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Abstract. The present investigation is concerned with the development of non-power series
solutions for the unsteady state nonlinear thermal model of a radiative-convective fin having
temperature-variant thermal conductivity using Laplace transform-Galerkin weighted residual
method. In the study, it is demonstrated that the symbolic solutions do not involve a large number
of terms, complex mathematical analysis, high computational cost, and time as compared to the
power series solutions in previous studies. The solutions allow effective predictions of the
extended surface thermal performance over a large domain and time. The results of the non-power
series solutions are verified numerically, and very good agreements are established. Parametric
studies are carried out with the aid of the symbolic non-power solutions. It is found that as the
conductive-convective and conductive-radiative increase, temperature distribution decreases since
the rate of heat transfer becomes augmented and hence, the fin thermal efficiency is improved.
Additionally, when the thermal conductivity of the fin increases, the temperature distribution in
the passive device increases. The temperature increases with time at the different positions in the
fin. Following the time histories of the solution, it is shown that unsteady state solutions converge
to a steady state as time progresses. It could therefore be stated the developed non-power series
analytical solutions provide a good platform for comparison of the nonlinear thermal analyses of
fins in thermal systems.

Keywords: analytical solution, rectangular fin, temperature-dependent, Laplace transform,
Galerkin weighted residual method.

Nomenclature

A, Fin cross sectional area

A, Ratio of the surface area to cross-section area
Cp Specific heat capacity

E Electric field

h Coefficient of convective heat transfer

Ha Hartman number

k Fin thermal conductivity

ky Fin thermal conductivity at the base temperature
L Fin length

Mc Adimensional convective parameter

Nr Adimensional radiation parameter

P Fin perimeter
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Time

Fin temperature

Ambient temperature

Fin base temperature

Axial velocity

Macroscopic velocity of electrons

Fin axial distance

Adimensional fin length

Nonlinear thermal conductivity coefficient
Fin material emissivity

Fin thickness

Dimensionless time

Adimensional temperature
Adimensional temperature at the fin base
Fin material density

Stefan-Boltzmann constant

Om Electric conductivity

Omk Electric conductivity per unit Kelvin
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1. Introduction

Indisputably, there are increasing applications of passive devices for heat transfer
augmentations and enhancements in thermal and electronic systems [1]. The importance of the
passive devices has provoked a large volume of research in literatures. The theoretical
investigations of thermal damage problems and heat transfer enhancement by the extended
surfaces have attest to the facts that the controlling thermal models of the passive devices are
always nonlinear. Consequently, the nonlinear thermal models have been successfully analyzed
in the past studies with the aids of approximate analytical, semi-analytical, semi-numerical, and
numerical methods. In such previous studies, Jordan et al. [8] adopted optimal linearization
method to solve the nonlinear problems in the fin while Kundu and Das [9] utilized Frobenius
expanding series method for the analysis of the nonlinear thermal model of the fin. Khani et al.
[10] and Amirkolaei and Ganji [11] applied homotopy analysis method. In a further analysis, Aziz
and Bouaziz [12], Sobamowo [13], Ganji et al. [14] and Sobamowo et al. [15] employed methods
of weighted residual to explore the nonlinear thermal behaviour of fins. In another studies,
methods of double decomposition and variation of parameter were used by Sobamowo [16] and
Sobamowo et al. [17], respectively to study the thermal characteristics of fins. Also, differential
transformation method has been used by some researchers such as Moradi and Ahmadikia [18],
Sadri et al. [19], Ndlovu and Moitsheki [20], Mosayebidarchech et al. [21], Ghasemi et al. [22]
and Ganji and Dogonchi [23] to predict the heat transfer behaviour in the passive devices. With
the help of homotopy perturbation method, Sobamowo et al. [24], Arslanturk [25], Ganji et al.
[26] and Hoshyar et al. [27] scrutinized the heat flow in the extended surfaces. However, these
studies are for thermal analysis of fin under assumed constant heat transfer coefficient. The cases
of heat transfer with variable heat transfer coefficient along the passive device varies has also be
investigated [28-35]. Such analysis helps in providing the needed information on the efficiency,
effectiveness, and design date of the extended surfaces under various boiling modes [33-44].

Although, as pointed out in the review of the previous studies, there are various approximate
analytical and numerical solutions that gained applications in solving the thermal problems
[45-52], most of these solutions involve power series. Indubitably, such power series solutions
require rigorous solution procedures with inherent large number of terms which are not convenient
for use in practice [15]. Therefore, the advantages of generating non-power series analytical
solutions to the nonlinear transient problems are very obvious as such solutions allow effective
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thermal predictions of the extended surface over a large domain and time. Also, the solutions
reduce the complex mathematical analysis that gives analytic expressions involving large number
terms, high computational cost and time as compared to the power series solutions in previous
studies. Hence, the present investigation is concern with the development non-power series
analytical solutions for the transient nonlinear thermal model of a radiative-convective fin having
temperature-variant thermal conductivity using Laplace transform-Galerkin weighted residual
method (LT-GWRM). The developed symbolic solutions are used to examine the impacts of
thermal model parameters on performance of fin.

2. Problem formulation

Given a solid rectangular fin having a variable thermal conductivity and exposed to
convective-radiative environment at temperature T,, and heat transfer co-efficient h as in Fig. 1.
Assuming that the extended surface is isotropic, homogeneous, and saturated with constant
thermo-physical properties. It is taken that the heat transfer is one-dimensional along fin length.
The prime surface is in perfectly thermal contact with fin base and there is no heat gain or loss at
fin tip.

