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Abstract. A design scheme of Duffing Chaotic circuit module is proposed based on Multisimin 
study. The operational amplifier is used to construct integrating circuit. The Duffing chaotic circuit 
is also designed based on the integrating circuit. The results can be shown in a virtual oscilloscope 
by phase trajectory. The bifurcation results of Duffing oscillator solved by the circuit module are 
consistent with that obtained by Matlab. The Duffing equation in critical state is selected as Chaos 
Inspection System (CIS), which is used to identify weak signal with strong noise. Simulation 
examples show that the chaotic circuit designed in this study can successfully identify many kinds 
of weak signals, such as sine wave, triangle wave, and square wave etc. This work provides a 
theoretical basis for the hardware of CIS of weak signal with strong noise. 
Keywords: chaos, Duffing system, simulation circuit, weak signal detection. 

1. Introduction 

Non-destructive Testing (NDT) technology can timely detect structural defects in the early 
stage of structural service, which is an important means to ensure the safe service of engineering 
components. However, in the early stage of structural damage, the obtained damage characteristic 
signals are often very weak due to the small defect, which is very likely to be submerged in the 
noise and cause missed detection. It is particularly important to improve the detection sensitivity 
of small defects. Due to the traditional domain detection method of weak signal time, the threshold 
of the input SNR is limited to a certain extent [1]. A new theory is needed and further improve the 
detection efficiency of weak signals with lower SNR. 

Based on the parameter sensitivity of the Duffing chaotic system and the noise immunity, the 
chaotic weak signal detection theory developed has been favored by many researchers [2-4]. The 
basic principle is that the Duffing system in a critical state of chaos will undergo significant state 
changes under external disturbances. In actual operation, the driving force frequency of Duffing 
system is set according to the frequency of the signal-to-be-tested, and the damping is a constant. 
Adjusting the amplitude of driving force, the system in a critical state of chaotic phase transition 
is selected as a Chaos Inspection System (CIS). Adding a signal-to-be-test to the driving force 
item, the CIS will happen the chaotic phase transition if the signal contains a weak signal of the 
same frequency, otherwise, it will remain unchanged [5-8]. At present, the weak signal inspection 
technology based on CIS have been applied in many fields. For example, Akilli et al. [9] 
successfully detected Electroencephalogram (EEG) signals with CIS. Li et al. [10] proposed a 
differential double coupling Duffing oscillator method to detect the measured underwater weak 
target signal. Li et al. [11] proposed a CIS method, which was successfully used to detect the 
signal leaked by the real HDMI cable in the shielding room during transmission. Srinivasan et al. 
[12] studied the detection ability of various signals of Duffing chaotic system, and successfully 
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identify the triangle wave, and saw tooth wave. Zhang et al. [13] and Wu et al. [14] considered 
the weak ultrasonic guided wave signal generated by tiny defects in the pipeline, and successfully 
detected the modulated pulse signal using the Duffing chaotic system, which provided an excellent 
cases for the Duffing chaotic system for NDT. 

However, the above words are mainly depending on software programming. The solution 
speed is slow, and it needs to rely on a third-party development platform. In this study, a Duffing 
chaotic circuit scheme will be designed by Multisim, which is a theoretical base for the hardware 
of CIS of weak signal with strong noise. Obviously, a CIS based on hardware need not D/A 
conversion and directly analyze the analog signal, which can improve the efficiency. The 
remaining parts is outlined as follows: the principles of the CIS for detecting weak signal is 
presented in Section 2. The design scheme of Duffing chaotic circuit is introduced in Section 3, 
and some experiments are carried out. Finally, some conclusions can be drawn in Section 4. 

