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Abstract. As the key connecting part of the rigid flexible coupling manipulator, the structural 
dynamic characteristics of the bolted joint are analyzed by using the joint simulation technology 
of pro/e and ANSYS. Based on the spring equivalent principle, the finite element equivalent model 
of bolt joint is established, the relationship equation between contact surface pressure and bolt 
preload is derived, and its stress state is analyzed; Based on the micro convex deformation model 
and Hertz contact theory, the tangential stiffness equation and normal stiffness equation of the 
bolted joint are derived respectively. The three-dimensional model of the bolted joint is 
established by using pro/e and imported into ANSYS for joint simulation. The simulation 
experiments reveal the influence of bolt joint vibration characteristics under different conditions 
from the aspects of bolt diameter, pre tightening force, bolt group number and bolt distribution. 
The conclusions have important engineering value for the structural optimization of rigid flexible 
coupling manipulator. 
Keywords: rotation-parallel type, rigid flexible manipulator, bolt joint, equivalent modeling, 
structural characteristics. 

1. Introduction 

Due to the advantages of light weight, fast speed and low energy consumption, flexible 
manipulator has gradually attracted the attention of industry and academia [1, 2]. At present, the 
flexible manipulator represented by RP (rotary parallel) rigid flexible manipulator is gradually 
applied to the field of medical devices. The manipulator is mainly composed of a flexible 
manipulator whose rotating rigid arm is connected to the end through a moving base. Large 
workspace, large-scale rapid movement and precise positioning can be achieved. It is of great 
significance to study it in depth. However, the RP rigid flexible manipulator has large-scale rigid 
motion and small displacement elastic vibration [4, 5], which will further affect the dynamic 
characteristics of the robot rigid arm through the bolt joint, and then seriously reduce the 
positioning accuracy and work efficiency of the end effector [6]. 

According to the structural characteristics of RP type flexible robot, the flexible operating arm 
is connected with the moving base through the bolt joint. In the actual movement process, the 
mechanical vibration will be transmitted to the flexible operating arm through the bolt joint, which 
will have a certain impact on the positioning accuracy of the end effector [7]. The change of the 
frequency and vibration mode characteristics of the bolt joint will cause the change of the vibration 
characteristics of the flexible manipulator. Therefore, the research on the structural vibration 
characteristics of the bolt joint will lay a foundation for the follow-up study on the vibration 
characteristics of the flexible manipulator. Bolted connections are widely used in mechanical 
structures because of their strong reliability and easy disassembly. In the whole mechanical 
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system, 60 %-80 % of the structural stiffness and more than 90 % of the structural damping come 
from joints [9]. Bolted connections are coupled by a variety of complex joint surfaces, which 
makes bolted connections incompatible and nonlinear. Therefore, as one of the main forms of 
fixed connection between components, the complex dynamic characteristics of the bolt joint will 
have a great impact on the structural characteristics of the mechanical system [8], and become the 
main source of the error of the whole mechanical system. However, due to the complex physical 
characteristics of the bolt joint surface, the traditional finite element method can not directly model 
and analyze it. Therefore, it is of great significance to study a modeling method that can accurately 
reflect the joint characteristics. 

Since the joint surfaces of the joint parts in contact with each other form a closed structure, 
and the joint surfaces are composed of countless discontinuous micro convex bodies, domestic 
and foreign scholars reveal the structural characteristics of the bolt joint from many aspects [10]. 
In 1966, Greenwood et al. [11] proposed GW model according to the contact form between rough 
surfaces, which opened up a new idea for solving such problems. Li et al. [12] established the 
plastic deformation model of the contact area between rigid ellipsoid and half plane. Domestic 
scholars You J. M. et al. [13] further considered the continuous transformation between elastic, 
elastic-plastic and complete plastic deformation of micro convex bodies, and proposed a statistical 
model suitable for rough contact characterization. Yoshimura et al. [14] proposed the spring 
damping element model of the equivalent joint. Li Y. S. et al. [15] established the spring damping 
element model of single bolt joint according to the principle of stiffness equivalence, and verified 
the rationality of the model through experiments. Hui et al. [16] conducted equivalent modeling 
of bolt joint based on virtual material layer method, and calculated the elastic modulus and 
Poisson’s ratio of virtual material according to the basic characteristic parameters. Zhang X. L. et 
al. [17] used a layer of isotropic virtual material as the equivalent model of the joint to study the 
different characteristics of the joint in the normal and tangential directions. Williams et al. [18] 
used the spring element model to analyze the relationship between the deformation of the joint 
and the preload of the bolt under external load. 

