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Abstract. In order to analyze the vibration characteristics of mistuned multistage bladed disks of 
an aero-engine compressor, a finite element reduction model of mistuned multistage bladed disks 
is established based on substructure modal synthesis method. The accuracy of the substructure 
model was verified by comparing calculation accuracy of the substructure model and the integral 
model. The influence of different modal truncation numbers on the calculation results are 
discussed. The vibration modes of each stage of the bladed disks are obtained, the forced response 
is analyzed from the perspective of strain energy. The result shows that modal truncation number, 
rotation softening effect, and speed have significant effects on the dynamic frequency calculation 
results of the multistage bladed disks. The typical mode shapes of the first 200 orders of multistage 
bladed disks are obtained. With the increase of mistuning standard deviation, the strain energy of 
multistage bladed disk system decreases gradually. 
Keywords: multistage bladed disk, mistuned, substructure modal synthesis method, modal 
analysis, vibration characteristics. 

1. Introduction 

As the heart of aircraft, the aero-engine bears the load of high temperatures, high pressures and 
high speeds. Its working reliability and structural integrity have always been the main problems 
restricting the development of high-performance engine. One of the core problems is the 
mistuning bladed disk vibration. Theoretically, the aero-engine compressor bladed disk system is 
commonly assumed to be a circular symmetrical structure, that is, tuned bladed disk. However, in 
reality it is not the case. Shape, mass, stiffness and natural frequency of each blade are slightly 
different due to factors such as material, manufacturing tolerances, wear and flutter suppression, 
that is, mistuning. Mistuning will cause vibration energy of the bladed disk system to concentrate 
on a few blades, resulting in serious vibration localization, fatigue failure, and then reduce the 
performance and operation life of the compressor. Because the mistuning destroys the cyclic 
symmetry of the bladed disk system, the cyclic symmetry model cannot be used for analysis. If 
the integral bladed disk model is used for dynamic analysis, the number of elements and nodes is 
huge, which makes the calculation difficult. Therefore, for the dynamic analysis of mistuned 
multistage bladed disk system, it is necessary to adopt an appropriate reduction model to greatly 
reduce the number of degrees of freedom of mistuned multistage bladed disk and improve the 
calculation speed on the premise of meeting the calculation accuracy. 

The aero-engine compressor is composed of multistage disks. Interstage coupling controls the 
energy propagation between the disks and is regarded as the main factor leading to the difference 
dynamic performance between single-stage and multistage disks. However, the influence of 
interstage coupling is usually ignored in mistuned vibration analysis of single-stage disks [1-3]. 