Fig. 1. Schematic of convective-radiative longitudinal fin
Thermal energy equation based on model assumptions is expressed as:
aT*\ Ph

Kl X X oPe . o
— (K 5-) (1= T) == (1 = 18) = e

aT”

a0 1)

In the case that there is a small temperature difference between the base and the tip of the fin,
the term T** in Eq. (3) could be expressed as a linear function of fin temperature as:

T** = T2 + AT3(T* — Tpo)+...= 4T3T* — 3T2. 2)

Substitution of Eq. (2) into Eq. (1), we have:

d aT*\ Ph(T*—T,) 40ePT3(T*—T,) aT*

— T*)—| — — = _— 3
ox (k( )ax) A, A, P 5¢ @)
where thermal conductivity is expressed as a linear law:

k(T*) = ky(1+y(T* = T.,)). 4)

Therefore, Eq. (3) becomes:
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d . aT*\ hP(T*—Ty,) 40ePT3(T*—T,) pc,dT*
—( (A +y(T* - T)) == | - - =L 5)
0x dx kpAcy kA, k, ot
The initial condition is:
T*=T, when t=0, for0<x<I, (6)
The boundary conditions for the fin with insulated tip are given as:
dT*
E=O, at x=0, for t>0, (72)
T*=T, at x=1L, for t>0. (7b)

Using the following dimensionless parameters of Eq. (8) in Egs. (5)-(7):

y X g T =Ta ket P> 4oePT3L
LT T, -1, T el U T gk, T Agky

» B=y(T, - Te),  (8)
we arrived at the dimensionless forms of the governing as follows:

] a0 a0
% [(1 +B0) 5| = (Mc + N6 = ——. 9)

Expansion Eq. (9), we have:

920 920 (ae)z
B X

a0
oA T — (Mc + Nr)8 = —, (10)

at

and the dimensionless initial is given as:
60 =60, when 7=0for0<X<1, (11)

and the adimensional boundary conditions for the fin are given as:

06
X 0, at X=0, for >0, (12a)
6=1, at X=0, for T>0, (12b)

3. Analytical solutions for the thermal problems using integral transforms

The thermal model in Eqg. (10) is nonlinear and such can be solved numerically or by
approximate analytical methods. However, the computational methods are approximate methods
with inherent high computational cost and time. The approximate solutions involve power series
with the rigorous solution procedures and large number of terms are not convenient for use in
practice Therefore, the obvious advantages of generating non-power series analytical solutions to
the nonlinear problems are very much important and this is given in the present study. Such
non-power series solutions allow effective thermal predictions of the extended surface over a large
domain and time. Also, the non-power series solutions reduce the complex mathematical analysis
that gives analytic expressions involving large number terms, high computational cost and time.
Therefore, it very important to find analytical or close form solutions to the thermal problems
under investigations. Such symbolic solution will provide better physical insights into the
importance of thermo-physical parameters than the numerical methods. In the generation of the
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analytical solutions to differential equations, the practical significance of transform methods
facilitates observation of great many properties and hidden views, of both mathematical and
physical interest, which are not yet well known and have not met with proper appreciation.
Consequently, using Laplace transforms, analytical solutions are developed for the heat transfer
models.

3.1. Laplace transform method (LT)

The LT of function f(t) and corresponding inversion are enumerated as:
F(s) = f =St F(D)dt, (13)
; S+ioo
= — —st 14
FO=g5] e (1)

where s = a + ib (a, b € R) is a complex number.
3.2. Applying LT method to the nonlinear thermal model

Applying Laplace transform to Eqg. (10), provides the following solutions:

d?d  _d*@ do\’ L
hadihd i ) _ — 15
dX2+ dX2+ﬁ<dX> (Mc + Nr)8 = sé. (15)

Collecting like terms, we have:

a*o  _d*0

LAY Mc+Nr)d =0 (16)
e +B(d—X> —(s+Mc+Nr)d =0,

with boundary conditions in Laplace domain are:

a0
s>0, X=0 —=0,
* (17)
s>0, X=1, 6=-.
S
An approximate solution of the form:
6(X,s) = ¢o(X,5) + Q1 (X, 5). (18)

Which is given as:

~ coshy/(s + Mc + Nr)X
6(X,s) =
s coshy/(s + Mc + Nr)

19
cosh [Zw/(s + Mc + Nr)]X coshy/(s + Mc + N1)X (19)
s cosh [2,/ (s+Mc+ Nr)] s coshy/(s + Mc + Nr) .

Which identically satisfies the boundary conditions of Eq. (17).
Substituting Eq. (18) into Eq. (16), one has:

+Q
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2 2
d [d)o(X' SZI;ZQ(I)l(X! S)] + ﬁ[(ﬁo(x, S) + Q¢1(X, S)] d [¢0(X' s()i;zﬂ(pl(X' S)]
2 (20)
+8 (d[¢° *. S);;(Qd’l(x’ SH) — (s + Nc + NO)[go (X, 5) + Qs (X, 5)] = (X, 5).
According to Galerkin process, the coefficient  can be found by defining the condition:
f FOX,5) by (X, $)dX = 0, 1)
0
1 2 2
f {d [0 (X, S()i;zﬂqbl(X. s)] T Blby (X, 5) + Oy (X, 5)] d*[¢, (X, s;;(rzﬂcbl(X. s)]
0
+8 (d[d"’ *, S)d;ﬂ(pl *, SH) (s 4 Ne + NOdo(K,5) + 91 (4, )1 s (1, )ax P2
= 0.
where:

- coshy/(s + Mc + Nr)X
$o(X,s) = : (23)
s coshy/(s + Mc + Nr)