Based on the above research, the modeling method of the bolt joint and the influencing factors 
of the dynamic characteristics are further studied and analyzed. Based on the joint simulation 
technology of pro/e and ANSYS, the structural characteristics of the bolt joint of the flexible 
manipulator are revealed. The main technical contributions of the proposed scheme are 
summarized below. 

(1) The stress state of the bolted joint is analyzed, the relationship between the contact surface 
pressure of the joint surface and the bolt preload is established, and the equivalent model of the 
bolted joint is established based on the spring equivalent principle. 

(2) Different from the traditional numerical mechanics calculation, based on the micro convex 
deformation model and Hertz contact theory, the tangential and normal stiffness equations of 
bolted connections are derived respectively, and the joint simulation model of pro/e and ANSYS 
is established. 

(3) The influence of different joint conditions on the vibration characteristics of bolt joint is 
studied from the aspects of bolt diameter, pre tightening force, number of bolt groups and bolt 
distribution mode, and its structural characteristics are revealed. 

2. Equivalent modeling of bolt joint 

2.1. Stress analysis of bolt joint 

The bolt joint is affected by the pre-tightening force 𝐹 and pre-tightening torque 𝑇 during 
operation, as shown in Fig. 1 [19, 20]. 
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Fig. 1. Stress diagram of bolt structure 

The bolt pre-tightening torque 𝑇 is composed of the friction torque 𝑇ଵ between the nut and the 
member surface and the friction resistance torque 𝑇ଶ between the screw pair, as shown in Eq. (1): 𝑇 = 𝑇ଵ + 𝑇ଶ, (1)𝑇ଵ = 𝜇 ⋅ 𝐹 ⋅ 𝑟, (2)𝑟 = 𝐷ଷ − 𝑑଴ଷ3(𝐷ଶ − 𝑑଴ଶ), (3)𝑇ଶ = 𝐹𝑑ଵtan(𝜃 + 𝛼)2 , (4)

where 𝜇 is the friction coefficient of the nut (when there is no lubrication, 𝜇 ≈ 0.1 − 0.2); 𝐹 is 
bolt preload; 𝑟 is the equivalent friction radius of the nut, 𝐷 is the outer diameter of the nut, 𝑑 is 
the nominal diameter of the thread, 𝐷 = 1.5𝑑; 𝑑଴ is the diameter of bolt hole, 𝑑଴ = 1.1𝑑. 𝑑ଵ is 
the pitch diameter of the thread, 𝑑ଵ = 0.9𝑑, 𝜃 is the rising angle of the thread, 𝛼 is the equivalent 
friction angle of the screw pair, and 𝛼 = arctan1.155𝜇. 

By combining Eq. (1)-(4), the approximate relationship between bolt preload and preload 
torque can be obtained as follows: 𝐹 = 𝑇0.2𝑑. (5)

The relationship between the contact surface pressure 𝑃௡ of the joint surface and the bolt 
preload 𝐹 can be expressed as: 𝑝௡ = 𝐹𝑠 , (6)

where 𝑠 represents the area of the joint surface. 

2.2. Equivalent modeling of bolt joint 

The stress distribution cloud diagram of the bolt joint is analyzed based on the finite element 
method (Fig. 2). When the bolt of the connecting member is subjected to the preload, the uneven 
contact surface pressure is distributed in a certain area around the bolt hole and decreases with the 
distance away from the center, which shows that the influence of the contact surface pressure of 
the bolt joint is local. 

Considering the regional locality of the bolt influence area, the model diagram of the bolt 
influence area is given as shown in Fig. 3. 

As shown in Fig. 3, the upper and lower members are fixedly connected by a bolt with diameter 𝑑଴ and bolt head diameter 𝐷௪. As can be seen from Fig. 3, the pressure influence area 𝐷௖ of the 
contact surface of the bolt presents a truncated cone distribution as a whole, and then the pressure 
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stress in the influence area presents a nonlinear distribution. 
According to the spring equivalent theory proposed by Yoshimura et al. [15], the diameter of 

the equivalent pressure circle is used to characterize the range of the pressure influence area of the 
bolt contact surface. The diameter of the equivalent pressure circle can be expressed by the 
diameter when the contact pressure of the joint surface is zero. The equivalent model of the 
designed bolt joint is shown in Fig. 4. 