Scholars have less research on the vibration characteristics of multistage. Bladh [1] studied the 
influence of interstage coupling on the dynamic performance of tuned and mistuned multistage 
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bladed disk structure, pointed out that the dynamic characteristics of single-stage rotor depend on 
the selection of interstage coupling boundary conditions, and considered that the influence of 
interstage coupling should be considered when the excitation frequency is located in the frequency 
steering region of the structure. Song [2] and others studied the reduction model of multistage 
bladed disk rotor based on the analysis of single-stage rotor sector and concluded that the 
multistage rotor has mistuning response characteristics different from that of single-stage rotor. 
Therefore, it is necessary to deeply study the mistuning effect of multistage bladed disk structure. 
In order to study the maximum mistuning forced response amplitude and the worst mistuning 
mode of multistage bladed disk structure, Liao Haitao [3] proposed a general method to determine 
the maximum mistuning forced response amplitude and the worst mistuning mode by using the 
hybrid method of genetic algorithm and sequential quadratic programming by setting the 
mistuning variable as the optimization variable. Based on the lumped parameter model of typical 
three degree of freedom sec-tor single-stage and coupled two-stage bladed disk structures, the 
maximum mistuning amplitude amplification coefficient and the worst mistuning mode of the 
blade stiffness mistuning of the corresponding harmonic system are calculated, and the 
phenomenon of mistuning jump localization is revealed. An example shows that the blade has 
strong vibration response localization at the blade position of mistuning jump, The expression 
factors directly related to the localization of vibration response are constructed. Chiu [4, 5] 
proposed that the modal number of the system is related to the total number of blades. With the 
increase of bladed disk stages, the rotor system will become unstable. Xu [6] considered the 
coupling effect of multistage blade bending deformation and shaft torsional deformation, 
introduced the centrifugal stiffening effect of blade, and established the coupling vibration model 
including multi blade, two-stage blade disk and shaft. The differential equations of multistage disk 
shaft coupling vibration are derived by using Hamilton principle. The mass matrix and stiffness 
matrix of the system are obtained by numerical integration method, and then the coupling modes 
of the system are solved. The effects of natural frequency of blade disk, blade length, blade disk 
spacing and blade torsional angle on vibration characteristics are stud-ied. Rzadkowski [7] 
considered the influence of multistage coupling on the rotor dynamics of eight mistuning bladed 
disks on a solid shaft, calculated the overall rotation modes of eight flexible mistuning bladed 
disks on the shaft assembly, and obtained the natural frequencies, resonance conditions and 
coupling effects of blades, shafts, disks with blades and the whole shaft with disks. It was found 
that the mistuning system caused stronger multistage coupling than the tuned system, The greater 
the mistuning, the stronger the multistage coupling. Laxalde [8] proposed a stochastic reduced 
order modeling method for mistuned multistage bladed disk assembly. In the perturbation 
framework, the multi-level cyclic symmetric modeling method is used to establish the baseline 
reduced order model. The uncertainty is introduced into the component level modal space and 
further propagated in the global modal space. This leads to a compact model suitable for statistical 
analysis based on Monte Carlo simulation. Li [9] according to the theory of fracture mechanics 
and taking the stress intensity factor as the fracture criterion, proposed a three-dimensional 
equivalent notch model, which is simpler and more convenient than the traditional crack 
simulation model. And its effectiveness is analyzed. For the harsh working environment of the 
blade, the through cracks at the edge and middle of the blade root are considered respectively. 
Tran [10] uses the multi-level cyclic symmetry reduction and component mode synthesis method 
to establish a simplified model of multi-level cyclic structure (such as blade disk component). The 
component mode synthesis method can be used alone or combined with multi-level cyclic 
symmetry reduction to obtain the reduced model of multi-level structure. Souza [11] proposed a 
modeling method for analyzing the nonlinear vibration of multistage bladed disk system with inter 
blade disharmony and cracked blades. The modeling-strategy is based on an effective piecewise 
reduced order modeling method based on cyclic symmetry analysis and component pattern 
synthesis. A reduced order model is constructed for a single stage and assembled by projecting 
the motion of the interface of adjacent stages onto a set of harmonic shape functions. The analysis 
program allows stages to have different numbers of blades and mismatched computational grids 
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on the interface of adjacent stages. In addition, the modeling framework is independent of the 
modeling methods of each stage, which makes it possible to use various existing modeling 
methods of a single stage. Yu [12] established the blade disk rotor system according to the finite 
element method. A substructure modal synthesis super element method (SMSM) with fixed 
interface and free interface is proposed to obtain the vibration characteristics of rotor system. 
Then, the free vibration results are compared with those calculated by cyclic symmetry analysis 
method to verify the correctness of this analysis. Sazhenkov [13] established a model platform, 
the platform consisted of dummy blades pair with a wedged damper. Based on the finite element 
method, the numerical model is simplified by Craig – Bampton and Guyan algorithm. The 
three-dimensional shape, nonlinear contact force, friction force, various operating loads and 
conditions of the parts are considered and verified by experiments. The relationship between the 
blade amplitude and the centrifugal load on the damper is obtained. In addition, the effect of 
friction coefficient on the amplitude of resonant blade is also studied. The optimum working range 
with maximum damping efficiency is defined. The effects of the opposite and in-phase modes of 
adjacent blades on the efficiency of the damper are studied. Kumar [14] focussed on the 
development of stochastic reduced order model for probabilistic characterisation of bladed disc 
systems with random spatial inhomogeneities. High fidelity finite element modelling is used to 
mathematically model the system. A two-step reduction strategy is applied involving reduction in 
the state space dimension and reduction in the stochastic dimensions. The efficacy of the proposed 
framework is demonstrated through two numerical examples -an academic bladed disc system and 
an industrial turbine rotor blade. Jena [15-23] aims at the failure of fiber reinforced composite 
beam structure when cracks appear. The effects of fiber orientation on FRP composite beams 
under different crack positions and crack depths are evaluated by analytical method, finite element 
method and Sugeno fuzzy method. The results show that the fiber orientation, crack location and 
depth have a great influence on the natural frequency and vibration mode of free vibration. 

Most of the above scholars' research on the multistage bladed disk focuses on the modal 
vibration characteristics of the secondary disk. The models used are Lumped parameter model or 
cantilever beam model, and the finite element model of the multistage bladed disk system is not 
used. This paper based on the substructure modal synthesis method, a finite element reduction 
model of mistuned multistage bladed disk is established, and the accuracy of the model is verified. 
The vibration characteristics of mistuned multistage bladed disk are obtained through modal 
analysis and forced response analysis. 

