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Abstract. The difference in the location and number of sensors induces the acquisition effect of 
structural state information in the bridge health monitoring system to a certain extent, which is 
also one of the most difficult problems restricting the development of bridge health monitoring 
technology. Based on the Modal Assurance Criterion, this paper took a cantilever simply 
supported beam as an example and adopted the Effective Independence method, Kinetic Energy 
method and QR decomposition method to optimize a sensor layout. Taking the number of sensors 
as 5, the layout and MAC matrix factors were analyzed by comparing the MAC matrix and its 
distribution diagrams obtained by different methods. The results showed that the stepwise 
subtraction method based on QR decomposition was the best. And by changing the number of 
sensor, it was found that the optimal number of sensor was 9. It was also found that the existing 
methods had the shortcomings of over-reliance on the selection of initial measuring points. In 
order to improve this defect, cyclic iteration of stepwise addition and subtraction was introduced, 
and an optimal layout method based on the stepwise addition and subtraction of the number of 
sensors was proposed. Through screening and optimization of this method, the average 
off-diagonal element in the calculation example was reduced from 0.118 to 0.006 to achieve the 
satisfactory optimization effect. At the same time, this method was employed to optimize the 
layout of a concrete continuous rigid-frame bridge with 9 and 19 sensors, and the results showed 
that the sensor layout was more uniform. Therefore, the proposed method provides the opportunity 
to obtain fair optimization results and to have a considerable engineering application value. 
Keywords: rigid-frame bridge, sensors, optimized layout, MAC-matrix. 

1. Introduction 

Sensor layout is one of the most important links in bridge health monitoring system [1-3]. The 
state monitoring system of the overall bridge structure can be established by laying different types 
and numbers of sensors at key positions on the surface or inside the structure [2]. A complete 
acquisition system composed of various sensors can present the environmental impact 
(temperature, humidity and wind level), load conditions and overall or local dynamic and static 
characteristic parameters of the bridge so that the real time operation status can be monitored [4]. 

The monitoring of environmental impact, load condition and structural static characteristic 
parameters can be processed by placing a few sensors in the key parts of the structure to obtain 
relatively accurate data. However, due to the different functions and positions of each bridge 
component, its geometric characteristics, material properties and the response of the external 
environment, such as ground motion, strong wind, torrential rain, etc., the dynamic characteristic 
parameters of the structure are quite discrepant. Therefore, how to obtain the expected structural 
dynamic parameters for real-time monitoring of the bridge through a reasonable sensor layout so 
as to analyze the structure state is one of the most tough problems in health monitoring [5-7]. And 
the optimal sensor layout is the key link in this problem. 

The sensor layout problem is essentially a 0-1 knapsack optimization problem. The maximum 
efficiency of the sensor layout system can be obtained through the reasonable layout taking into 
account all the configurable degrees of freedom and the number of sensors [8]. In practical 
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engineering applications, the problem of optimal sensor layout is not only affected by the structure 
itself, i.e. sensor layout, quantity, measurability of the dynamic characteristics, but also by 
economic factors, i.e. sensor price, construction and design cost of sensor placement, etc., and the 
environment factors, i.e. underwater structures, the influence of ultra-high artifacts, etc. Therefore, 
it is extremely important to study how to optimize the layout and the number of sensors [9-11]. 

In this paper, through a series of researches and analyses on the evaluation criteria and layout 
methods, an optimal layout method based on the stepwise addition and subtraction of the number 
of sensors was proposed, and a simple supported cantilever beam was used to verify this method. 
The results showed that the orthogonality of structural modal information reflected by a few 
measuring points was better than that of the traditional method. And then it was applied to the 
optimal layout of sensors of a continuous rigid frame bridge and provided a theoretical reference 
for the layout of on-site measuring points, which verified its great practicability. 

2. Modal assurance criterion for optimal layout of measuring points 

The different orders of acceleration, displacement and strain in the overall structural element 
have a certain orthogonality, and for some nodes, the spatial angle of the modal vector is relatively 
large to be used for evaluating the modal position vector of each node. In view on this, Thomas 
G. et al. proposed the Modal Assurance Criterion (MAC) matrix method [12], through which the 
corresponding assurance criterion can be obtained. The MAC can provide a reliable suggestion on 
whether to arrange sensors at the measuring points, and a small value in the non-diagonal element 
of the matrix can be used to optimize the layout of the measuring points, namely: 

𝑀𝐴𝐶 = ሺ𝜑் ⋅ 𝜑ሻଶሺ𝜑் ⋅ 𝜑ሻሺ𝜑் ⋅ 𝜑ሻ, (1)

where 𝜑 is the 𝑚th order modal vector of the structure, and 𝜑 is the 𝑛th order modal vector of 
the structure. The range of 𝑀𝐴𝐶 is [0, 1], 𝑀𝐴𝐶 = 0 means that the vectors of the two 
measurement points are completely orthogonal, and 𝑀𝐴𝐶 = 1 means that the vectors of the two 
measurement points are completely correlated and not orthogonal. Therefore, for the off-diagonal 
elements of a MAC matrix, its numerical magnitude is directly proportional to the vector 
correlation. 