 
Fig. 2. Cloud diagram of stress  

distribution at bolt joint 
Fig. 3. Bolt influence area model 

 
 

 
Fig. 4. Spring element model 

 

 
Fig. 5. Equivalent element structure of spring 

damper 

As shown in Fig. 4, each group of spring units includes 4 sets of normal holes and 4 sets of 
spring units. For each spring element, the unit module composed of spring damper is used for 
equivalent calculation, as shown in Fig. 5. 

The structure can be compressed or stretched along the axis. It includes 𝑖 and 𝑗 nodes, and each 
node has three degrees of freedom in 𝑥, 𝑦 and 𝑧 directions. 

3. Stiffness characteristic equation of bolt joint 

3.1. Normal stiffness equation of joint 

In order to facilitate the analysis of the relationship between the normal load and the normal 
stiffness of the joint, the following assumptions are made: 

1. The interface is the contact between rigid smooth surface and rough surface; 
2. The normal load on the joint surface has the same effect on all parts of the joint surface. 
Fig. 6 shows the model diagram of contact deformation between a single elastic micro convex 

body and a rigid plane. It can be seen from the Fig. 6 that when the additional load 𝐹௡ is applied 
to the joint surface, the micro convex body will deform and the normal stiffness will be generated 
between the joint surfaces. 

The rough surface is equivalent to multiple micro convex bodies, and the equivalent radius of 
curvature of a single micro convex body is 𝑟; the deformation of the top is 𝜉; the contact radius is 𝑎; the normal load is 𝐹௡. According to Hertz contact theory, the relationship between the normal 
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load 𝐹௡ of a single micro convex body and the top deformation 𝜉 is as follows: 𝐹௡ = 43𝐸√𝑟𝜉ଷଶ, (7)

where 𝐸 is the equivalent elastic modulus between micro convex bodies, and  𝐸 = ாభாమாభ(ଵିఓమమ)ାாమ(ଵିఓభమ). Where 𝐸ଵ and 𝐸ଶ are the elastic modulus of the two bonding materials, 𝜇ଵ 
and 𝜇ଶ are Poisson’s ratio of the two bonding materials. 

 
a) Before deformation 

 
b) After deformation 

Fig. 6. Normal deformation model of micro convex body 

According to the definition of normal stiffness, the normal stiffness of a single micro convex 
body can be obtained by deriving the top deformation 𝜉 in Eq. (6): 

𝑘௡ = 𝑑𝐹௡𝑑𝜉 = 2𝐸√𝑟𝜉ଵଶ, (8)𝜉 = 𝐹௡ଶ ଷ⁄ට16𝐸ଶ𝑟9య . (9)

By introducing Eq. (9) into Eq. (8), the relationship between the normal stiffness 𝑘௡ of the 
micro convex body and the normal load 𝐹௡ is as follows: 

𝑘௡ = 2 ⋅ ൬ 916൰ଵ ଺⁄ ⋅ 𝐸ଶଷ ⋅ 𝑎ଵଷ𝐹௡ଵଷ. (10)

Multiply and divide the normal load 𝐹௡ in Eq. (10) by the contact area 𝜋𝑎ଶ of the micro convex 
body (where

 
𝑎ଶ = 𝑅 ⋅ 𝜉) at the same time, the calculation result of the formula will not change, 

but the functional relationship expression between the normal stiffness 𝑘௡ and the contact surface 
pressure 𝑝௡ is obtained: 

𝑘௡ = 2 ⋅ ൬ 916൰ଵ ଺⁄ ⋅ 𝐸ଶଷ ⋅ 𝑟ଵଷ ⋅ ൬𝜋𝑎ଶ ⋅ 𝐹௡𝜋𝑎ଶ൰ଵ ଷ⁄ = 2 ⋅ ൬ 916൰ଵ ଺⁄ ⋅ 𝜉ଵଷ ⋅ 𝐸ଶଷ ⋅ 𝑟ଶଷ ⋅ 𝜋ଵଷ ⋅ 𝑝௡ଵଷ. (11)