5.(%.5) cosh [2\/ (s+Mc+ NT)] X coshy/(s + Mc + Nr)X 24)
,S) = - .
! s cosh [2«/(5 +Mc+Nr)] s coshy/(s + Mc + Nr)
After substitution of Egs. (23) and (24) into Eq. (22) and integrate, one arrives at:
Alﬂz + /’{29 + 13 = 0. (25)
The solution of Eq. (25) is:
_ z _
0o TRt VB A 26)
24
where:
M= p [—ztanh2 [Zw/ (s +Mc+ Nr)] - ztanh [2\/(5 + Mc + Nr)]
! s 3 5 40
+§tanh3 [\/(s + Mc + Nr)] + gtanh [\/(s + Mc + Nr)]
177
+Etanh [Zw/ (s + Mc + Nr)|tanh? [,/ (s +Mc+ Nr)]
—4tanh [w/ (s + Mc + Nr)|tanh? [Zw/ (s+Mc+ Nr)] (27a)
96 | tanh [2\/ (s +Mc+ Nr)] 1 — tanh? [\/(s + Mc + Nr)]
15 . tanh? [w/(s + Mc + Nr)] 1 + tanh? [,/(s + Mc + Nr)]

)

3 2 tanh[Z,/(s+Mc+Nr)]
+§ (s+Mc+Nr){1—tanhz[,/(s+Mc+Nr)]} {tanhz[ (s+Mc+Nr)]}
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Ay = g [15—4tanh [\/(s + Mc + Nr)] - %tanh2 [,/ (s + Mc+ Nr)]
—%tanh [Zw/(s + Mc + Nr)]

- Z—ztanh [Zw/ (s + Mc + Nr)| tanh? [«/ (s +Mc+ Nr)]
32 | tanh [2,/ (s+Mc+ Nr)] 1 — tanh? [\/ (s+Mc+ Nr)]

15 (. tanh? [\/(s + Mc + Nr + Ha)] 1 + tanh? [,/ (s +Mc+ Nr)] (27h)

5 2 | tanh [2,/(5 + Mc + Nr)]
_5‘/ (s + Mc + Nr) {1 — tanh? [,/ (s +Mc+ Nr)]} — [ T Nr)]

x 2% [,/(s + Mc + Nr) [tanh2 [2,/(5 + Mc + Nr)] - 1]
—tanh [Zw/ (s + Mc+ Nr)] Etanh2 [\/(s + Mc + Nr)] - %”,
Ay = g Etanh3 [,/ (s +Mc+ Nr)] - %tanh [,/ (s+Mc+ Nr)]

1 2 | tanh [2,/(5 + Mc + Nr)] (27¢c)
+Z (s + Mc + Nr) {1 — tanh? [w/(s + Mc + Nr)]} — [\/m] .

It is shown from Eqg. (26) that Q has two roots. However, it is established that the appropriate
root is the one that gives S < 0. The other root gives some kinds of temperature distributions
which are physically meaningless.

Also, practical root of Q which includes Eqgs. (27) illustates that the inversion of Eq. (18) will
be very difficult to find analytically. Therefore, the inverse Laplace transform of Eq. (18) was
found numerically evaluated using Simon’s approach given as:

eap‘r
0(X,1) =
T

N
%é(x, @) + ) Re[d (X, a, +1)| (-1, (28)

where optimally, a,t = 4.7.
For the steady state, T — oo, we have:

coshy/(Mc + Nr)X Ly cosh [2\/ (Mc + NT’)] X coshy(Mc + Nr)X

0(X) = coshy/(Mc + Nr) cosh [ZW] coshy/(Mc + N7) | (29)
where in the solution of Eq. (31):
PP+ EY+E =0. (30)
Which gives:
—5H EVEF — 4648
Y= > ; 2 31)
where:
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£ =B [—gtanhz [Zm] - %tanh [2\/ (Mc + Nr)]
+ %tanh3 [\/m] + gtanh [\/ (Mc + Nr)]
+ %tanh [zm tanh? [\/ (Mc + Nr)]

—4tanh [,/ (Mc + Nr)|tanh? [2,/ (Mc + Nr)] (32)
96 | tanh [2\/ (Mc + Nr) ] 1 — tanh? [,/(Mc + Nr)]
15 - tanh? [\/ (Mc + N7) ] 1 + tanh? [\/(Mc + Nr)]

i 2 | tanh [ZW]
+ 5+ ) {1 = anh [ Gt + )} {tanhz [Jm]}'

& =P [15—4tar1h [\/(Mc + Nr)] - %tanh2 [\/(Mc + Nr)] - %tanh [2\/ (Mc + Nr)]

_5 tanh [Zw/ (Mc + Nr)|tanh? [«/ (Mc + Nr)]
32 | tanh [Zw/ (Mc + Nr) ] 1 — tanh? [,/(Mc + Nr)]
15 - tanh? [\/(Mc + N7) ] 1 + tanh? [\/(Mc + Nr)]

2 | tanh [ZW]
_g\/m{l — tanh? [\/m]} {tanhz [\/m]

X % [J(Mc + Nr) [tanh2 [Zw/(MC + Nr)] - 1]
—tanh [2\/ (Mc + Nr)] Etanh2 [,/ (Mc + Nr)| — %]],
=P Etanh3 [w/(Mc + Nr)] - %tanh [,/(MC + Nr)]

1 , 2 | tanh [zm]
+3 e+ N {1~ tanh? [ (e -+ N} {tanhz [m}} |

(33)

(34)

Fin efficiency is given for the transient state as:

tanh [1/(5 + Mc + Nr) ]
[\/(5+Mc+Nr ]

While for the steady state as:

tanh [w/ (Mc + Nr) ] v tanh? [\/(Mc + Nr)]
[,/(Mc+Nr ] 1 + tanh? [‘/(Mc+Nr)] .