3. Optimal layout method of measuring points 

3.1. Effective independence method (EIM) 

The basic idea of the traditional EIM [13-15] is to start from the vibration modes of the target 
structure, such as acceleration, strain and displacement, and make use of the characteristics of the 
composite mode 𝐸 matrix to remove the measuring points from the original measuring point group 
of the structure. Based on the minimum error criterion, the Fisher information matrix is optimized 
and improved by sequentially deleting the degrees of freedom of the measuring points that 
contribute the least to the Fisher information matrix. Via the idempotent form of the composite 
mode 𝐸 matrix, the most appropriate number of sensors is selected to obtain the linear independent 
mode shape of the target structure as much as possible, so as to distinguish preferably the real state 
of the target structure. 𝐸 matrix is an idempotent matrix, which means that 𝐸 = 𝐸ଶ, its eigenvalue is 1 or 0, and the 𝑖th element on its diagonal represents the contribution of the 𝑖th degree of freedom or the test point 
to the matrix or rank (trace), that is, the contribution to the matrix 𝐴 [16]. Therefore, 𝐸 represents 
the effective independence distribution of the set of candidate sensor locations. The element on 
the diagonal of 𝐸 represents the linearly independent contribution of the corresponding sensor 
candidates to the modal matrix, namely: 
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𝐸 = 𝑑𝑖𝑎𝑔ሺ𝐸ሻ = ሾ𝐸ଵଵ 𝐸ଶଶ ⋯ 𝐸 ⋯ 𝐸ሺିଵሻሺିଵሻ 𝐸ሿ, (2)

When 𝐸 = 0, it means that the corresponding mode cannot be identified at the corresponding 
measuring point 𝑟. When 𝐸 = 1, it means that the corresponding measuring point on the 𝑟th 
measuring point is a key measuring point and cannot be excluded. The priority order of each 
candidate point is sorted according to the value of 𝐸. 

The iterative algorithm is used to eliminate the measuring points with the smallest 𝐸 each 
time, and then the next iteration is performed until the corresponding number of sensor layout is 
reached. The effective independence method can maintain the linear independence of the modal 
matrix and the integrity of the Fisher information matrix as much as possible through this iterative 
algorithm, and can basically retain the modal characteristics of the original structure, so that the 
optimal modal characteristics can be obtained from the limited modal data. 

3.2. Kinetic energy method (KEM) 

The Kinetic Energy Method [17-18] is based on the connection between the modal strain 
energy and the response in the degrees of freedom. The modal strain energy curve is drawn by the 
strain modal values of each degree of freedom in the vibration response. According to the strain 
values of each degree of freedom, sensors are arranged in the place where the strain is large so as 
to achieve the purpose of structural state identification. 

The Kinetic Energy Matrix (KEM), proposed by G. Heo in 1997 [19], uses the quality matrix 
to weigh the Fisher information matrix 𝑄, and is defined as follows: 𝐾𝐸 = Φ்𝑀Φ. (3)

Via orthogonally decomposing of the mass matrix 𝑀, the following equation can be obtained: 𝑀 = 𝑉்𝑉. (4)

Substituting Eq. (4) into Eq. (3), the following equation can be obtained: 𝐾𝐸 = Φ்𝑉்𝑉Φ = ሺ𝑉Φሻ்𝑉Φ. (5)

If to suppose Ψ = 𝑉Φ, then: 𝐾𝐸 = Ψ்Ψ. (6)

The modal kinetic energy of each test degree of freedom can be obtained through Eq. (6), 𝐾𝐸: 𝐾𝐸 = 𝑑𝑖𝑎𝑔ሺ𝐾𝐸ሻ = ሺΨ்Ψሻ . (7)

Therefore, after calculating Ψ, the modal kinetic energy of each degree of freedom can be 
obtained. Then the sensor position can be optimized according to the iterative optimization method 
for deleting the smallest diagonal element. 

Based on the modal kinetic energy characteristics, the sensor configuration using this method 
has fair noise immunity. However, the accuracy of this method is closely related to the meshing 
precision of the finite element model, and the element meshing thickness may affect the distance 
of the sensor distribution, which has a great influence on the measured parameters that truly reflect 
the structural state [20]. 