2. The inspection principle of a weak signal by Duffing system 

Duffing system is a kind of nonlinear system, which has rich nonlinear characteristics, such as 
periodicity, chaos, bifurcation, period-doubling, and other characteristics. The typical Duffing 
oscillator is shown in Eq. (1): 𝑥ሷ + 𝑐𝑥ሶ − 𝑥 + 𝑥ଷ = 𝐹sinሺ𝑡ሻ, (1)

in which, 𝑥 represents the displacement, −𝑥 + 𝑥ଷ is the nonlinear restoring force, 𝑐 is the damping 
ratio, and 𝐹sin(𝑡) is the periodic driving force. Let 𝑡 = 𝜔𝜏, 𝑆(𝑡)is thesignal-to-be-detection, 
transform the time variable into 𝜏, then the above formula becomes: 1𝜔ଶ 𝑥ሷ + 𝑐𝜔 𝑥ሶ − 𝑥 + 𝑥ଷ = 𝐹sin(𝜔𝜏) + 𝑆(𝑡). (2)

To solve Eq. (2), it can be written after reduced-order as: 

൞𝑥 = 𝜔 ∗ න𝑦 𝑑𝑡,𝑦 = 𝜔 ∗ නሾ−𝑐𝑦 + 𝑥 − 𝑥ଷ + 𝐹sin(𝜔𝜏) + 𝑆(𝑡)ሿ 𝑑𝑡. (3)

In this study, a 70 kHz weak signal will be inspected. Therefore, 𝜔 = 2𝜋𝑓 ≈ 0.44 rad/μs. 
Without loss of generality, 𝑐 = 0.4. Changing the amplitude of driving force 𝐹 in the range of  𝐹 ∈ [0,1], the displacement bifurcation diagram versus the amplitude 𝐹 is shown in Fig. 1. Here, 
the initial value [𝑥,𝑦] = [0,0], the integral step is 0.02 μs as, the total time is 500 external 
excitation cycles. It can be seen that when the amplitude gradually increases from 0 to 1, the 
system experiences small-scale period, chaos and large-scale period state, etc. A critical  𝐹 = 0.6747 is selected as a critical point of chaotic phase transition. The Duffing system in the 
critical state will be used to identify weak signals.  

3. Design scheme of Duffing chaotic circuit 

3.1. Duffing chaotic circuit 

Integral operation is a core. A typical integrated circuit is shown in Fig. 2. When 𝑢ூ is input 
into the operational amplifier, the output 𝑢ை is the integral of the 𝑢ூ. They are satisfied as: 

𝑢ை = − 𝑅𝑅ଵ𝐶 න𝑢ூ𝑑𝑡. (4)
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Fig. 1. Displacement bifurcation diagram of the 

system versus the driving force amplitude 

 
Fig. 2. Integral amplifier circuit 

 

In which, 𝐶 is a capacitor, which introduces the AC parallel voltage negative feedback to make 
the operational amplifier work in the linear region. In the actual circuit, a large feedback resistor 𝑅 needs to be connected in parallel at both ends of the capacitor to suppress the integral drift 
phenomenon that occurs due to various reasons, and the balance resistor 𝑅ᇱ is connected to the 
non-inverting end to adjust the matching of the input and feedback resistor, thereby suppressing 
the bias current. 𝑅ଵ is the input resistance. In this study, an inverting integrator composed of an 
operational amplifier and a resistor and a capacitor will be used to the integral operation and 
integral operational amplifier in the Duffing oscillator [15, 16]. 

The Duffing chaotic circuit is designed according to Eq. (3) as shown in Fig. 3. Among them, 
the operational amplifier is 3554 AM, the multiplier is AD734BQ, and some capacitors and 
resistors are used to build the circuit. The power supply voltage of the operational amplifier and 
the multiplier is ±15 V. According to the parameters of a critical state for Duffing chaotical system, 
each component is configured as: 𝑅ଵ = 𝑅ଶ = 𝑅ଷ = 𝑅ସ = 𝑅ଵହ = 𝑅ଵ = 𝑅ଶଶ = 1 kΩ, 𝑅଼ = 44 kΩ, 𝑅ଶ = 4.4 kΩ, 𝐶ଵ = 10 nF, 𝐶ଶ =1 nF, 𝑅ହ = 𝑅 = 𝑅ଵ = 𝑅ଵ = 𝑅ଵ଼ = 𝑅ଶଵ = 𝑅ଶହ = 𝑅ଶ = 𝑅ଶସ = 10 kΩ. 