Using Laplace transform, the exact analytical solution for the linear thermal model 3:

n= J-lé(X,s) dx = (35)

g tanh? [‘/(s + Mc + Nr)]
1 + tanh? [,/(s + Mc + Nr)] '

n= J:@(X)dX =

(36)
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4 — (—D)"  _[@n-D?r2+Mc+ND)]t 2n - DnX
1+ - Z cos [—] (37)

4
€ 2

Itis very difficult to provide an explicit exact analytical solution to the nonlinear thermal model
in this work. Therefore, the nonlinear model was also solved numerically using Crank-Nicolson
finite different method. The finite difference method for the nonlinear thermal model in Eq. (11)
is:

Ortt — 20t + oM + O, — 200 + O,
202X

Ot — 200 + o1t + 07y, — 20 + O
n i+1 i i—-1 i+1 i i—-1
+B6; )( T ) (38)
it — Rt + 01, — O, o/ — or
— (Mc + Nr)oP = | ——L).
+,8< AA% (Mc + N7)6; o
The FDM for the initial condition is:
6? = 0. (39)
While FDM for boundary conditions become:
o — 0"
S0 s ep=en, Gi=1 (40)

4. Results and discussion

The solutions of LT-GWRM are developed and shown in Figs. 2-10. However, Table 1 shows
comparison of the results of finite difference method (FDM) and LT-GWRM for the nonlinear
thermal models while Figs. 2 presents comparison of nonlinear thermal model results of
LT-GWRM with the results of FDM using another set of the model parameters.

1
—— FDM (B = 0.00)

—#— LT-GWRM (§ = 0.00)
—+—FDM (B = 0.50)
—<— LT-GWRM (B = 0.50)

o
©

o
©
T

Dimensionless temperature, g (X, 1)
o o
@ N
T

o
o
T

0.4 c . . c c . c c c
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1
Dimensionless fin lenght, X

Fig. 2. Comparison of nonlinear model results of FDM and LT-GWRM

Fig. 3, 4 and 5 illustrate the effects of coductive-convective, condiuctive-radiative and
magnetic field parameters on the temperature profiles of the fin, respectively. From the figures, as
the coductive-convective, conductive-radiative and magnetic field parameters increase, it is shown
that fin thermal distribution decreases. It can be seen in Fig. 3 that the decrease in the temperature
of the fin as a result of increase in the conductive-convective parameter reveals that an increase in
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the heat dissipation capability of the fin or increase in the surface heat loss as the coefficient of
the heat transfer increases. It could be stated that when the coefficient of heat transfer increases,
it significantly enhances the heat flow from the fin base and the surrounding fluid at the surface
of the fin tends to convect more heat away from the fin surface thereby reducing the temperature
distribution in the fin and continuous enhance the rate of heat transfer through the fin.

Table 1. Comparison of results when § = 0.5

X FDM | LT-GWRM
0.0000 | 0.7897 0.7873
0.2000 | 0.7991 0.7963
0.4000 | 0.8225 0.8201
0.6000 | 0.8624 0.8605
0.8000 | 0.9223 0.9206
1.0000 | 1.0000 1.0000

In Fig. 4, where it is shown that the fin temperature decreases as the value of conductive-
radiative parameter increases. The is because as more heat is released from the surface of the fin
through thermal radiation, the intensity of the radiative cooling increases i.e. the fin loses heat to
the ambient fluid effectively and consequently, fin temperature drops.

1 T
—*—Mc=05

—+—Mc=10

0.9

0.8
0.7
0.6
0.5

0.4

Dimensionless temperature, 9 (X, 1)

0.3

T T T

T

T

T

0.2 r r L
0 0.1 0.2 0.3

0.4 0.5 0.6 0.7 0.8

Dimensionless fin lenght, X

0.9

1

Fig. 3. Effects of conductive-convective parameter
on fin thermal distribution

o
©

o
©

Dimensionless temperature, ¢ (X, 1)
) o
o ~

o
o
T

1 : :

:

.

0.4 t - 9

0 01 02 03 04 05 06 07 08

Dimensionless fin lenght, X

0.9

Fig. 5. Impacts of thermal conductivity factor
on the fin thermal distribution

1 T T T T T T T
—*—Nr=0.0

—+—Nr=0.2
—t—Nr=04
—S—Nr=0.6

o
©

o
@
4

Dimensionless temperature, ¢ (X, t)

0.4 L L L L L L L r L
0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

Dimensionless fin lenght, X

Fig. 4. Effects of conductor-radiative parameter
on fin thermal distribution

—*—1=0.25
—+—1=0.50
Tt=075

o
©

— o t=100 74

o
®
T
\

o
3
T
L

I3
o

o
o

Dimensionless temperature, ¢ (X, t)

o

0 01 02 03 04 05 06 07 08 09 1

Dimensionless fin lenght, X

Fig. 6. Effects of time on the fin
thermal distribution

Fig. 5 shows the effect of the fin thermal conductivity on the transient thermal behaviour of
the extended surface. The figure shows when the fin thermal conductivity and thermal
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conductivity gradient increase, the fin temperature increases, the fin temperature increases. This
is because, increase in the fin thermal conductivity and the thermal conductivity gradient causes
an increase in the local temperature of the fin and makes the heat conducted through the fin
increases, thereby the fin heat dissipation capability or surface heat loss to reduce. Moreover, a
material of high thermal conductivity tends to store more heat than dissipating it as compared to
a material of low thermal conductivity that dissipates heat more easily. It could therefore be said
that when a high heat dissipation process is required as in the case compact and miniaturized
equipment in thermal system applications such as cooling of electronic systems and devices, it is
suggested that a material of relatively low thermal conductivity should be used. Fig. 6 shows the
temperature profiles at different times while Fig. 7 illustrates the temperature histories at different
positions in the fin. It could be observed that at the different positions in the fin, the temperature
increases with an increase in time. The time histories of the solution shows that transient solutions
converge to a steady state and the fin tip temperature increases as time progresses.
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Fig. 7. Temperature history in the fin at various locations in the fin
5. Conclusions

In this paper, with the aid of Laplace transform-Galerkin weighted residual method, non-power
series solutions have been developed for the analysis of transient nonlinear thermal behaviour of
conductive-radiative-convective fin with varying thermal conductivity. The verifications of the
results of the solutions were done by comparing the results of the analytical solutions with the
result of a numerical method. It was established that very good agreements were found. Parametric
studies in the work showed that the coductive-convective and condiuctive-radiative parameters
increase, the fin’s thermal profile reduces while fin’s heat transfer capability is augmented and
hence, the fin thermal efficiency is augmented. However, the fin’s thermal profile is enhanced
through the fin as value of the thermal conductivity term amplifies. At the different positions in
the fin, the temperature grows as the time evolution progresses. The time histories of the solution
shows that transient solutions converge to a steady state and the fin tip temperature increases as
time progresses. This study serves to provide a good platform of comparison of results for the
future works on nonlinear transient thermal analyses of fin. In our further study in the future, we
will do a comparative study of two analytical solutions of power and non-power series. Such study
will establish a relative advantage of the symbolic solutions over one another.

