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Abstract. In the process of investigation of dynamics of elements of robots, systems with different 
values of stiffness for positive and negative displacements play an important role. This change of 
the value of stiffness has an effect to the results of numerical calculation of dynamics of the 
system. For more precise investigation of dynamics a special numerical procedure is proposed in 
the paper. Numerical results for two values of time steps: large and medium ones, are presented 
for two cases: without application of the proposed procedure and with application of it. 
Comparison of the presented results indicates advantages of the proposed numerical procedure. 
Keywords: different values of stiffness, harmonic excitation, transient processes. 

1. Introduction 

In the process of investigation of dynamics of elements of robots, systems with different values 
of stiffness for positive and negative displacements play an important role. This change of the 
value of stiffness has an effect to the results of numerical calculation of dynamics of the system. 

For more precise investigation of dynamics a special numerical procedure is proposed in the 
paper. Numerical results for two values of time steps: large and medium ones, are presented for 
two cases: without application of the proposed procedure and with application of it. 

Comparison of the presented results indicates advantages of the proposed numerical procedure. 
Resonances in nonlinear systems are described in [1]. Systems with impacts are investigated 

in [2]. Stabilisation of dynamical systems is presented in [3]. Impacts in vibrating systems are 
investigated in [4]. Periodic orbits are analysed in [5]. Vibro-impact energy sink is investigated in 
[6]. Particle impact with a wall is presented in [7]. Frequencies of a multibody system are analysed 
in [8]. Pendulum and its dynamics are investigated in [9]. Piecewise linearity is analysed in [10]. 
Resonant zones are investigated in [11]. Sommerfeld effect is presented in [12]. Isolated 
resonances are investigated in [13]. 

First the model of the system with a single degree of freedom and harmonic excitation is 
described. Then the proposed procedure for improved calculation of dynamics is presented. 
Graphical results without application of the proposed procedure and with it are presented and 
mutually compared. 

2. Model of the system with different values of stiffness for positive and negative 
displacements 

The investigated system has a single degree of freedom and is described by the following 
differential equation: 
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𝑥ሷ + 2ℎ𝑥ሶ + 𝑝ଶ𝑥 = −𝑓sin𝜔𝑡, (1)

where 𝑥 is the displacement of the system, ℎ is the coefficient of viscous damping, 𝑝ଶ is the 
nonlinear coefficient of stiffness, 𝑓 is the amplitude of harmonic excitation, 𝜔 is the frequency of 
harmonic excitation, 𝑡 is the time and the upper dot denotes differentiation with respect to it. 

It is assumed that the nonlinear stiffness has the following form: 

𝑝ଶ = ൜𝑝ଶଶ,     𝑥 > 0,𝑝ଵଶ,     elsewhere, (2)

where 𝑝ଵ and 𝑝ଶ are constant values. 
Further the force of stiffness is denoted as: 𝑃 = 𝑝ଶ𝑥. (3)

3. Improved procedure for calculation of dynamics of the system with different values of 
stiffness for positive and negative displacements 

Further the following notation is used: 𝑇 denotes the time step, the subscript 0 denotes the 
value at the beginning of a time step and the subscript 𝑇 denotes the value at the end of a time 
step. 

It is assumed that: 

𝑝ଶ = ቊ𝑝ଶଶ,     ሺ𝑥 > 0ሻ ∨ ൫ሺ𝑥 = 0ሻ&ሺ𝑥ሶ > 0ሻ൯,𝑝ଵଶ,     elsewhere.  (4)

If the following conditions are satisfied: 𝑥் > 0, (5)

and: 𝑥଴ < 0, (6)

or if the following conditions are satisfied: 𝑥் < 0, (7)

and: 𝑥଴ > 0, (8)

then the reduced time step is used in the process of calculations: 𝑇௥ = − 𝑥଴𝑥் − 𝑥଴ 𝑇. (9)

Then it is assumed that: 𝑥 ೝ் = 0, (10)𝑥ሶ ೝ் = 𝑥ሶ଴ + ሺ𝑥ሶ் − 𝑥ሶ଴ሻ 𝑇௥𝑇 , (11)𝑥ሷ ೝ் = 𝑥ሷ଴ + ሺ𝑥ሷ் − 𝑥ሷ଴ሻ 𝑇௥𝑇 . (12)
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4. Investigation of dynamics of the system with different values of stiffness for positive and 
negative displacements 

The following parameters of the investigated system with different values of stiffness for 
positive and negative displacements were assumed: 𝜔 = 1,     𝑓 = 1,      ℎ = 0.1,       𝑝ଵ = 1,      𝑝ଶ = 2. (13)

Zero initial conditions were assumed: 𝑥ሺ0ሻ = 0,      𝑥ሶሺ0ሻ = 0. (14)

Results for two values of a time step are presented: large time step: 𝑇 = 2𝜋𝜔40, (15)

and medium time step: 𝑇 = 2𝜋𝜔80. (16)

4.1. Results of investigation of the system with different values of stiffness for positive and 
negative displacements for large time step 

4.1.1. Conventional procedure for calculation of dynamics 

Displacement, velocity, acceleration, and velocity multiplied by acceleration as functions of 
time are presented in Fig. 1. 

 
a) Displacement as function of time 

 
b) Velocity as function of time 

 
c) Acceleration as function of time 

 

 
d) Velocity multiplied by acceleration  

as function of time 
Fig. 1. Dynamics of the system with different values of stiffness for positive  

and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 
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Phase trajectories of motion of the investigated system are presented in Fig. 2. 
Force of stiffness as function of displacement is shown in Fig. 3. 

 
a) Velocity as function of displacement 

 
b) Acceleration as function of velocity 

 
c) Velocity multiplied by acceleration as function of displacement 

Fig. 2. Phase trajectories of the system with different values of stiffness for positive  
and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

 
Fig. 3. Force of stiffness as function of displacement of the system with different values of stiffness  

for positive and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

4.1.2. Improved procedure for calculation of dynamics 

Displacement, velocity, acceleration, and velocity multiplied by acceleration as functions of 
time are presented in Fig. 4. 

