) 𝐷௦ = 309 mm 

 
d) 𝐷௦ = 310 mm 

Fig. 6. Motion trajectory of drill collar under different diameters of stabilizer 
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a) Ω = 35 r/min 

 
b) Ω = 40 r/min 

 
c) Ω = 45 r/min 

 
d) Ω = 50 r/min 

Fig. 7. Motion trajectory of drill collar under different rotation speeds 

3.4. The lateral displacement of drill collar under different WOB 

To analyze the influence of WOB on lateral vibration of drill collar, the WOB is considered as 
10, 15, 20 and 25 kN, respectively; and the rotation speed of BHA, length of drill collar and 
diameter of stabilizer are given by 45 r/min, 21 m and 308 mm. The lateral displacement and 
motion trajectory of geometric center of drill collar under different WOB are shown in Fig. 8. 

As shown in Fig. 8, with the rising of WOB, the lateral displacement of drill collar is increased. 
In Fig. 8(a), the motion trajectory of drill collar represented by the black curve is completely 
limited in the red circle representing the clearance between drill collar and sidewall, thus, there is 
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no collision between drill collar and sidewall; in addition, the whirling motion of drill collar is 
irregular.  

 
a) 𝑃 = 10 kN 

 
b) 𝑃 = 15 kN 

 
c) 𝑃 = 20 kN 

 
d) 𝑃 = 25 kN 

Fig. 8. Motion trajectory of drill collar under different WOB 

In the light of Fig. 8(b), the largest displacement in 𝑌 direction is equal to the value of 
clearance between drill collar and sidewall; besides, the chaotic motion of drill collar is more 
obvious, and the collision between drill collar and sidewall is happened several times. When WOB 
is 20 kN, the motion state of drill collar becomes more complicated; the motion of drill collar is 
irregular 98 seconds ago, however, the displacements in 𝑋 and 𝑌 directions will be maximum after 
98 seconds, in this case, the motion trajectory of drill collar is a circle. Fig. 8(d) shows the motion 
trajectory of drill collar when WOB is 25 kN, the black curve representing the motion trajectory 
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of drill collar is covered by the red circle representing the clearance between drill collar and 
sidewall; in this situation, the drill collar is always in contact with sidewall. According to the 
above-mentioned discussion, it is found more severe lateral vibration will be appeared if large 
WOB is given in the actual drilling operation. Therefore, for avoiding the buckling of drill string 
and limiting the lateral vibration of drill collar, a reasonable WOB satisfying rock breaking 
efficiency should be applied in the air drilling engineering. 

 
a) 𝐿 = 12 m 

 
b) 𝐿 = 16.5 m 

 
c) 𝐿 = 21 m 

 
d) 𝐿 = 25.5 m 

Fig. 9. Motion trajectory of drill collar under different lengths of drill collar 

3.5. The lateral displacement of drill collar under different lengths of drill collar 

In actual drilling engineering, length of drill collar is one of the significant factors affecting 
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the lateral vibration of drill collar. The length of drill collar is treated as 12, 16.5, 21 and 25.5 m, 
respectively; and the rotation speed of BHA, diameter of stabilizer and WOB are given by 
45 r/min, 308 mm and 20 kN. Fig. 9 shows the displacement and motion trajectory of geometric 
center of drill collar under different lengths of drill collar. As shown in Fig. 9(a) and 9(b), the 
motion trajectory of drill collar is similar to a circle, and it is always limited in the red circle; 
meanwhile, the radius of motion trajectory of drill collar in Fig. 9(b) is larger than Fig. 9(a), which 
means that the lateral displacement of drill collar in 9(b) is severe than 9(a). When the drill collars 
between the two stabilizers is 21 m, the motion trajectory of drill collar is shown in Fig. 9(c); it is 
evident that the motion trajectory of drill collar becomes chaotic, and the displacement gradually 
increases to the maximum. When the length of drill collar between the stabilizers is 25.5m, the 
lateral displacement of drill collar is maximum, and the motion trajectory of drill collar is a circle, 
which indicates that drill collar is rotated and contacted with the sidewall all the time. On the basis 
of analysis above, the length of drill collar has promoting influence on lateral vibration of drill 
collar, i.e., the longer the length of drill collar, the greater the lateral displacement. It can be 
concluded that length of drill collar between the two stabilizers should be decreased to control 
severe lateral vibration of drill collar. 

4. Parametric analysis 

To further understand the influence of rotation speed of BHA and length of drill collar on 
lateral vibration of drill collar, the parametric analysis will be carried out with numerical 
computations. The deflection capacity of BHA is positively related to the lateral displacement of 
drill collar, therefore, the maximum displacements of drill collar in 𝑋 and 𝑌 directions are 
discussed by changing the structure parameters of the BHA and mechanical parameters of the drill 
string system. 