2. Substructure modal synthesis method 

In order to reduce the calculation scale of the bladed disk system, improve the calculation and 
analysis efficiency, it is necessary to reduce the degrees of freedom of the mistuned multistage 
bladed disks. The structural dynamic equation can be expressed as: ሾ𝑀ሿ൛𝑋ሷ ൟ + ሾ𝐶 + 𝐺ሿ൛𝑋ሶ ൟ + ሾ𝐾 + 𝐾ୡ + 𝐾ௌሿሼ𝑋ሽ = ሼ𝐹ሽ , (𝑖 = 1,2,⋯ ,𝑛), (1)

where 𝑀, 𝐶, 𝐺, 𝐾, 𝐾ୡ, 𝐾ௌ, 𝐹, 𝑋 and 𝑛 are mass matrix, damping matrix, Coriolis force matrix, the 
stiffness matrix of the structure, centrifugal stiffening effect matrix of rotating blades, rotation 
softening matrix, force acting on the substructure model, displacement vector, and number of 
blades respectively.  

The general forced vibration equation of the 𝑖-th substructure finite element reduced order 
models can be expressed as: ሾ𝑀ሿ൛𝑋ሷ ൟ + ሾ𝐶′ሿ൛𝑋ሶ ൟ + ሾ𝐾′ሿሼ𝑋ሽ = ሼ𝐹ሽ , (𝑖 = 1,2,⋯ ,𝑛), (2)

where 𝐶′ = 𝐶 + 𝐺, 𝐶 is damping matrix, and 𝐺 is Coriolis force matrix, where 𝐶, 𝛼 and 𝛽 are 
given by: 
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𝐶 = 𝛼𝑀 + 𝛽𝐾, (3)

⎩⎪⎨
⎪⎧𝛼 = 4𝜋𝑓ଵ𝑓ଶ(𝑓ଵ𝜉ଶ − 𝑓ଶ𝜉ଵ)𝑓ଵଶ − 𝑓ଶଶ ,𝛽 = 𝑓ଶ𝜉ଶ − 𝑓ଵ𝜉ଵ𝜋(𝑓ଶଶ − 𝑓ଵଶ ) ,  (4)

where 𝑓ଵand 𝑓ଶ are the first-order and second-order natural frequencies, respectively, 𝜉ଵ and 𝜉ଶ 
are the corresponding modal damping ratios. 

The Coriolis force matrix obtained as: 

𝐺 = 2න𝑁்Ω𝑁𝑑𝑉

ଵ , (5)

where 𝑁 is the shape function matrix; n is the total number of elements; Ω is the rotational matrix. 
The rotational matrix Ω obtained as: 

Ω =  0 −Ω௭ Ω௬Ω௭ 0 −Ω௫−Ω௬ Ω௫ 0 , (6)𝐾ᇱ = 𝐾 + 𝐾ୡ + 𝐾ௌ, (7)

where 𝐾 is the stiffness matrix of the structure, 𝐾 is the centrifugal stiffening effect matrix of the 
rotating blades, and 𝐾ௌ is the rotation-softening matrix.  

The displacement vector 𝑋 is composed of the degree of freedom 𝑋 at the boundary and the 
internal freedom 𝑋௦ of the non-interface, that is: ሾ𝑀ሿ = 𝑀 𝑀௦𝑀௦ 𝑀௦௦ ൨ ,      ሾ𝐶′ሿ = 𝐶′ 𝐶′௦𝐶′௦ 𝐶′௦௦ ൨ ,      ሾ𝐾′ሿ = 𝐾′ 𝐾′௦𝐾′௦ 𝐾′௦௦ ൨, ሼ𝑋ሽ = ൜𝑋𝑋௦ ൠ ,     𝐹 = ቄ𝑓0 ቅ. 

The Eq. (2) can be presented as below: 

𝑀 𝑀௦𝑀௦ 𝑀௦௦ ൨ ቊ𝑋ሷ𝑋ሷ௦ ቋ + 𝐶′ 𝐶′௦𝐶′௦ 𝐶′௦௦ ൨ ቊ𝑋ሶ𝑋ሶ௦ ቋ + 𝐾′ 𝐾′௦𝐾′௦ 𝐾′௦௦ ൨ ൜𝑋𝑋௦ ൠ = ቄ𝑓0 ቅ , (8)

where, 𝑓 is the interface force. Let the substructure of the interface to be fixed, even if 𝑋 = 0, 
it is possible to obtain as follows: ሾ𝑀௦௦ሿ൛𝑋ሷ௦ൟ + ሾ𝐶′௦௦ሿ൛𝑋ሶ௦ൟ + ሾ𝐾′௦௦ሿሼ𝑋௦ሽ = 0. (9)

From this, the normalized mode [𝜙ே] is solved, that is [𝜙ே] = [𝜙 ,𝜙], where, [𝜙] – low 
order modal, [𝜙] – high order modal. 