Acknowledgements

The authors have not disclosed any funding.

94 JOURNAL OF ENGINEERING AND THERMAL SCIENCES. DECEMBER 2022, VOLUME 2, ISSUE 2



UNSTEADY STATE HEAT TRANSFER ANALYSIS OF A CONVECTIVE-RADIATIVE RECTANGULAR FIN USING LAPLACE TRANSFORM-GALERKIN
WEIGHTED RESIDUAL METHOD. GBEMINIYI M. SOBAMOWO, AHMED A. YINUSA, ZAINAB O. DERE, ET AL.

Data availability

The datasets generated during and/or analyzed during the current study are available from the
corresponding author on reasonable request.

Author contributions

Sobamowo M. Gbeminiyi: formulation of overarching research goals and aims. Development
or design of methodology; creation of models. Management and coordination responsibility for
the research activity planning and execution. Oversight and leadership responsibility for the
research activity planning and execution, mentorship external to the core team. Application of
mathematical and computational techniques to analyze the problem. Programming, software
development; designing computer programs; implementation of the computer code and supporting
algorithms; testing of existing code components.

Yinusa Ahmed Amoo: programming, software development; designing computer programs;
implementation of the computer code and supporting algorithms; testing of existing code
components.

Dere Zainab Olabisi: preparation, creation and/or presentation of the published work.
Provision of study materials, computing resources. Acquisition of the financial support for the
project leading to this publication. Conducting a research and investigation process.

Saheed Rasheed Olatunji: preparation, creation and/or presentation of the published work
Provision of study materials, computing resources.

Ola-Gbadamosi Ridwan O.: provision of study materials, computing resources. Acquisition of
the financial support for the project leading to this publication. Conducting a research and
investigation process

Conflict of interest
The authors declare that they have no conflict of interest.
References

[1] S. Kiwan and M. A. Al-Nimr, “Using porous fins for heat transfer enhancement,” Journal of Heat
Transfer, Vol. 123, No. 4, pp. 790-795, Aug. 2001, https://doi.org/10.1115/1.1371922

[2] S. Kiwan, “Effect of radiative losses on the heat transfer from porous fins,” International Journal of
Thermal Sciences, Vol. 46, No. 10, pp- 1046-1055, Oct. 2007,
https://doi.org/10.1016/j.ijthermalsci.2006.11.013

[3] S.Kiwan and O. Zeitoun, “Natural convection in a horizontal cylindrical annulus using porous fins,”
International Journal of Numerical Methods for Heat and Fluid Flow, Vol. 18, No. 5, pp. 618634,
Jun. 2008, https://doi.org/10.1108/09615530810879747

[4] S.Kiwan, “Thermal Analysis of Natural Convection Porous Fins,” Transport in Porous Media, Vol. 67,
No. 1, pp. 17-29, Mar. 2007, https://doi.org/10.1007/s11242-006-0010-3

[5] R.S.R.GorlaandA.Y. Bakier, “Thermal analysis of natural convection and radiation in porous fins,”
International Communications in Heat and Mass Transfer, Vol. 38, No. 5, pp. 638—645, May 2011,
https://doi.org/10.1016/j.icheatmasstransfer.2010.12.024

[6] B.Kundu, D. Bhanja, and K.-S. Lee, “A model on the basis of analytics for computing maximum heat
transfer in porous fins,” International Journal of Heat and Mass Transfer, Vol. 55, No. 25-26,
pp. 7611-7622, Dec. 2012, https://doi.org/10.1016/j.ijheatmasstransfer.2012.07.069

[71 M. T. Darvishi, R. Gorla, F. Khani, and A. Aziz, “Thermal performance of a porus radial fin with
natural convection and radiative heat losses,” Thermal Science, Vol. 19, No. 2, pp. 669—678, 2015,
https://doi.org/10.2298/tsci120619149d

[8] A. Jordan, S. Khaldi, M. Benmouna, and A. Borucki, “Study of non-linear heat transfer problems,”
Revue  de  Physique  Appliquée,  Vol. 22,  No. 1, pp. 101-105, 1987,
https://doi.org/10.1051/rphysap:01987002201010100

ISSN ONLINE 2669-2465 95



UNSTEADY STATE HEAT TRANSFER ANALYSIS OF A CONVECTIVE-RADIATIVE RECTANGULAR FIN USING LAPLACE TRANSFORM-GALERKIN

(9]

[10]

[11]

[12]

[13]

[14]

[15]

[16]

[17]

[18]

[19]

[20]

[21]

[22]

[23]

[24]

[25]

96

WEIGHTED RESIDUAL METHOD. GBEMINIYI M. SOBAMOWO, AHMED A. YINUSA, ZAINAB O. DERE, ET AL.