3.3. MAC method based on QR decomposition 

The choice of the initial position of the measuring point will greatly affect the working time 
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consumption and accuracy of the later position optimization. Therefore, when using the MAC 
method to optimize the layout of sensors, the selection of initial measurement points is very 
important. The more reasonable the selection of preliminary measuring points will be, the simpler 
the optimization of later measuring points will be. 

Therefore, the concept of QR decomposition was introduced in order to optimize the selection 
of initial measuring points. Using the effective independence method, the maximum norm was 
determined for Fisher information matrix 𝐴 as: 

‖𝐴‖ி = ‖Φ்Φ‖ி = ቆ  𝑎ଶୀଵୀଵ ቇଵ ଶ⁄ . (8)

Therefore, after selecting an appropriate Φ, a Fisher information matrix that satisfies the 
conditions can be obtained. And QR decomposition method can be obtained by norm processing. 

Let us suppose that the subset of measurable degrees of freedom of a finite element model is Φ, Φ ∈ 𝑅×, then the number of measuring points 𝑟 < 𝑛, and 𝑟ሺΦሻ = 𝑟, that is, the matrix Φ is 
a full rank matrix. Since the column pivot element selects a subset of the column vector group for 
QR decomposition, and the row space characteristic of the measurement vector is utilized. 
Therefore, QR decomposition of its column pivot can be obtained as follows: 

Φ்𝐸 = 𝑄𝑅 = 𝑄 ൦𝑅ଵଵ 𝑅ଵଶ ⋯ 𝑅ଵ ⋯ 𝑅ଵ𝑅ଶଶ ⋯ 𝑅ଶ ⋯ 𝑅ଶ⋱ ⋮ ⋮𝑅 ⋯ 𝑅൪, (9)

where 𝑄 ∈ 𝑅×, 𝑅 ∈ 𝑅×, 𝐸 ∈ 𝑅×, 𝐸 are Permutation Matrices. The extraction of subset with 
larger norm in Φ row vector set provided initial measuring points for the MAC method [21]. 

After selecting the initial measuring points, their layout could be optimized. In this stage, the 
sequential method is mainly used for processing, and the traditional sequential method can be 
subdivided into two methods, that is, stepwise addition method and stepwise subtraction method. 

3.3.1. Stepwise addition method [22]  

The stepwise addition method is an iterative process of adding the number of sensors in the 
optimized area. With the maximum off-diagonal elements reaching the preset threshold (typically, 
< 0.25) as the optimization goal, this method takes the preliminary measuring points selected by 
QR decomposition as the basis of optimizing the measuring point area, and selects the measuring 
points one by one from the remaining optional measuring point set and accumulates them to the 
optimized measuring point area for the MAC matrix analysis, and ultimately figures out the 
appropriate number of sensors. 

From Eq. (1), the largest off-diagonal element of the MAC matrix of the 𝑖th and 𝑗th order 
modes of Φ× can be calculated as: 

𝑀𝐴𝐶 = ൫𝜙் ⋅ 𝜙൯ଶሺ𝜙் ⋅ 𝜙ሻ൫𝜙் ⋅ 𝜙൯ = 𝑎ଶ𝑎𝑎 = 𝑀𝑁 . (10)

For the MAC matrix of the stepwise addition method, it can be obtained as follows: 

𝑀𝐴𝐶ା = ൫𝑎 + ΦΦ൯ଶሺ𝑎 + Φଶ ሻ൫𝑎 + Φଶ ൯ = ൣ𝑎ଶ + ൫2𝑎ΦΦ + Φଶ Φଶ ൯൧ൣ𝑎𝑎 + ൫𝑎Φଶ + 𝑎Φଶ + Φଶ Φଶ ൯൧ = 𝑀 + 𝑃𝑁 + 𝑄, (11)
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𝑀𝐴𝐶 = 𝑀𝐴𝐶 − 𝑀𝐴𝐶ା = 𝑀𝑁 −𝑀 + 𝑃𝑁 + 𝑄 = 𝑀𝑄 −𝑁𝑃𝑁ሺ𝑁 + 𝑄ሻ. (12)

Analysis shows that for 𝑀𝐴𝐶, the numerator 𝑁ሺ𝑁 + 𝑄ሻ is always greater than 0. When the 
numerator 𝑀𝑄 −𝑁𝑃 > 0, the 𝑀𝐴𝐶 is also greater than 0. So it becomes possible to reduce the 
largest off-diagonal element. 