This modal set satisfies the following conditions: [𝜙ே]்[𝑀௦௦][𝜙ே] = 𝐸, (10)[𝜙ே]்[𝐾′௦௦][𝜙ே] = [Λ] = Λ Λ൨, (11)

where, [Λ] = diag(𝜆ଵଶ, 𝜆ଶଶ,⋯ , 𝜆ଶ), [Λ] = diag(𝜆ାଵଶ , 𝜆ାଶଶ ,⋯ , 𝜆ଶ), 𝐸 is a identity matrix.  
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When the higher order mode sets are omitted, and the lower order mode set 𝜙 is selected to 
form the master modal set 𝜙 of the substructures, that is: [𝜙] = [𝜙]. (12)

If the fixed interface method is used, 𝜙 can be expressed as: ൣ𝜙൧ = −[𝐾ᇱ௦௦]ିଵ[𝐾ᇱ௦][𝐸] = −[𝐾ᇱ௦௦]ିଵ[𝐾ᇱ௦] . 
Definition [𝜙] is the constrained modal set: [𝜙] = 𝐸𝜙൨ =  𝐸−𝐾′௦௦ିଵ𝐾′௦൨. (13)

The Ritz base vector of the 𝑖 substructure: [𝜙] = [𝜙,𝜙] =  0 𝐸𝜙 𝜙൨. (14)

Coordinate transformation is: [𝑋] = [𝜙][𝑝] =  0 𝐸𝜙 𝜙൨ ቂ𝑝𝑝௦ ቃ. (15)

Through the Eq. (15), it can achieve the transformation of the equation of motion from physical 
coordinates to modal coordinates: [𝑀ഥ]൛𝑋ሷ ൟ + [�̅�]൛𝑋ሶ ൟ + [𝐾ഥ]ሼ𝑋ሽ = ሼ𝐹തሽ, (16)

where: [𝑀ഥ] = [𝜙]்[𝑀][𝜙] = 𝑀ഥ 𝑀ഥ௦𝑀ഥ௦ 𝐸 ൨ ,      [�̅�] = [𝜙]்[𝐶′][𝜙], [𝐾ഥ] = [𝜙]்[𝐾′][𝜙] = 𝐾ഥ 00 𝐾ഥ௦௦൨ ,      [𝐹ത] = [𝜙]்[𝐹] = 0 𝜙𝐸 𝜙൨ ቂ𝑓0 ቃ = ቂ𝑓0 ቃ . 
The coordinate transformation of Eq. (15), which uses only low-order mode and ignores the 

high-order mode, that is used to adapt the mode truncation, so the node degree of freedom is 
greatly reduced, will be made for obtaining the 𝑖 substructure formula deduced from the Eq. (15): 

⎣⎢⎢
⎡𝑀ഥଵ 0𝑀ഥଶ ⋱0 𝑀ഥ⎦⎥⎥

⎤ ൞𝑝ሷଵ𝑝ሷଶ⋮𝑝ሷ ൢ + ⎣⎢⎢
⎡�̅�ଵ 0�̅�ଶ ⋱0 �̅� ⎦⎥⎥

⎤ ൞𝑝ሶଵ𝑝ሶଶ⋮𝑝ሶ ൢ+ ⎣⎢⎢
⎡𝐾ഥଵ 0𝐾ഥଶ ⋱0 𝐾ഥ⎦⎥⎥

⎤ ൞𝑝ଵ𝑝ଶ⋮𝑝 ൢ = ⎩⎨
⎧𝐹തଵ𝐹തଶ⋮𝐹ത ⎭⎬

⎫
(𝑖 = 1,2,⋯ ,𝑛). , (17)

If the rigid connection interface is considered, through the force balance and displacement 
coordination condition, it is possible to obtain as follows: ሼ𝑋ଵሽ = ሼ𝑋ଶሽ = ⋯ = ሼ𝑋ሽ, (𝑖 = 1,2,⋯ ,𝑛), (18)ሼ𝑓ଵሽ + ሼ𝑓ଶሽ + ⋯+ ሼ𝑓ሽ = 0, (𝑖 = 1,2,⋯ ,𝑛). (19)
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The non-independent coordinate can be transformed into the equation of motion of the 
generalized coordinate ሼ𝑞ሽ in the following form: 