4.1. Influence of rotation speed of BHA 

A fixed length drill collar is assumed when analyzing the influence of rotation speed on lateral 
vibration of drill collar under a constant WOB. The relationship between lateral displacements in 𝑋, 𝑌 directions and rotation speed are shown in Fig. 10. 

 
a) The maximum lateral displacement in 𝑋 direction 

 
b) The maximum lateral displacement in 𝑌 direction 

Fig. 10. The response amplitude of drill collar lateral vibration related to rotation speed Ω 

To sum up, the variation tendency of displacements in the two directions are approximately 
identical. The figure is divided into three regions; the maximum lateral displacements in air and 
mud drilling are both increased with the rotation speed in region Ⅰ, but the maximum lateral 
displacement in air drilling is always greater than that in mud drilling. When the rotation speed is 
arrived in 50.5 r/min, the maximum lateral displacement in air drilling is approached to the value 
of clearance between drill collar and sidewall; however, the maximum lateral displacement in mud 
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drilling is only increased to 0.01 m, which is far less than the clearance between drill collar and 
sidewall. In region Ⅱ, the maximum lateral displacement in air drilling remains unchanged with 
the rising of rotation speed of BHA; while the maximum lateral displacement in mud drilling is 
still increased with the rotation speed. The critical rotation speed between Ⅱ and Ⅲ regions is 
67.5 r/min; when the rotation speed is continually increased and larger than critical rotation speed 
of BHA, the maximum lateral displacements in air and mud drilling are remained constant. 
According to the above-mentioned analysis, the lateral displacement of drill collar in mud drilling 
is smaller than that in air drilling in the same rotation speed, and the rotation speed of BHA making 
drill collar contacted with sidewall in mud drilling is larger than air drilling. Besides, the rotation 
speed of BHA is positively correlated to the lateral vibration of drill collar. Therefore, a small 
rotation speed of BHA is beneficial to reduce the lateral vibration of drill collar. 

4.2. Influence of length of drill collar 

The lateral vibration of drill collar affected by length of drill collar is explored when the 
rotation speed and WOB are 45 r/min and 20 kN, respectively. Fig. 11 shows the relationship 
between lateral displacements and the length of drill collar, where the black line indicates the air 
drilling and the red line represents the mud drilling.  

 
a) The maximum lateral displacement in 𝑋 direction 

 
b) The maximum lateral displacement in 𝑌 direction 

Fig. 11. The response amplitude of drill collar lateral vibration related to length of drill collar 𝐿 

Besides, the variation tendency of displacements in the two directions are approximately 
identical, and the figure is likewise divided into three regions. In region Ⅰ, the maximum lateral 
displacements in air and mud drilling are both increased with the length of drill collar; however, 
the growth rate of maximum lateral displacement in mud drilling is less than that in air drilling. 
When the length of drill collar is arrived in 22.2 m, the maximum lateral displacement is increased 
to 0.0413 m in air drilling, in this situation, the drill collar is in contact with sidewall; while the 
maximum lateral displacement in mud drilling is only increased to 0.024 m, which is always less 
than the value of clearance between drill collar and sidewall. In region Ⅱ, the maximum lateral 
displacement in air drilling keeps unchanged with the increase of length of drill collar; however, 
the maximum lateral displacement is increased with length of drill collar in mud drilling. The 
critical length of drill collar between Ⅱ and Ⅲ regions is 23.3 m, the maximum lateral 
displacements in air and mud drilling are unaltered with the increase of length of drill collar when 
the length of drill collar is greater than the critical length. Based on the analysis above, the lateral 
vibration of drill collar in air drilling is more serious than mud drilling in same length of drill 
collar, and the length of drill collar making drill collar arrived in the maximum lateral 
displacement in air drilling is shorter than mud drilling. Furthermore, the length of drill collar is 
positively correlated to the lateral displacement of drill collar. Therefore, to avoid the severe lateral 
vibration of drill collar, the length of drill collar between two stabilizers should be reduced. 
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5. Conclusions 

For the adverse effects caused by the lateral vibration of BHA, such as excessive well deviation 
and collision between drill string and sidewall, a newly dynamic model of drill collar with random 
collision between stabilizers and sidewall is presented in this article. Lateral vibration of drill 
collar affected by the structure parameters of the BHA and the mechanical parameters of system 
are analyzed by the numerical simulation. Some conclusions are given as follow: 

1) The lateral vibration of drill collar is more severe in air drilling, and the collision between 
drill collar and sidewall is more likely to occur. In addition, the backward whirling of drill collar 
will be occurred in air drilling, and the backward whirling speed is approached to the three times 
as much as the rotation speed of BHA. 

2) The relationship between lateral vibration of drill collar and collision frequency is studied. 
The higher the collision frequency, the more severe the lateral vibration of drill collar, and the 
more the spikes of whirling speed. 

3) The diameter of stabilizer is negatively correlated with the lateral vibration of drill collar; 
however, the rotation speed of BHA, WOB and length of drill collar are positively correlated to 
the lateral vibration of drill collar. 

4) Research indicates that the lateral vibration of drill collar is significantly affected by the 
drilling parameters, and the findings will provide theoretical support for structure design of BHA 
and selection of mechanical parameters of the system. 

5) The reliability of proposed model is proved by the numerical simulation results, thus the 
research findings can provide reasonable guidance for the dynamic model of BHA with double or 
multi span drill collar in future work. 
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