 
Fig. 3. Overall design circuit diagram 

According to Kirchhoff's law of current, it can be known that the circuit shown in Fig. 3 is 
equivalent to solving the following equations: 
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⎩⎪⎪⎪
⎨⎪
⎪⎪⎧𝑈ଵ = − 1𝑅ଵ𝐶ଵ න(𝑈 + 𝑈ଽ + 𝑈ହ + 𝑈ଶ)𝑑𝑡 ,      𝑈ଶ = −𝑅଼𝑅 𝑈ଵ,𝑈ଷ = −𝑅ଵଶ𝑅ଵଵ 𝑈ଶ,      𝑈ସ = − 1𝑅ଵହ𝐶ଶ න𝑈ଷ𝑑𝑡 ,      𝑈ହ = −𝑅ଶ𝑅ଵ଼ 𝑈ସ,𝑈 = −𝑈ହ ൈ 𝑈ହ10 ,      𝑈 = −𝑅ଶଵ𝑅ଵ 𝑈,       𝑈଼ = −𝑈 ൈ 𝑈ଵ10 ,𝑈ଽ = −𝑅ଶସ𝑅ଶଶ 𝑈଼,       𝑈ଵ = −𝑅ଶ𝑅ଶହ 𝑈ହ.

 (5)

Substitute each parameter into Eq. (5) and the following can be obtained: 

൞𝑈ଶ = 0.44 ∗ 10ି න൫−0.4𝑈ଶ + 𝑈ହ − 𝑈ହଷ + 𝐴sin𝜔𝑡൯𝑑𝑡 ,𝑈ହ = 0.44 ∗ 10ି න𝑈ଶ𝑑𝑡 .  (6)

It can be seen from Eq. (6) that the circuit accurately simulate the solution of the Eq. (3). 
Among them, the signal source connected to 𝑅ଵ represents the periodic driving force term in the 
Duffing oscillator. The output of operational amplifier 𝑈ଶ represents 𝑥 in Eq. (3), and the output 
of operational amplifier 𝑈ହ represents 𝑦 in Eq. (3). The phase trajectory is plotted by the time 
history of 𝑈ଶ and 𝑈ହ in the oscilloscope XSC1. 

In Multisim, the virtual signal generatorXFG1 simulates the driving force item of Duffing 
equation, and the virtual signal generator XFG2 generates a signal-to-be-detection. If switch S1 is 
open and the signal in XFG2 is not input to the circuit, the circuit is equivalent to the Eq. (1). If 
switch S1 is closed and the signal in XFG2 is not fed into the circuit, the circuit is equivalent to 
the Eq. (2) or Eq. (3), which is a CIS. Here, it should be noted that the relationship between the 
Root Mean Square (RMS) voltage 𝐹 generated by the signal source and the input value 𝐴 is:  𝐹 = √2𝐴. For example, the signal source amplitude of 𝐴 = 0.4666 is equivalent to a driving force 
amplitude of 𝐹 = 0.659987. The phase trajectory is plotted as shown in Fig. 4(a) when  𝐴 = 0.4666, which shows that the system is chaotic. If the signal source amplitude is increased a 
little, it becomes 𝐴 = 0.4667, that is, 𝐹 = 0.660013, the system will suddenly change to a periodic 
state as shown in Fig. 4(b). This result is basically consistent with that in Fig. 1. Therefore,  𝐴 = 0.4666, that is, 𝐹 = 0.6599, is selected as the critical value of the system. Fig. 4(a) is the 
original phase trajectory of detection system. A weak signal could be identified from observing 
the changes of phase trajectory after inputting the signal-to-be-detected. If a sudden change occurs, 
it can be determined that the signal-to-be-detected contains a periodic signal with the same 
frequency as the driving force of the Duffing system. 