ሼ𝑝ሽ =
⎩⎪⎪
⎨⎪
⎪⎧𝑝ଵ𝑝௦ଵ𝑝ଶ𝑝௦ଶ⋮⋮𝑝𝑝௦ ⎭⎪⎪

⎬⎪
⎪⎫ =

⎣⎢⎢
⎢⎢⎢
⎢⎡𝐸 0 0 ⋯ 0 00 𝐸 0 ⋯ 0 0𝐸 0 0 ⋯ 0 00 0 𝐸 ⋯ 0 0𝐸 0 0 ⋯ 0 0⋮ ⋮ ⋮ ⋱ 0 0𝐸 0 0 0 0 00 0 0 0 0 𝐸⎦⎥⎥

⎥⎥⎥
⎥⎤
⎩⎪⎨
⎪⎧𝑞𝑞௦ଵ𝑞௦ଶ⋮𝑞௦⎭⎪⎬

⎪⎫. (20)

That is: ሼ𝑝ሽ = [𝛽]ሼ𝑞ሽ. (21)

The Eq. (21) is transformed into the equation of motion of the generalized coordinate by using 
this form ሼ𝑞ሽ: ൣ𝑀෩൧ሼ𝑞ሷ ሽ + ൣ𝐶ሚ൧ሼ𝑞ሶ ሽ + ൣ𝐾෩൧ሼ𝑞ሽ = ሼ𝐹෨ሽ , (𝑖 = 1,2,⋯ ,38), (22)

where, ൣ𝑀෩൧ = [𝛽]்[𝑀ഥ][𝛽], ൣ𝐾෩൧ = [𝛽]்[𝐾ഥ][𝛽], ൣ𝐶ሚ൧ = [𝛽]்[�̅�][𝛽], [𝐹෨] = [𝛽]்[𝐹ത]. 
The Eq. (22) can be adopted to solve the natural frequency of the system and the vibration 

mode under the generalized coordinates ሼ𝑞ሽ. The vibration mode under the generalized 
coordinates can be returned to the physical coordinates by the coordinate transformation from 
Eq. (21) and form transformation from Eq. (15), thus the vibration mode of the physical system 
coordinates can be obtained. 

 
Fig. 1. Substructure division process of multistage bladed disks 
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The finite element model of three-stage bladed disk is based on ANSYS 15.0. A three-stage 
bladed disks are divided into substructures is shown in Fig. 1. So as to model of three-stage bladed 
disk in ANSYS, solid185 elements are used. The mechanical properties of the three-stage bladed 
disk is shown in Table 1. 

Table 1. The mechanical properties of the three-stage bladed disk 
Blade material property Property value Disk material property Property value 

Mass density 4400kg⋅m−3 Mass density 8200kg⋅m−3 
Modulus of elasticity 114 GPa Modulus of Elasticity 166 GPa 

Poisson’s ratio 0.3 Poisson’s ratio 0.3 

The blade of each stage bladed disk and disk connected with it are divided into one 
substructure. The first stage bladed disk is divided into 38 substructures, the second stage bladed 
disk is divided into 52 substructures, and the third stage bladed disk is divided into 60 
substructures. The finite element model of the three-stage bladed disk system after the substructure 
integrated condensed super element is shown in Fig. 2. 

 
Fig. 2. Finite element model of multistage bladed disks after condensing super element 

3. Modal analysis 

In this section, finite element analysis is used o obtain the natural frequency and mode shape, 
ANSYS package (Released version 15.0) is used. Through the modal analysis between the integral 
model and the substructure model, the first 500 natural frequencies and vibration modes are 
obtained respectively, and compared to verify the accuracy of the substructure model and 
determine the appropriate modal truncation number. The block diagram of modal analysis is 
shown in Fig. 3. 

The aero-engine compressor bladed disks system is a high-speed rotating power system. 
Whether the effect of rotating speed is considered will affect the accuracy of the dynamic analysis. 
As shown in Fig. 4 and Table 2, the natural frequency calculation comparison between the integral 
bladed disks model and the substructure model is shown. The effect caused by the rotation of the 
bladed disk is considered in the calculation, and the dynamic frequency of the bladed disks system 
is obtained. It can be seen from the figure that the substructure model is in good agreement with 
the calculation results of the integral blade disk model within 225 order, which shows that the 
substructure model still has high calculation accuracy and can meet the calculation requirements 
on the premise of ignoring the high-order modes, reducing the number of degrees of freedom of 
the model and improving the calculation speed. 