Considering that the area of the micro convex body is much smaller than the area of the contact 
surface, the normal stiffness of a single micro convex body is equivalent to the normal stiffness 
of the contact body per unit area, and Eq. (11) is simplified to the following exponential 
relationship: 𝑘௡ = 𝛼௡ × 𝑝௡ఉ೙ , (12)

where 𝛼௡ and 𝛽௡ are the normal foundation characteristic coefficient of the joint surface on the 
unit area. 
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3.2. Tangential stiffness equation of joint 

In the actual working condition, the joint is not only affected by the normal load 𝐹௡, but also 
by the tangential load 𝐹ఛ. When the contact micro convex body is subjected to tangential load, the 
micro convex body will undergo tangential deformation, as shown in Fig. 7. 

 
Fig. 7. Tangential deformation model of micro convex body 

The expression of tangential deformation 𝑑𝑡 on a single elastic micro convex body is: 

𝑑𝑡 = 3𝜇𝐹௡16𝐾𝑎 ቈ1 − ൬1 − 𝐹ఛ𝜇𝐹௡൰ଶ ଷ⁄ ቉, (13)𝐾 = 𝐾ଵ𝐾ଶ𝐾ଵ(2 − 𝜇ଶ) + 𝐾ଶ(2 − 𝜇ଵ), (14)

where 𝜇 is the static friction coefficient; 𝐾 is the equivalent tangential modulus when two rough 
surfaces are in contact. 𝐾ଵ and 𝐾ଶ are the tangential modulus of the two rough surfaces, and 𝜇ଵ 
and 𝜇ଶ are the Poisson’s ratio of the two rough surfaces. 

Eq. (13) can be written in the following equivalent form: 

𝐹ఛ = 𝜇𝐹௡ ± 𝜇𝐹௡ ൬1 − 16𝑑𝑡𝐾𝑎3𝜇𝐹௡ ൰ଷ ଶ⁄ . (15)

According to the definition of tangential stiffness and Eq. (15), the expression of tangential 
stiffness 𝑘ఛ of a single elastic micro convex body can be obtained as follows: 

𝑘ఛ = 𝑑𝐹ఛ𝑑𝛿ఛ = ±8𝐾𝑟 ⋅ ඨ൬1 − 16𝑑𝑡𝐾𝑟3𝜇𝐹௡ ൰. (16)

Square both sides of Eq. (15) at the same time to obtain the following formula: 

𝑘ఛଶ = 64𝐾ଶ𝑎ଶ − 1024𝑑𝑡ଷ𝑎ଷ3𝜇 𝑝௡ି ଵ. (17)

Multiply and divide the normal load 𝐹௡ in Eq. (17) by the contact area 𝜋𝑎ଶ of the micro convex 
body (where 𝑎ଶ = 𝑅 ⋅ 𝑑𝑡) at the same time. The calculation result of the formula will not change, 
but the functional relationship expression between the tangential stiffness 𝑘ఛ and the contact 
surface pressure 𝑝௡ is obtained: 

𝑘ఛଶ = 64(𝐾𝑎)ଶ − 1024𝑑𝑡𝐾ଷ𝑎ଷ3𝜇 ൬𝜋𝑎ଶ ⋅ 𝐹௡𝜋𝑎ଶ൰ = 64(𝐾𝑎)ଶ − 1024𝑑𝑡𝐾ଷ𝑎3𝜇𝜋 𝑝௡ି ଵ. (18)

Considering that the area of the micro convex body is much smaller than the area of the contact 
surface, the normal stiffness of a single micro convex body is equivalent to the normal stiffness 
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of the contact body per unit area, and Eq. (18) is simplified to the following exponential 
relationship: 𝑘ఛ = 𝛼ఛ × 𝑝௡ఉഓ , (19)

where 𝛼ఛ and 𝛽ఛ are the tangential foundation characteristic coefficient of the joint surface per 
unit area. 

Then, the total normal stiffness 𝐾௡ and tangential stiffness 𝐾ఛ of the joint surface are: 𝐾௡ = 𝑘௡ ⋅ 𝑆, (20)𝐾ఛ = 𝑘ఛ ⋅ 𝑆, (21)

where 𝑆 represents the contact area of the joint surface, and the unit is m2. 