B. Kundu and P. K. Das, “Performance analysis and optimization of straight taper fins with variable
heat transfer coefficient,” International Journal of Heat and Mass Transfer, Vol. 45, No. 24,
pp. 47394751, Nov. 2002, https://doi.org/10.1016/s0017-9310(02)00189-8

F. Khani, M. A. Raji, and H. H. Nejad, “Analytical solutions and efficiency of the nonlinear fin problem
with temperature-dependent thermal conductivity and heat transfer coefficient,” Communications in
Nonlinear Science and Numerical Simulation, Vol. 14, No. 8, pp. 3327-3338, Aug. 2009,
https://doi.org/10.1016/j.cnsns.2009.01.012

S. R. Amirkolaei and D. Ganji, “Thermal performance of trapezoidal and rectangular profiles fin with
temperature-dependent heat transfer coefficient, thermal conductivity and emissivity,” Indian Journal
of Scientific Research (IJSR), Vol. 1, No. 2, pp. 223-229, 2014.

A. Aziz and M. N. Bouaziz, ““A least squares method for a longitudinal fin with temperature dependent
internal heat generation and thermal conductivity,” Energy Conversion and Management, Vol. 52,
No. 8-9, pp. 28762882, Aug. 2011, https://doi.org/10.1016/j.enconman.2011.04.003

M. G. Sobamowo, “Thermal analysis of longitudinal fin with temperature-dependent properties and
internal heat generation using Galerkin’s method of weighted residual,” Applied Thermal Engineering,
Vol. 99, pp. 1316-1330, Apr. 2016, https://doi.org/10.1016/j.applthermaleng.2015.11.076

D. D. Ganji, M. Raghoshay, M. Rahimi, and M. Jafari, “Numerical investigation of fin efficiency and
temperature distribution of conductive, convective and radiative straight fins,” International Journal
of Recent Research and Applied Studies, pp. 230-237, 2010.

M. G. Sobamowo, O. M. Kamiyo, and O. A. Adeleye, “Thermal performance analysis of a natural
convection porous fin with temperature-dependent thermal conductivity and internal heat generation,”
Thermal  Science and  Engineering  Progress, Vol. 1, pp. 39-52, Mar. 2017,
https://doi.org/10.1016/j.tsep.2017.02.007

G. Sobamowo, “Thermal performance and optimum design analysis of fin with variable thermal
conductivity using double decomposition method,” Journal of Mechanical Engineering and
Technology, Vol. 9, No. 1, pp. 1-32, 2017.

G. Sobamowo, L. Jayesimi, and J. Femi-Oyetoro, “Heat transfer study in a convective-radiative fin
with temperature-dependent thermal conductivity and magnetic field using variation parameters
method,” Journal of Applied Mathematics and Computational Mechanics, Vol. 16, No. 3, pp. 85-96,
Sep. 2017, https://doi.org/10.17512/jamem.2017.3.08

A. Moradi and H. Ahmadikia, “Analytical solution for different profiles of fin with temperature-
dependent thermal conductivity,” Mathematical Problems in Engineering, Vol. 2010, pp. 1-15, 2010,
https://doi.org/10.1155/2010/568263

S. Sadri, M. R. Raveshi, and S. Amiri, “Efficiency analysis of straight fin with variable heat transfer
coefficient and thermal conductivity,” Journal of Mechanical Science and Technology, Vol. 26, No. 4,
pp. 1283-1290, Apr. 2012, https://doi.org/10.1007/s12206-012-0202-4

P. L. Ndlovu and R. J. Moitsheki, “Analytical solutions for steady heat transfer in longitudinal fins
with temperature-dependent properties,” Mathematical Problems in Engineering, Vol. 2013, pp. 1-14,
2013, https://doi.org/10.1155/2013/273052

S. Mosayebidorcheh, D. D. Ganji, and M. Farzinpoor, “Approximate solution of the nonlinear heat
transfer equation of a fin with the power-law temperature-dependent thermal conductivity and heat
transfer coefficient,” Propulsion and Power Research, Vol. 3, No. 1, pp. 41-47, Mar. 2014,
https://doi.org/10.1016/j.jppr.2014.01.005

S. E. Ghasemi, M. Hatami, and D. D. Ganji, “Thermal analysis of convective fin with temperature-
dependent thermal conductivity and heat generation,” Case Studies in Thermal Engineering, Vol. 4,
pp- 1-8, Nov. 2014, https://doi.org/10.1016/j.csite.2014.05.002

D. D. Ganji and A. S. Dogonchi, “Analytical investigation of convective heat transfer of a longitudinal
fin with temperature — dependent thermal conductivity, heat transfer coefficient and heat generation,”
International Journal of Physical Sciences, Vol. 9, No. 21, pp. 466—474, 2014.

G. Sobamowo, O. Adeleye, and A. Yinusa, “Analysis of convective-radiative porous fin with
temperature-dependent internal heat generation and magnetic field usinghomotopy perturbation
method,” Journal of Computational and Applied Mechanics, Vol. 12, No. 2, pp. 127-145, 2017,
https://doi.org/10.32973/jcam.2017.009

C. Arslanturk, “Optimization of straight fins with a step change in thickness and variable thermal
conductivity by homotopy perturbation method,” Journal of Thermal Science and Technology, Vol. 10,
pp. 9-19, 2010.

JOURNAL OF ENGINEERING AND THERMAL SCIENCES. DECEMBER 2022, VOLUME 2, ISSUE 2



UNSTEADY STATE HEAT TRANSFER ANALYSIS OF A CONVECTIVE-RADIATIVE RECTANGULAR FIN USING LAPLACE TRANSFORM-GALERKIN

[26]

[27]

[28]

[29]

[30]

[31]

[32]

[33]

[34]

[35]

[36]

[37]

(38]

[39]
[40]
[41]

[42]

[43]

[44]

(49]

WEIGHTED RESIDUAL METHOD. GBEMINIYI M. SOBAMOWO, AHMED A. YINUSA, ZAINAB O. DERE, ET AL.