In order to verify the accuracy of the calculation results of the substructure model, the mode 
shapes of the integral bladed disks model and the substructure model are compared, and the 
comparison results are shown in Fig. 5. It can be seen from the figure that the vibration modes of 
the substructure under each mode are consistent with the calculation results of the integral bladed 
disk model, and the calculation accuracy of the substructure model is high, which can meet the 
requirements of the next dynamic calculation. 
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Fig. 3. The block diagram of modal analysis 
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a) 500 order 

 
b) 200 order 

Fig. 4. Comparison of dynamic frequency calculation results  
between integral model and substructure model 

Table 2. Comparison of dynamic frequency calculation results  
between integral model and substructure model 

Order Natural frequency (Hz) Absolute error (%) Integral model Substructure model 
1 655.07 673.62 –0.02832 
2 662.14 691.52 –0.04437 
3 679.52 695.56 –0.0236 
4 715.88 717.13 –0.00175 
5 724.64 726.69 –0.00283 
6 737.13 737.05 0.000109 
7 738.29 738.07 0.000298 
8 739.4 739.49 –0.00012 
9 740.03 739.82 0.000284 
10 741.11 740.84 0.000364 
11 741.57 741.29 0.000378 
12 742.01 742.03 –2.7E-05 
13 742.55 742.42 0.000175 
14 742.69 742.6 0.000121 
15 742.92 742.8 0.000162 
16 743.07 742.98 0.000121 
17 743.35 743.19 0.000215 
18 743.43 743.48 –6.7E-05 
19 743.55 743.95 –0.00054 
20 743.83 744.03 –0.00027 
21 744.32 744.14 0.000242 
22 744.63 744.29 0.000457 
23 744.71 744.58 0.000175 
24 744.92 744.62 0.000403 
25 745 744.64 0.000483 
26 745.07 744.88 0.000255 
27 745.11 745.11 0 
28 745.56 745.26 0.000402 
29 745.62 745.31 0.000416 
30 745.69 745.35 0.000456 
31 745.75 745.55 0.000268 
32 745.77 745.57 0.000268 
33 746.12 745.75 0.000496 
34 746.29 745.83 0.000616 
35 746.44 745.88 0.00075 
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a) The fourth order of integral model 

 
b) The fourth order of substructure model 

 
c) The fourth order of integral model 

 
d) The fourth order of substructure model 

 
e) The fifth order of integral model 

 
f) The fifth order of substructure model 

 
g) The fifth order of integral model 

 
h) The fifth order of substructure model 

Fig. 5. Comparison of modal shapes between integral model and substructure model 

The basic idea of degree of freedom reduction by substructure modal synthesis method is to 
ignore the high-order modes and intercept the low-order modes. On the premise of meeting the 
calculation accuracy of the low-order model, the number of degrees of freedom of the dynamic 
model is reduced by selecting the appropriate mode truncation number, so as to improve the 
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calculation speed. Fig. 6 shows the dynamic frequency comparison of the three-stage bladed disk 
system when different modal truncation numbers are selected. It can be seen from the figure that 
the accuracy of low-order modal calculation increases with the increase of modal truncation 
number. From Fig. 6(b), when the modal truncation number is greater than 30, the first 25 modal 
calculation results can meet the requirements. When the modal truncation number is greater than 
60, the accuracy of the first 175 modal results is higher.  

 
a) 500 order 

 
b) 200 order 

Fig. 6. Effect of different modal truncation numbers on dynamic  
frequency of multistage bladed disk system 

For rotating machinery, the rotary softening effect has a certain impact on the dynamics of the 
bladed disk system. The rotary softening effect is considered in the calculation of multistage 
bladed disks, and the calculation results shown in Fig. 7 are obtained. It can be seen from the 
figure that the rotating software effect has a certain impact on the dynamic characteristics of the 
bladed disk system. 

 
a) Integral model 

 
b) Substructure model 

Fig. 7. Effect of rotary softening on dynamic frequency of bladed disks 

The rotating speed of the bladed disk system has a certain impact on the dynamic frequency 
of the bladed disk system. It can be seen from Table 3 and Fig. 8 that the dynamic frequency 
gradually increases with the increase of rotating speed. 