The objective function 𝑓ሺ+ሻ of stepwise addition method can be defined as follows: 𝑓ሺ+ሻ = maxሺ𝑀𝐴𝐶ሻ. (13)

By adjusting the objective function 𝑓ሺ+ሻ, the largest off-diagonal element can reach the 
preset threshold (such as 0.25). 

3.3.2. Stepwise subtraction method [23] 

Stepwise subtraction is an iterative process of subtracting the number of sensors in the 
optimized area. This method is based on the sequence of the preliminary measuring points selected 
by QR decomposition, and the measuring point areas with more than the number of optimized 
sensors are selected as the measuring point set, from which the unsuitable measuring points are 
selected one by one for deletion. After subtracting, the modal assurance analysis is carried out on 
the modal matrix of the remaining preset number of sensors to reduce the maximum off-diagonal 
element in the MAC matrix for the purpose of optimization, and the most suitable sensor location 
and number can be obtained by selecting the most suitable measuring point area: 

𝑀𝐴𝐶ି = ൫𝑎 − ΦΦ൯ଶሺ𝑎 − Φଶ ሻ൫𝑎 − Φଶ ൯ = ൣ𝑎ଶ − ൫2𝑎ΦΦ − Φଶ Φଶ ൯൧ൣ𝑎𝑎 − ൫𝑎Φଶ + 𝑎Φଶ − Φଶ Φଶ ൯൧ = 𝑀 − 𝑃𝑁 − 𝑄, (14)

𝑀𝐴𝐶 = 𝑀𝐴𝐶 − 𝑀𝐴𝐶ି = 𝑀𝑁 −𝑀 − 𝑃𝑁 − 𝑄 = 𝑁𝑃 −𝑀𝑄𝑁ሺ𝑁 − 𝑄ሻ. (15)

By analysis, for 𝑀𝐴𝐶, the numerator 𝑁ሺ𝑁 − 𝑄ሻ is always greater than 0. When the 
numerator 𝑁𝑃 −𝑀𝑄 < 0, the 𝑀𝐴𝐶 is also less than 0. So it becomes possible to increase the 
largest off-diagonal element. 

The objective function 𝑓ሺ−ሻ of the stepwise subtraction method can be defined as follows: 𝑓ሺ−ሻ = maxሺ𝑀𝐴𝐶ሻ. (16)

Through adjusting the objective function 𝑓ሺ−ሻ, the minimum off-diagonal element can reach 
the preset threshold (such as 0.25). 

4. Numerical case 

4.1. Simulation model 

In order to verify the above measuring point optimization method, this paper selected a 
cantilever simply supported beam model [24] for the optimization analysis of the measuring point 
layout. The first five-order natural frequency and vertical displacement mode shape of the 
structure were extracted as the basic parameters for the optimization of the measuring point 
position. The dimensions and element division of the simply supported beam are shown in Fig. 1, 
and the first five natural frequencies are listed in Table 1. 
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Fig. 1. Cantilever simply supported beam model and element division (unit: cm) 

Table 1. First five-order frequencies of cantilever simply supported beams 
Order First Second Third Fourth Fifth 

Frequency / Hz 1.233 6.795 10.799 24.886 31.667 

4.2. Contribution value solution of effective independence method and kinematic energy 
method 

EIM and KEM methods can be used to obtain effective independent contribution values and 
relative modal kinetic energy values for different measurement points as shown in Figs. 2(a) and 
2(b). 

 
a) Effective independence contribution value 

 
b) Relative modal kinetic energy value 

Fig. 2. Contribution values for each measuring point 

Fig. 2(a) shows the effective independent contribution values for different measuring points of 
a simply supported cantilever beam. It can be seen that the effective independence of elements 35 
and 34 and other cantilever end positions was the strongest, followed by that of elements 6, 7, 23 
and 29 and other one-third section positions, and the effective independence of elements 2 and 18 
and other fulcrum positions was the weakest. 

Fig. 2(b) shows the relative modal kinetic energy values of the simply supported cantilever 
beams at different measuring points. It can be seen that the relative modal kinetic energy of 
elements 34 and 33 and other cantilever end positions was the strongest, followed by that of 
elements 5, 6, 29 and 22 and other one-third section positions, and the relative modal kinetic 
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energy of elements 17 and 18 and other fulcrum positions was the weakest. 
It can be seen from the above analysis that the effective independent contribution value and 

the relative modal kinetic energy value of the cantilever simply supported beam structure generally 
had a similar distribution trend – the strongest near the cantilever end, followed by the position at 
the third section, and the weakest near the fulcrum position. 