D. Ganji, Z. Ganji, and D. Ganji, “Determination of temperature distribution for annular fins with
temperature dependent thermal conductivity by HPM,” Thermal Science, Vol. 15, No. suppl. 1,
pp. 111-115, 2011, https://doi.org/10.2298/tscills1111g

H. A. Hoshyar, I. Rahimipetroudi, D. D. Ganji, and A. R. Majidian, “Thermal performance of porous
fins with temperature-dependent heat generation via the homotopy perturbation method and
collocation method,” Journal of Applied Mathematics and Computational Mechanics, Vol. 14, No. 4,
pp. 53-65, Dec. 2015, https://doi.org/10.17512/jamem.2015.4.06

K. Haley and J. Westwater, “Boiling heat transfer from single fins,” Chemical Engineering Science,
Vol. 20, p. 711, 1965.

F. Lai and Y. Hsu, “Temperature distribution in a fin partially cooled by nucleate boiling,” AIChE
Journal, Vol. 13, pp. 817-821, 1967.

A. D. Kraus, “Sixty-Five Years of Extended Surface Technology (1922-1987),” Applied Mechanics
Reviews, Vol. 41, No. 9, pp. 321-364, Sep. 1988, https://doi.org/10.1115/1.3151910

S. P. Liaw and R. H. Yeh, “Fins with temperature dependent surface heat flux-1. Single heat transfer
mode,” International Journal of Heat and Mass Transfer, Vol. 37, No. 10, pp. 1509—-1515, Jul. 1994,
https://doi.org/10.1016/0017-9310(94)90152-x

S. P. Liaw and R. H. Yeh, “Fins with temperature dependent surface heat flux-II. Multi-boiling heat
transfer,” International Journal of Heat and Mass Transfer, Vol. 37, No. 10, pp. 1517-1524, Jul. 1994,
https://doi.org/10.1016/0017-9310(94)90153-8

H. C. Unal, “Temperature distributions in fins with uniform and non-uniform heat generation and non-
uniform heat transfer coefficient,” International Journal of Heat and Mass Transfer, Vol. 30, No. 7,
pp. 1465-1477, Jul. 1987, https://doi.org/10.1016/0017-9310(87)90178-5

H. C. Unal, “Determination of the temperature distribution in an extended surface with a non-uniform
heat transfer coefficient,” International Journal of Heat and Mass Transfer, Vol. 28, No. 12,
pp. 2279-2284, Dec. 1985, https://doi.org/10.1016/0017-9310(85)90046-8

H. C. Unal, “A simple method of dimensioning straight fins for nucleate pool boiling,” International
Journal of Heat and Mass Transfer, Vol. 29, No. 4, pp. 640-644, Apr. 1986,
https://doi.org/10.1016/0017-9310(86)90097-9

H. C. Unal, “An analytic study of boiling heat transfer from a fin,” International Journal of Heat and
Mass Transfer, Vol. 30, No. 2, pp. 341-349, Feb. 1987, https://doi.org/10.1016/0017-9310(87)90122-
0

R. H. Yeh and S. P. Liaw, “An exact solution for thermal characteristics of fins with power-law heat
transfer coefficient,” International Communications in Heat and Mass Transfer, Vol. 17, No. 3,
pp. 317-330, May 1990, https://doi.org/10.1016/0735-1933(90)90096-3

A. K. Sen and S. Trinh, “An exact solution for the rate of heat transfer from a rectangular fin governed
by a power law-type temperature dependence,” Journal of Heat Transfer, Vol. 108, No. 2,
pp. 457459, May 1986, https://doi.org/10.1115/1.3246946

S. P. Liaw and R. H. Yeh, “Analysis of pool boiling heat transfer on a single cylindrical fin,” Chinese
Journal of Mechanical Engineering, Vol. 11, pp. 448-454, 1990.

R. H. Yeh and S. P. Liaw, “Theoretical study of a fin subject to various types of heat transfer,” Tatung
Journal, Vol. 20, pp. 59-66, 1990.

W. W. Lin and D. J. Lee, “Boiling on a straight pin fin,” AIChE Journal, Vol. 42, No. 10,
pp. 2721-2728, Oct. 1996, https://doi.org/10.1002/aic.690421004

W.-R. Liao, L.-H. Chien, M. Ghalambaz, and W.-M. Yan, “Experimental study of boiling heat transfer
in a microchannel with nucleated-shape columnar micro-pin-fins,” International Communications in
Heat and Mass Transfer, Vol. 108, p- 104277, Now. 2019,
https://doi.org/10.1016/j.icheatmasstransfer.2019.104277

A. Emamifar, H. Moghadasi, M. J. Noroozi, and H. Saffari, “Transient analysis of convective-radiative
heat transfer through porous fins with temperature-dependent thermal conductivity and internal heat
generation,” Journal of Thermal Engineering, Vol. 8, No. 5, pp. 666-676, Oct. 2022,
https://doi.org/10.18186/thermal. 1190558

W. W. Lin and D. J. Lee, “Boiling on a straight pin fin with variable thermal conductivity,” Heat and
Mass Transfer, Vol. 34, No. 5, pp. 381-386, Feb. 1999, https://doi.org/10.1007/s002310050273

M. Hatami and D. D. Ganji, “Thermal performance of circular convective-radiative porous fins with
different section shapes and materials,” Energy Conversion and Management, Vol. 76, pp. 185-193,
Dec. 2013, https://doi.org/10.1016/j.enconman.2013.07.040

ISSN ONLINE 2669-2465 97



UNSTEADY STATE HEAT TRANSFER ANALYSIS OF A CONVECTIVE-RADIATIVE RECTANGULAR FIN USING LAPLACE TRANSFORM-GALERKIN

[46]

[47]

(48]

[49]

[50]

[51]

[52]

[53]

98

WEIGHTED RESIDUAL METHOD. GBEMINIYI M. SOBAMOWO, AHMED A. YINUSA, ZAINAB O. DERE, ET AL.