The first 200 order dynamic frequencies and mode shapes of multistage bladed disk system 
are shown in Table 4.  
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Table 3. Effect of rotating speed on dynamic frequency of bladed disks 

Order Speed rad/s 
795.8 954.9 1114.1 1188.3 1273.2 1432.4 

1 607.49 632.59 660.58 673.86 685.53 687.02 
2 650.31 671.85 688.52 692.8 697.57 696.34 
3 662.54 679.43 693.04 696.82 700.07 729.1 
4 664.15 682.56 704.67 717.27 732.62 764.37 
5 666.3 688.64 714.12 726.95 742.09 772.93 
6 674.65 697.64 723.85 737.06 752.67 784.49 
7 675.57 698.59 724.84 738.07 753.71 785.59 
8 676.92 699.97 726.27 739.53 755.2 787.17 
9 677.14 700.23 726.57 739.85 755.55 787.56 
10 678.03 701.15 727.53 740.84 756.56 788.63 
11 678.47 701.6 727.98 741.3 757.02 789.11 
12 679.16 702.3 728.71 742.03 757.77 789.89 
13 679.5 702.66 729.09 742.42 758.17 790.31 
14 679.65 702.82 729.26 742.6 758.36 790.52 
15 679.83 703.01 729.46 742.8 758.56 790.73 
16 680.07 703.22 729.65 742.98 758.73 790.88 
17 680.22 703.39 729.84 743.19 758.96 791.13 
18 680.5 703.68 730.13 743.48 759.25 791.43 
19 681.01 704.17 730.61 743.95 759.72 791.89 
20 681.05 704.23 730.68 744.03 759.8 791.99 
21 681.14 704.33 730.79 744.14 759.91 792.11 
22 681.37 704.53 730.96 744.29 760.05 792.2 
23 681.66 704.84 731.26 744.58 760.31 792.37 
24 681.69 704.85 731.28 744.62 760.39 792.55 
25 681.73 704.87 731.3 744.64 760.41 792.59 
26 681.92 705.09 731.54 744.88 760.65 792.82 
27 682.19 705.35 731.78 745.12 760.87 793.02 
28 682.32 705.48 731.92 745.26 761.02 793.19 
29 682.38 705.54 731.97 745.31 761.07 793.24 
30 682.42 705.58 732.01 745.35 761.11 793.27 
31 682.66 705.81 732.22 745.55 761.3 793.42 
32 682.67 705.82 732.24 745.57 761.32 793.48 
33 682.85 706 732.42 745.75 761.51 793.65 
34 682.92 706.07 732.5 745.83 761.59 793.75 
35 682.96 706.11 732.54 745.88 761.64 793.8 

 
Fig. 8. Effect of rotating speed on dynamic frequency of bladed disks 

It can be seen from Table 4 that the vibration of the first 40 stage bladed disks system is mainly 
concentrated in the first stage bladed disk, the vibration mode is mainly the first-order bending 
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vibration of the blades. The 41st and 42nd modes are mainly the coupled vibration of the second-
stage and third-stage blades. The first-order bending vibration of the second stage blades is the 
main mode of 43th-94th. the 99th-135th vibration modes are mainly the first-order torsion 
vibration of the first stage blades. the 136th-197thare the first-order bending vibration of the third 
stage blades. the 198th-200th are the coupled vibration of the three-stage blades and disks. 

Table 4. First 200th order dynamic frequencies and mode shapes of the multistage bladed disk system 
Order 

number 
Dynamic 

frequency/Hz Vibration mode Mode pattern of a typical 
order 

1 655.073 First-order bending vibration of the 
first-stage blades 

 

2 662.144 Coupled vibration of the first-stage and 
second-stage blades and disks 

 

3-4 679.515-715.884 First-order bending vibration of the 
first-stage blades 

 

5-40 724.642-751.635 First-order bending vibration of the 
first-stage blades 

 

41-42 938.904-982.939 Coupled vibration of the second-stage 
and third-stage blades 

 

43-94 1031.86-1109.85 First-order bending vibration of the 
second-stage blades 

 

95 1159.27 Coupled vibration of the first-stage and 
second-stage blades and disks 
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96 1242.65 Coupled vibration of the three-stage 
blades and disks 

 

97 1323.47 First-order blades torsion vibration of 
the first-stage 

 

98 1331.06 Coupled vibration of the three-stage 
blades and disks 

 

99-135 1357.57-1385.17 First-order blade torsion vibration of the 
first-stage blades 

 

136-197 1413.1-1577.73 First-order bending vibration of the 
third-stage blades 

 

198-200 1625.72-1724.05 Coupled vibration of the three-stage 
blades and disks 

 

4. Vibration characteristics of mistuned multistage bladed disks 

The flow excitation acting on the compressor blades is often simply to a single point sinusoidal 
excitation acting on the blade tip. According to the modal vibration analysis results, the excitation 
frequency range is 650 Hz-2500 Hz. the mistuning value is normally distributed, and the vibration 
characteristics of multistage bladed disks with mistuning standard deviation of 1 % - 5 % are 
calculated.  