Phase trajectories of motion of the investigated system are presented in Fig. 5. 
Force of stiffness as function of displacement is shown in Fig. 6. 
From the presented results it is seen that the improved procedure for calculation of dynamics 

has advantages, which are seen from the comparison of corresponding graphical representations. 
This is especially evident from the comparison of corresponding drawings involving accelerations 
as well as from the comparison of representations of force of stiffness as function of displacement 
in the vicinity of the origin of the coordinate system. 
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a) Displacement as function of time 

 
b) Velocity as function of time 

 
c) Acceleration as function of time 

 

 
d) Velocity multiplied by acceleration  

as function of time 
Fig. 4. Dynamics of the system with different values of stiffness for positive  

and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

 
a) Velocity as function of displacement 

 
b) Acceleration as function of velocity 

 
c) Velocity multiplied by acceleration as function of displacement 

Fig. 5. Phase trajectories of the system with different values of stiffness for positive  
and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 
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Fig. 6. Force of stiffness as function of displacement of the system with different values of stiffness  

for positive and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

4.2. Results of investigation of the system with different values of stiffness for positive and 
negative displacements for medium time step 

4.2.1. Conventional procedure for calculation of dynamics 

Displacement, velocity, acceleration, and velocity multiplied by acceleration as functions of 
time are presented in Fig. 7. 

 
a) Displacement as function of time 

 
b) Velocity as function of time 

 
c) Acceleration as function of time 

 

 
d) Velocity multiplied by acceleration  

as function of time 
Fig. 7. Dynamics of the system with different values of stiffness for positive and negative  

displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

Phase trajectories of motion of the investigated system are presented in Fig. 8. 
Force of stiffness as function of displacement is shown in Fig. 9. 
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a) Velocity as function of displacement 

 
b) Acceleration as function of velocity 

 
c) Velocity multiplied by acceleration as function of displacement 

Fig. 8. Phase trajectories of the system with different values of stiffness for positive  
and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

 
Fig. 9. Force of stiffness as function of displacement of the system with different values of stiffness  

for positive and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

4.2.2. Improved procedure for calculation of dynamics 

Displacement, velocity, acceleration, and velocity multiplied by acceleration as functions of 
time are presented in Fig. 10. 

Phase trajectories of motion of the investigated system are presented in Fig. 11. 
Force of stiffness as function of displacement is shown in Fig. 12. 
From the presented results it is seen that the improved procedure for calculation of dynamics 

has advantages, which are seen from the comparison of corresponding graphical representations. 
This is especially evident from the comparison of corresponding drawings involving accelerations 
as well as from the comparison of representations of force of stiffness as function of displacement 
in the vicinity of the origin of the coordinate system. 

The presented graphical representations show the advantages of the improved procedure for 
calculation of dynamics of the system with different values of stiffness for positive and negative 
displacements. 
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a) Displacement as function of time 

 
b) Velocity as function of time 

 
c) Acceleration as function of time 

 

 
d) Velocity multiplied by acceleration  

as function of time 
Fig. 10. Dynamics of the system with different values of stiffness for positive  

and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

 
a) Velocity as function of displacement 

 
b) Acceleration as function of velocity 

 
c) Velocity multiplied by acceleration as function of displacement 

Fig. 11. Phase trajectories of the system with different values of stiffness for positive  
and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 
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Fig. 12. Force of stiffness as function of displacement of the system with different values of stiffness  

for positive and negative displacements when 𝜔 =1, 𝑓 = 1, ℎ = 0.1, 𝑝ଵ = 1, 𝑝ଶ = 2 

5. Conclusions 

Systems with different values of stiffness for positive and negative displacements are 
important in engineering applications. This change of the value of stiffness has an effect to the 
results of numerical calculation of dynamics of the system. For more precise investigation of 
dynamics a special numerical procedure is proposed in the paper. Numerical results for two values 
of time steps are presented without application of the proposed procedure and with application of 
it. 

Displacement, velocity, acceleration, and velocity multiplied by acceleration as functions of 
time are investigated. Also phase trajectories of motion of the investigated system are presented. 
Force of stiffness as function of displacement is calculated and graphically represented. 

From the presented results it is seen that the improved procedure for calculation of dynamics 
has advantages, which are seen from the comparison of corresponding graphical representations. 
This is especially evident from the comparison of corresponding drawings involving accelerations 
as well as from the comparison of representations of force of stiffness as function of displacement 
in the vicinity of the origin of the coordinate system. The presented graphical representations show 
the advantages of the improved procedure for calculation of dynamics of the system with different 
values of stiffness for positive and negative displacements. 

The results of the performed investigation are applied in the process of design of elements of 
robots. 
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