4.3. Comparative analysis of results 

4.3.1. MAC matrix comparative analysis 

The smaller the off-diagonal element of MAC matrix is, the more independent the position of 
measuring points is, and the more accurately the real state of the structure can be reflected. In 
order to compare this matrix with the principle consisting in laying sensors on all elements of a 
cantilever simply supported beam, the EIM, KEM, stepwise addition method and stepwise 
subtraction method based on QR decomposition were adopted to select 5 units for laying sensors, 
and the layout sequence is shown in Table 2. 

Table 2. Sensor layout of four optimization methods 
Layout methods Sensor layout sequence 

All measuring points layout All Elements 
EIM 35E, 34E, 6E, 23E, 29E 
KEM 34E, 33E, 6E, 5E, 29E 

Stepwise addition of QR decomposition 35E, 29E, 6E, 13E, 24E 
Stepwise subtraction of QR decomposition 35E, 6E, 30E, 12E, 24E 

By comparing the four layout sequences listed in Table 2, it is clear that for structures such as 
cantilever simply supported beams, it was the most important to test the cantilever end and then 
the one-third and two-thirds section. But different methods also had discrepancies in the layout 
sequence and position of measuring points. 

The MAC matrix, three-dimensional histogram, maximum off-diagonal element and the 
average off-diagonal element value of the MAC matrix are shown in Table 3. 

By comparing the largest off-diagonal element of the MAC matrix in Table 3, it can be seen 
that the value obtained by the KEM was the largest, namely 0.806; by comparing the average 
off-diagonal elements of the MAC matrix in Table 3, it can be seen that the value obtained by the 
EIM was the largest, namely 0.314. In the longitudinal comparison of the maximum and average 
off-diagonal metadata of MAC matrix in Table 3, when sensors were deployed at all measuring 
points, the off-diagonal elements of MAC matrix were small, and their maximum and average 
off-diagonal elements were only 0.008 and 0.004 respectively. This result also verified that the 
Modal Assurance Criterion could reflect the measuring point layout effect. 

By comparing the EIM, KEM, stepwise addition method based on QR decomposition and 
stepwise subtraction method based on QR decomposition for 5 element positions, the following 
conclusions can be drawn: both methods based on QR decomposition could promote a satisfactory 
measuring points layout, especially the stepwise subtraction method; moreover, the off-diagonal 
element value in the MAC matrix obtained by EIM and KEM was relatively large, which reflected 
poor measuring points layout. 

Therefore, it can be concluded that in case of using EIM and KEM to optimize the layout of 
measuring points, the number of selected elements should not be too small, otherwise it would be 
difficult to achieve a satisfactory layout effect. In addition, when EIM was used for layout, only 
the modal information of each degree of freedom of the structure was considered, while the 
influence of energy factors was ignored, resulting in poor stability of sensors layout. 
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Table 3. Comparison of effects of different optimization methods 

Optimization  
layout methods MAC matrix MAC layout 

Largest 
off-

diagonal 
element 
value 

Average 
off-

diagonal 
element 
value 

All measuring 
points layout 

MAC
= ⎣⎢⎢⎢
⎡1.000 0.003 0.008 0.004 0.0080.003 1.000 0.003 0.002 0.0030.008 0.003 1.000 0.003 0.0080.004 0.002 0.003 1.000 0.0030.008 0.003 0.008 0.003 1.000⎦⎥⎥

⎥⎤
 

0.008 0.004 

1 EIM 

MAC୍
= ⎣⎢⎢⎢
⎡1.000 0.350 0.350 0.210 0.3160.350 1.000 0.431 0.547 0.0670.350 0.431 1.000 0.149 0.3780.210 0.547 0.149 1.000 0.3470.316 0.067 0.378 0.347 1.000⎦⎥⎥

⎥⎤
 

0.547 0.314 

2 KEM 

MAC
= ⎣⎢⎢⎢
⎡1.000 0.263 0.314 0.010 0.0370.263 1.000 0.044 0.806 0.0110.314 0.044 1.000 0.003 0.8200.010 0.806 0.003 1.000 0.0130.037 0.011 0.820 0.013 1.000⎦⎥⎥

⎥⎤
 

0.806 0.232 

3 

QR 
decomposition 

(stepwise 
addition) 

MAC୕ୖା
= ⎣⎢⎢⎢
⎡1.000 0.087 0.140 0.103 0.1870.087 1.000 0.149 0.067 0.0080.140 0.149 1.000 0.115 0.2050.103 0.067 0.115 1.000 0.0420.187 0.008 0.205 0.042 1.000⎦⎥⎥

⎥⎤
 

0.205 0.118 

4 

QR 
decomposition 

(stepwise 
subtraction) 

MAC୕ୖି
= ⎣⎢⎢⎢
⎡1.000 0.098 0.188 0.105 0.1480.098 1.000 0.091 0.067 0.0730.188 0.091 1.000 0.105 0.1490.105 0.067 0.105 1.000 0.0610.148 0.073 0.149 0.061 1.000⎦⎥⎥

⎥⎤
 

0.188 0.108 

4.4. Layout comparative analysis  

Table 4 shows the layout of the five measuring points screened by EIM, KEM, and stepwise 
addition method based on QR decomposition and the stepwise subtraction method based on QR 
decomposition. 