4. Analysis of structural characteristics of bolt joint based on ANSYS 

The flexible arm is made of epoxy resin sheet, with a surface roughness of 0, dimension value 
is 300 mm×100 mm×6 mm. The sliding block base is made of 45#steel with a surface roughness 
of 0 8um. Dimension value is 150 mm×150 mm×100 mm. According to the experimental data 
provided by reference [21], the basic characteristic coefficient of the joint surface per unit area is 𝛼௡ = 3.262540, 𝛽௡ = 0.604, 𝛼ఛ = 0.268894, 𝛽ఛ = 0.48. The sliding seat is connected with the 
flexible arm through bolts. The built flexible manipulator experiment platform with bolt joint is 
shown in the Fig. 8. 

 
Fig. 8. Tangential deformation model of micro convex body 

Due to the strong nonlinearity, complex processing methods and diversified service conditions 
of the bolt joint [3, 22], the influencing factors of the dynamic characteristics of the bolt joint are 
diverse. Therefore, it is necessary to analyze the influence mechanism of the dynamic 
characteristics of the joint from the aspects of bolt preload, model, and quantity group and 
distribution mode. 

4.1. Analysis of mechanical properties of bolt joint 

4.1.1. Mechanical properties of bolt joint under different preloads 

The bolts are applied with 20 N.m, 30 N.m, 40 N.m, 50 N.m, and the free modal analysis is 
carried out according to the established spring element model. 

The pre-tightening torque of the bolt is transformed into the contact surface pressure of the 
joint surface through Eqs. (4) and (5), and then the normal stiffness and tangential stiffness of the 
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joint surface under different pre-tightening torques can be obtained by using Eq. (12) and (19), as 
shown in Table 1. 

Table 1. Joint stiffness under different pre-tightening torques 
Pre-tightening torque (N.m) Normal stiffness (N/m) Tangential stiffness (N/m) 

20 1.94×1010 1.28×109 
30 2.11×1010 1.42×109 
40 2.38×1010 1.59×109 
50 2.52×1010 1.71×109 

Based on the workbench environment of ANSYS, the cloud diagram of contact pressure 
distribution on the joint surface under different preloads is obtained (Fig. 9). 

 
a) 20 N.m 

 
b) 30 N.m 

 
c) 40 N.m 

 
d) 50 N.m 

Fig. 9. Cloud diagram of contact pressure distribution with different preload moments 

It can be seen from Fig. 8 that the contact pressure of the contact surface of the bolt joint is 
mainly concentrated in a certain area around the bolt hole under different pre-tightening torques. 
Moreover, the closer to the edge of the hole, the greater the contact pressure, and the contact 
pressure away from the edge of the hole gradually decreases. At the same time, when the bolt 
pre-tightening torque is from 20 N.m gradually increases to 50 N.m. In the process of 𝑀, the 
maximum contact pressure increases from 971.12 MPa, 980.51 MPa and 991.63 MPa to 
1087.4 MPa, indicating that increasing the pre-tightening torque of the bolt will increase the 
pressure on the bolt contact surface. 

4.1.2. Mechanical properties of different types of bolt joints 

In order to explore the influence mechanism of bolt model on the contact pressure of joint 
surface of connector, several commonly used bolts of M6, M8, M10 and M12 are selected to study 
the influence law of bolt model on the contact pressure of joint surface. First, determine the 
pre-tightening torque of the bolt 40 N.m. Using the finite element method, the pressure distribution 
cloud diagram of the contact surface of the bolt connection part is obtained based on ANSYS 
(Fig. 10). 

It can be seen from Fig. 10 that under the same pre-tightening torque, when the bolt diameter 
increases from M6 to M12, the maximum pressure values are 980.51 MPa, 721.02 MPa, 
455.37 MPa and 377.88 MPa respectively, indicating that increasing the bolt diameter will 
gradually reduce the pressure on the contact surface. 
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a) M6 

 
b) M8 

 
c) M10 

 
d) M12 

Fig. 10. Cloud diagram of contact surface pressure of different bolt models 

4.2. Modal frequency characteristics analysis of bolt joint 

4.2.1. Modal frequency characteristics of joint under different number of bolts 

The contact pressure of the joint surface is also different with the number of bolts. It is 
necessary to explore the influence mechanism of the number of bolts on the dynamic 
characteristics of the joint. 