M. Hatami, G. R. Mehdizadeh Ahangar, D. D. Ganji, and K. Boubaker, “Refrigeration efficiency
analysis for fully wet semi-spherical porous fins,” Energy Conversion and Management, Vol. 84,
pp- 533-540, Aug. 2014, https://doi.org/10.1016/j.enconman.2014.05.007

A. Moradi, T. Hayat, and A. Alsaedi, “Convection-radiation thermal analysis of triangular porous fins
with temperature-dependent thermal conductivity by DTM,” Energy Conversion and Management,
Vol. 77, pp. 70-77, Jan. 2014, https://doi.org/10.1016/j.enconman.2013.09.016

M. Darvishi, R. Gorla, and F. Khani, “Natural convection and radiation in porous fins,” Heat and Mass
Transfer, Vol. 38, pp. 638—645, 2013.

S. Saedodin and M. Shahbabaei, “Thermal analysis of natural convection in porous fins with homotopy
perturbation method (HPM),” Arabian Journal for Science and Engineering, Vol. 38, No. 8,
pp. 2227-2231, Aug. 2013, https://doi.org/10.1007/s13369-013-0581-6

S. E. Ghasemi, P. Valipour, M. Hatami, and D. D. Ganji, “Heat transfer study on solid and porous
convective fins with temperature-dependent heat generation using efficient analytical method,”
Journal of Central South University, Vol. 21, No. 12, pp. 4592-4598, Dec. 2014,
https://doi.org/10.1007/s11771-014-2465-7

Y. Rostamiyan, D. Ganji, R. Petroudi, and K. Nejad, “Analytical investigation of nonlinear model
arising in heat transfer through the porous fin,” Thermal Science, Vol. 18, No. 2, pp. 409-417, 2014,
https://doi.org/10.2298/tsci111217103r

R. Petroudi et al., “Semi-analytical method for solving non-linear equation arising of natural
convection porous fin,” Thermal Science, Vol. 16, No. 5, pp. 1303-1308, 2012,
https://doi.org/10.2298/tsci1205303p

S. Abbasbandy, E. Shivanian, and I. Hashim, “Exact analytical solution of forced convection in a
porous-saturated duct,” Communications in Nonlinear Science and Numerical Simulation, Vol. 16,
No. 10, pp. 3981-3989, Oct. 2011, https://doi.org/10.1016/j.cnsns.2011.01.009

‘ Dr. Sobamowo M. Gbeminiyi received OND and HND form The Polytechnic, Ibadan in
2 1998 and 2002, respectively. He also obtained B.Sc., M.Sc. and Ph.D. in 2006, 2009 and
2013, respectively in the Department of Mechanical Engineering, University of Lagos,
Nigeria. Where he lectures currently. Dr. Sobamowo has published over 270 research
papers in various international journals. He is an author of Engineering textbooks and a
reviewer for many international and local journals. His research interests include energy
systems modelling, simulation and design, fluid flow and heat transfer analysis, renewable
energy systems analysis, and thermal fluidic-induced vibration in energy systems. He is a
member of the Nigerian Institution of Mechanical Engineers, Nigeria Society of Engineers,
Council of Regulation of Engineering and International Association of Engineers.

Yinusa Ahmed Amoo is a Lecturer and a Ph.D. candidate in the Department of
Mechanical Engineering, University of Lagos, Nigeria. He obtained his B.Sc. and M.Sc.
in the same department in 2014 and 2017, respectively. He has published over 90 papers
in various local and international journals, and he is also a reviewer for some local and
international journals. His research interests include Nanotechnology and its applications,
Adaptation to climate change, thermal fluidic-induced vibration in energy systems and
applied mechanics. He is a member of the Nigerian Institution of Mechanical Engineers
and Council of Regulation of Engineering in Nigeria.

Dere Zainab Olabisi is a Ph.D. student in the Mathematics Department, Florida State
University, Florida, USA. She obtained her B.Sc. in Mathematics, University of llorin
(2011), and M.Sc. (Actuarial Science) in University of Lagos and University of Western
Cape (Mathematical Science), Cape Town, South Africa in 2014 and 2015 respectively.
Her research interests are in Applied Mathematics in Energy, Biological Systems and
Finance. She is a member of American Statistical Association (ASA) and American
Mathematical Society (AMS).

JOURNAL OF ENGINEERING AND THERMAL SCIENCES. DECEMBER 2022, VOLUME 2, ISSUE 2



UNSTEADY STATE HEAT TRANSFER ANALYSIS OF A CONVECTIVE-RADIATIVE RECTANGULAR FIN USING LAPLACE TRANSFORM-GALERKIN
WEIGHTED RESIDUAL METHOD. GBEMINIYI M. SOBAMOWO, AHMED A. YINUSA, ZAINAB O. DERE, ET AL.

Saheed Rasheed Olatunji obtained a B.Sc. and an M.Sc. in mechanical engineering from
Lagos State University and University of Lagos, Nigeria, respectively. He is a Ph.D.
candidate in the University of Johannesburg, South Africa. He was a lecturer in the
department of mechanical engineering, Lagos State Polytechnic and currently a Lecturer
in the department of mechanical engineering, Lagos State University of Science and
Technology (LASUSTECH), Nigeria. His research area and interest are in manufacturing
systems and Modelling of dynamic systems and controls. Rasheed is a member of the
Nigerian Society of Engineers (NSE) and Council for the Regulation of Engineering in
Nigeria (COREN).

Ola-Gbadamosi Ridwan O. is currently a master’s Student at the Department of
Mechanical Engineering, Faculty of Engineering, University of Lagos. He received B.Sc.
Mechanical Engineering degree (First Class Honours) from Lagos State University, Ojo,
Lagos. His research areas and interests are Heat transfer and Fluid Flow Optimization,
Additive Manufacturing Processes and Systems. His research scope includes the
application of analytical, approximate analytical and numerical methods for the
=4 simulations of nanomaterial behaviour for optimal performance.

ISSN ONLINE 2669-2465 99