Table 4 intuitively shows the layout of measuring points screened by different methods. It can 
be seen from that in terms of uniformity of measuring points layout, QR- > QR+ > EIM > KEM. 
Such result further verified the accuracy of the results specified in Table 3. Therefore, by 
observing the uniformity of measuring points layout, the superiority of the layout schemes could 
be assessed to a certain extent. 

4.5. Optimal number of sensors 

The above series of analyses were carried out based on the application of 5 measuring, but 
variation in the number of measuring points would also affect the optimization effect. In this section, 
the optimal number of sensors was selected by increasing the number of sensors one by one. 
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Table 4. Measuring point layout of four optimization methods 
Node number 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17 18 19 20 21 22 23 24 25 26 27 28 29 30 31 32 33 34 35 

Element 
division  

EIM      ■                 ■      ■     ■ ■ 
KEM     ■ ■                       ■     ■ ■ 

Stepwise 
addition of QR 
decomposition 

     ■       ■           ■     ■      ■ 

Stepwise 
subtraction of 

QR 
decomposition 

     ■      ■            ■      ■     ■ 

Note ■ means that the sensors arranged on the node 

Figs. 3(a-d) show the comparison of the maximum off-diagonal element values of the MAC 
matrix and the change trend in the number of sensors obtained by using EIM, KEM, stepwise 
addition method based on QR decomposition and stepwise subtraction method based on QR 
decomposition. 

 
a) EIM 

 
b) KEM 

 
c) Stepwise addition of QR decomposition 
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d) Stepwise subtraction of QR 

Fig. 3. Curve of maximum off-diagonal element of MAC and number of sensors 

It can be seen from Fig. 3 that no matter which layout scheme was adopted, with the increase 
of the number of sensors deployed on the measuring point, the maximum off-diagonal element of 
the MAC matrix showed a decreasing trend. By observing Fig. 3(a-d), it is apparent that the 
corresponding ordinate data in Fig. 3(c) and 3(d) declined significantly earlier than in Fig. 3(a) 
and 3(b), indicating that the method based on QR decomposition had better optimization 
foundation. 

According to the research of relevant scholars [25], when the Modal Assurance Criterion was 
adopted for the optimal layout of measuring points, the maximum off-diagonal element value of 
MAC matrix was generally not greater than 0.25. Table 5 lists the number of sensors when the 
maximum off-diagonal element value was less than 0.25 and reached a very small steady state by 
different methods. 

Table 5. Comparison of MAC factor values of four optimization methods 

Methods EIM KEM Stepwise addition of 
QR decomposition 

Stepwise subtraction 
of QR decomposition 

Types  
Number 

of 
sensors 

Largest 
off-

diagonal 
element 
value 

Number 
of 

sensors 

Largest 
off-

diagonal 
element 
value 

Number 
of 

sensors 

Largest 
off-

diagonal 
element 
value 

Number 
of 

sensors 

Largest 
off-

diagonal 
element 
value 

Preset threshold of 𝑀𝐴𝐶 ≤ 0.25  9 0.245 8 0.189 5 0.205 5 0.188 

Optimal sensor 
layout of various 

methods 
10 0.132 10 0.034 8 0.069 9 0.047 

Comprehensive 
optimal sensor 

placement 

Stepwise subtraction 
of QR decomposition 9 0.047 

After comprehensive consideration of economic cost and test accuracy, the scheme adopted 
for the cantilever simply supported beam structure was determined as per the stepwise subtraction 
method based on QR decomposition. The number of sensors was set as 9, and the maximum 
off-diagonal element was 0.047. 