Based on Pro/E, the joint model under different bolt quantities is established (Fig. 11). In order 
to ensure the same contact pressure of the joint surface, the total preload torque of each method is 
set to be 40 N.m. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 11. Different number of bolt models in a single arrangement 

Substituting the above parameters into Eqs. (4), (5), (12) and (19), the normal stiffness of the 
joint surface is 𝑘௡ = 2.38×1012 N/m and the tangential stiffness is 𝑘ఛ = 2.66×1011 N/m. 

The stiffness of the bolt joint is equivalent to that of the spring element, and the finite element 
dynamic model of the bolt joint is established by using the combin14 element to equivalent the 
bolt joint. The spring stiffness is given to the combin14 element in the ANSYS element library in 
the form of real constant, and the finite element free modal analysis is carried out to extract the 
first six modal parameters, view the solution results in the results summary and extract the natural 
frequency solution results. The first six natural frequencies of different bolt numbers are obtained, 
as shown in Fig. 12. 

As can be seen from Fig. 12, when the bolt pre-tightening torque is the same, the natural 
frequency of the joint increases gradually with the increase of the number of bolt connections. 
This is because under the action of the same bolt pre-tightening torque, the number of micro 
convex bodies in contact between the joint parts gradually increases, and the ability of the structure 
to resist deformation is enhanced, resulting in the increase of the stiffness of the joint part and the 
corresponding increase of the natural frequency of the joint part. Therefore, the arrangement of 
Fig. 11(d) is better. 
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Fig. 12. Relationship between the number of bolts and natural frequency 

4.2.2. Modal frequency characteristics of joint under different bolt distribution 

In order to analyze the influence mechanism of different distribution modes of the same bolt 
number group on the dynamic characteristics of the joint. Similarly, by substituting the above 
parameters into Eqs. (4), (5), (12) and (19), the normal stiffness of the joint surface is  𝑘௡ = 2.38×1010 N/m and the tangential stiffness is 𝑘ఛ = 1.59×109 N/m. 

Similarly, the stiffness of the bolt joint is equivalent to that of the spring element, and the finite 
element dynamic model of the bolt joint is established by using the combin14 element to 
equivalent the bolt joint. The spring stiffness is given to the combin14 element in the ANSYS 
element library in the form of real constant, and the finite element free modal analysis is carried 
out to extract the first six modal parameters. The first six natural frequencies of different 
distribution modes are obtained, as shown in Fig. 13. 

 
a) 

 
b) 

 
c) 

Fig. 13. Distribution of three bolt models 

It can be seen from Fig. 14 that when the bolt pre-tightening torque is the same, the distribution 
mode of the same number of bolts in Fig. 13(c) can obtain higher natural frequency. Therefore, 
better dynamic characteristics can be obtained by using decentralized equidistant arrangement. 

 
Fig. 14. Relationship between distribution mode and natural frequency 

5. Conclusions 

Based on the joint simulation technology of pro/e and ANSYS, the structural characteristics 
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of the bolt joint of the flexible manipulator are revealed. The relationship equation between the 
contact surface pressure of the joint surface and the bolt preload is established, and the equivalent 
model of the bolt joint is established. The tangential stiffness equation and normal stiffness 
equation of bolted connection are derived, and the joint simulation model of pro/e and ANSYS is 
established. The simulation experiment reveals its structural characteristics from different aspects 
such as bolt diameter, pre tightening force, number of bolt groups and bolt distribution mode. 
(1) The greater the preload applied to the bolt, the greater the contact strength of the joint surface, 
and the greater the natural frequency of the bolt joint, resulting in an increase in the frequency of 
the flexible operating arm. (2) For the connection structure with the same material characteristics, 
the more bolts are connected, the greater the pressure on the contact surface between the 
connection surfaces, and the greater the natural frequency of the flexible manipulator. (3) When 
the number of bolts is the same, the arrangement of bolt groups is different, the stress forms of 
components are different, and the natural frequencies of flexible manipulator are also different. 
Increasing the bolt diameter can reduce the pressure on the contact surface, thus reducing the 
occurrence of stress concentration. 
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