 
a) System phase trajectory when 𝐹 = 0.4666 

 
b) System phase trajectory when 𝐹 = 0.4667 

Fig. 4. System phase trajectory under the same amplitude 
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4. Weak signal detection under strong noise 

4.1. Noise immunity analysis 

To illustrate the ability of the chaotic circuit to detect weak signals under strong noise, the 
following noise model is constructed: 𝑆̅(𝑡) = 𝑆(𝑡) + 𝜎𝑁(𝑡), (7)

where, 𝑆(𝑡) is a pure periodic signal, 𝑁(𝑡) is a Gaussian white noise with distribution of (0, 1), 𝜎 
is noise level, an SNR of 100, a resistance of 100 kΩ, and a bandwidth of 70 kHz. There are 
sinusoidal signals with an amplitude of 0.0002, pure noise signals and sinusoidal signals 
submerged by the noise. The time-domain diagrams are shown in Fig. 5(a)-(c). It can be seen that 
the sinusoidal signal mixed with noise has completely submerged in the noise. 

 
a) Sine wave 

 
b) Noise 

 
c) A sinusoidal signal  

obscured by noise 
Fig. 5. Time-domain diagram of the system under different disturbances 

After adding the above three signals to the Duffing chaotic circuit, the results are shown in 
Fig. 6(a)-(c). It can be seen that when a weak sinusoidal signal is an input into the circuit, the 
system changes from a chaotic state to a large-scale periodic state, as shown in Fig. 6(a); however, 
after adding pure noise, the phase trajectory of the system is shown in Fig. 6(b), which has almost 
no effect and is still in a chaotic state. Adding a sinusoidal signal containing noise into the circuit, 
the state of the system becomes a large-scale periodic state as shown in Fig. 6(c). These results 
verify that the circuit has a strong ability to detect weak sinusoidal signals in a strong noise 
background. 

 
a) Inputting sine wave 

 
b) Inputting noise 

 
c) Inputting polluted sine signal 

Fig. 6. The results of Phase trajectories considering noise influence 

4.2. Detection of weak special signals 

In NDT field, sine wave, square wave, and triangular wave signals are three widely used 
signals. These three signals are further used to verify the validity of the chaotic circuit. The sine 
wave, square wave, and triangle wave are shown in Fig. 7(a)-(c), respectively. They are generated 
by controlling the parameters in Multisim. When they are input into the CIS, the results are shown 
in Fig. 8(a)-(c). 
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a) Sine wave 

 
b) Triangle wave 

 
c) Square wave 

Fig. 7. Time-domain domain diagram of different signals to be measured 

It can be seen from Fig. 8 that all system state of cases changes from a chaotic state to a large-
scale periodic state, which can be detected by the Duffing CIS proposed in this study. This also 
shows that the circuit can be used to detect a variety of weak signals. 

 
a) Inputting sine wave 

 
b) Inputting triangle wave 

 
c) Inputting square wave 

Fig. 8. The results of Phase trajectories after inputting different signals 

5. Conclusions 

In this paper, the Duffing chaotic circuit module is designed for weak signal inspection in 
Multisim. All capacitors, resistors, amplifiers and other components in the circuit are accurately 
determined. Base on them, the Duffing equation in critical state with the group parameters is 
selected as Chaos Inspection System (CIS) of weak signal with strong noise. The solution of the 
circuit is basically consistent with that by Matlab. The accuracy of the circuit design is proved. In 
the simulation example, all of the sine wave, triangle wave and square wave can be successfully 
identified. In addition, the circuit also shows good noise immunity. This work provides a 
theoretical basis for the hardware of CIS of weak signal with strong noise. 
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