5. Research on new method of optimal layout of measuring points 

5.1. Background of proposed new method 

It can be seen from the above theoretical analysis and numerical case that the MAC matrix 
composed of the modal information for the measuring points can reflect the state information of 
the whole structure. Therefore, this study is focused on how to screen out the appropriate number 
and layout of the sensors. Although the layout methods of EIM, KEM, QR+ and QR- could screen 
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out a suitable number of measuring points for sensor layout, these methods were weak more or 
less in terms of over-reliance on the selection of initial measuring points, excessive number of 
measuring points and poor layout uniformity, and may not necessarily reflect the modal 
information of the complete structure, resulting in poor screening effect of measuring points. In 
view of this, an optimization method based on QR decomposition was proposed in this section. 

5.2. Number of sensors 

The measuring point optimization layout method proposed in this section was mainly divided 
into two stages: the first stage was based on the conventional EIM, KEM and QR decomposition 
methods to select the initial measurement points. The second stage consisted in the replacement 
and adjustment based on the initial measuring point group. A larger normal measuring point 
obtained by QR decomposition was selected from the remaining measurement points and added 
to the selected measuring point group, and then a smaller normal measuring point obtained by QR 
decomposition was subtracted, and the number of measuring points remained unchanged. The 
cyclical iteration process, which took place until the optimal measuring point layout was obtained, 
is shown in Fig. 4. 

 
Fig. 4. Processing procedure as per optimal sensor layout method based  

on stepwise addition and subtraction of number of measuring points 

5.3. Verification of numerical case as per new method 

In order to verify the effectiveness of the proposed method and facilitate the comparison with 
conventional methods, 5 sensor measuring points were preset in this section. MATLAB software 
was used to compile the corresponding calculation program, and the results after stepwise addition 
and subtraction could be obtained as shown in Table 6. 
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Table 6. MAC factor values and their variations for various stepwise addition and subtraction methods 

Project 
Initial 
layout 
scheme 

Maximum 
off-

diagonal 
element 

Average 
off-

diagonal 
element 

Number 
of 

iterations 

Largest 
off-

diagonal 
element 

Average 
off-

diagonal 
element 

Maximum 
off-

diagonal 
element 
change 

Average 
off-

diagonal 
element 
change 

EIM-stepwise 
addition and 
subtraction 

6 23 29 
34 35 0.547 1 6 10 23 

29 34 0.164 0.051 –70 % –84 % 

KEM-stepwise 
addition and 
subtraction 

5 6 29 
33 34 0.806 2 6 10 22 

29 33 0.081 0.03 –90 % –87 % 

QR 
decomposition-
based stepwise 
addition and 
subtraction 

6 13 24 
29 35 0.205 3 6 11 24 

29 33 0.025 0.006 –88 % –95 % 

Table 6 lists the screening results of the initial measuring points and the processing results 
after the stepwise addition and subtraction of measuring points one by one as per the EIM, KEM 
and QR decomposition method. Clearly, the optimization effect was greatly improved after the 
sensor addition and subtraction process. 

If to compare the changes of the maximum off-diagonal element, the KEM stepwise addition 
and subtraction method had the best optimization effect, because the maximum off-diagonal 
element decreased from 0.806 to 0.081, and the efficiency increased to 90 %. 

If to compare the changes of the average off-diagonal element, the consolidated stepwise 
addition and subtraction method based on QR decomposition had the best optimization effect, 
because the average off-diagonal element decreased from 0.118 to 0.006, and the efficiency 
increased to 95 %. 

According to the relevant data listed in Table 6, a comprehensive comparative analysis of the 
above three methods of optimal measuring point layout revealed that the optimal measuring point 
layout obtained by the consolidated stepwise addition and subtraction method based on QR 
decomposition was the best since various adverse effects of the initial measuring point layout 
could be basically eliminated, and the optimal layout with five sensors could be obtained. 

6. Practical engineering analysis 

6.1. Project overview 

A large-span prestressed concrete continuous rigid-frame bridge has a total length of 
1170 meters and a span of 2×(62.5+4×115+62.5) meters. The ANSYS finite element software was 
used to model the bridge and analyze its load. The whole bridge was divided into 143420 elements 
and 224098 nodes. The main beam was made of C55 concrete, the elastic modulus  𝐸 = 3.55×104 Pa, the pier column was made of C40 concrete, and the elastic modulus  𝐸 = 3.25×104 Pa, Poisson’s ratio was 0.2, density was 𝜌 = 2.55×103 kg/m3. The lateral and 
longitudinal constraints were simulated by COMBIN14 spring elements, and the beam end 
supports were consolidated by vertical constraints. The finite element model is shown in Fig. 5. 

6.2. Optimal layout scheme 

Fig. 6 shows the optimal layout scheme of the main beam obtained by using the EIM, KEM, 
stepwise addition method based on QR decomposition, stepwise subtraction method based on QR 
decomposition and consolidated stepwise addition and subtraction method based on QR 
decomposition with 9 sensors for this continuous rigid-frame bridge project. 
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Fig. 5. Finite element model of concrete continuous rigid frame bridge 

 
a) EIM 

 
b) KEM 

 
c) QR decomposition-stepwise addition 

 
d) QR decomposition-stepwise subtraction 

 
e) Consolidated QR decomposition-stepwise addition and subtraction 

Fig. 6. Comparison of layouts of different measuring point optimization schemes 

It can be seen from Fig. 6 that when the EIM or KEM was used, the layout of measuring points 
was more concentrated, because more measuring points were arranged in a concentrated area 
where the effective kinetic energy value was large. The basic idea of the method based on QR 
decomposition was to make the primary selection of measuring points based on a larger norm 
subset, so the position of the obtained measuring points will be more reasonable. Combined with 
the characteristics of the bridge type, the layout scheme of Fig. 6(d) using consolidated stepwise 
addition and subtraction method proposed in this study was adopted. Via this method, the 
measuring point positions were relatively uniform, and the layout density of the bridge spans such 
as side spans and middle spans were also considered. Therefore, the new method proposed was 
the most reasonable and can be used as a reference for the on-site sensor layout scheme. 

Considering the actual engineering requirements, the number of measuring points was further 
expanded to 19. The layout scheme of measuring points for the main beam of continuous rigid 
frame bridge processed by the EIM, the KEM, stepwise addition method based on QR 
decomposition, stepwise subtraction method based on QR decomposition and consolidated 
stepwise addition and subtraction method based on QR decomposition is shown in Table 7. 

Table 7 demonstrates that after the measuring points were optimized by the consolidated 
stepwise addition and subtraction method, the positions of the selected measuring points were 
more uniform, which could meet the actual monitoring requirements of the project. 
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Table 7. Layout scheme of 19 measuring points with different methods 
Method  Number of measuring points 

EIM 8 9 10 11 41 42 43 44 75 76 77 78 116 117 147 148 149 
150 151 

KEM 8 9 10 39 40 41 42 43 74 75 76 128 129 130 149 150 169 
170 171 

QR decomposition-stepwise addition 9 10 23 42 55 57 58 77 87 102 110 121 134 149 165 169 
177 182 183 

QR decomposition-stepwise subtraction 9 10 11 12 34 36 42 43 75 76 77 80 119 149 150 181 182 
183 184 

Consolidated QR decomposition-stepwise 
addition and subtraction 

4 10 28 34 37 48 70 83 97 101 112 113 127 131 146 146 
173 182 184 

7. Conclusions 

In order to further improve the sensor optimization technology in bridge health monitoring, 
starting from the Modal Assurance Criterion and QR decomposition method, an optimal sensor 
layout method consisting in adding and subtracting the measuring points one by one cyclically 
was proposed, and it was verified in a sample of a simple cantilever beam and a continuous rigid 
frame bridge. The following conclusions can be drawn: 

1) The smaller the off-diagonal element in the MAC matrix obtained based on the Modal 
Assurance Criterion is, the stronger the independence of the position of the structural measuring 
points will be, and the more accurately the real state of the structure can be reflected; 

2) EIM, KEM, and stepwise addition method based on QR decomposition and stepwise 
subtraction method based on QR decomposition could optimize the number of sensors, but the 
optimization effect of EIM and KEM was poor when the number of measuring points was small. 
In addition, when the EIM was used for layout, only the modal information of each degree of 
freedom of the structure was considered, while the influence of some energy factors was ignored, 
resulting in poor layout stability. 

3) The MAC matrix composed of modal information of finite measuring points can reflect the 
state information of the whole structure. Although the layout schemes of EIM, KEM, QR+ and 
QR- could optimize a suitable number of measuring points for the sensor layout, these methods 
are weak more or less in terms of over-reliance on the selection of initial measuring points, 
excessive number of measuring points and poor layout uniformity, and may not necessarily reflect 
the modal information of the complete structure, resulting in poor screening effect of measuring 
points. 

4) This paper proposed an optimization and improvement method based on QR decomposition. 
By using EIM, KEM, QR decomposition method to filter the initial measurement points in order 
to obtain the processing results of stepwise adding and subtracting the measuring points one by 
one. Compared with conventional methods, the proposed method had the merit of greatly 
improving the layout effect and basically eliminating various adverse effects of the initial 
measuring point layout. 

5) Relevant numerical case and engineering optimization examples could further prove that 
the application of the method proposed in this paper to optimize the measuring points could 
achieve higher uniformity of the selected measuring points, which could meet the monitoring 
requirements of actual projects. 
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