Fig. 9 shows the amplitude frequency characteristics of the multistage bladed disks system. as 
can be seen from Fig. 9, the mistuning causes the amplitude peak resonance band of the second 
stage blades disk to widen. the amplitude peak of the second stage bladed disk increases gradually 
with the increase of mistuning standard deviation near 1980 Hz. Fig. 10 shows the maximum 
amplitude of each blade of multistage bladed disks system when the excitation frequency is 
1980 Hz. the blades with large amplitude are concentrated in the second stage bladed disk. It can 
be seen from Table 5 that the mistuning increases the maximum vibration amplitude of the bladed 
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disk system, the maximum vibration amplitude of bladed disk system occurs when the standard 
deviation of mistuning is 2 %. 

 
a) Tuned bladed disk 

 
b) 1 % mistuned bladed disk 

 
c) 2 % mistuned bladed disk 

 
d) 3 % mistuned bladed disk 

 
e) 4 % mistuned bladed disk 

 
f) 5 % mistuned bladed disk. 

Fig. 9. Amplitude frequency characteristics of bladed disk system 

Fig. 11 shows the characteristics of strain energy of multistage bladed disk system with 
excitation frequency. the resonant frequencies of the blade disk system are around 1100 Hz, 
1370 Hz, 1540 Hz and 1980 Hz respectively. When the resonance frequency is 1100 Hz, the strain 
energy of the bladed disk system is mainly contributed by the second stage bladed disk. When the 
resonance frequency is 1370 Hz, the strain energy of the bladed disk system is mainly contributed 
by the first stage bladed disk. When the resonance frequency is 1540 Hz, the strain energy of the 
bladed disk system is mainly contributed by the third stage bladed disk. When the resonance 
frequency is 1980 Hz, the strain energy of the bladed disk system is mainly contributed by the 
second stage bladed disk. with the increase of the standard deviation of mistuning, the maximum 
strain energy of the bladed disk system decreases gradually. 
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a) Tuned bladed disk 

 
b) 1 % mistuned bladed disk 

 
c) 2 % mistuned bladed disk 

 
d) 3 % mistuned bladed disk 

 
e) 4 % mistuned bladed disk 

 
f) 5 % mistuned bladed disk 

Fig. 10. The maximum amplitude of each blades 

Table 5. The maximum amplitude of the multistage bladed disk system. 

Mistuning 
The maximum amplitude (×10-4 m) 

The first stage The second stage The third stage The maximum amplitude  
of bladed disk 

0 % (tuned) 3.505 5.545 3.509 5.545 
1% 3.269 5.61 3.772 5.61 
2% 3.28 5.856 4.824 5.856 
3% 3.238 5.688 4.207 5.688 
4% 3.159 5.69 4.676 5.69 
5% 3.312 5.777 4.173 5.777 
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a) Tuned bladed disk 

 
b) 1 % mistuned bladed disk 

 
c) 2 % mistuned bladed disk 

 
d) 3 % mistuned bladed disk 

 
e) 4 % mistuned bladed disk 

 
f) 5 % mistuned bladed disk 

Fig. 11. Strain energy of bladed disk 

Figs. 12-17 shows the distribution of strain energy of each blade disk at the resonance peak of 
tuned and mistuned bladed disk system.  

It can be seen from Fig. 11 to Fig.17, the resonance frequency is around 1100 Hz or 1980 Hz, 
the strain energy is mainly concentrated in the second stage bladed disk, dominated by blade 
vibration, the resonance frequency is near 1980 Hz and the strain energy is large. the resonance 
frequency is around 1370 Hz or 1540 Hz, and the strain energy is mainly concentrated in the first 
stage bladed disk and the third stage blade disk, the resonance frequency is around 1370 Hz, the 
strain energy is small, and the vibration of the first stage bladed disk is mainly. the resonance 
frequency is around 1540 Hz, and the strain energy is large, mainly the third stage blade disk 
vibration. with the increase of mistuning standard deviation, the vibration energy of each stage of 
bladed disk decreases gradually.  
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a) 1097.7 Hz 

 
b) 1373 Hz 

 
c) 1541.7 Hz 

 
d) 1978.3 Hz 

Fig. 12. Strain energy of tuned bladed disk 

 
a) 1097.7 Hz 

 
b) 1373 Hz 

 
c) 1541.7 Hz 

 
d) 1978.3 Hz 

Fig. 13. Strain energy of 1 % mistuned bladed disk 
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a) 1101.4 Hz 

 
b) 1369.65 Hz 

 
c) 1539.85 Hz 

 
d) 1980.15 Hz 

Fig. 14. Strain energy of 2 % mistuned bladed disk 

 
a) 1094 Hz 

 
b) 1367.8 Hz 

 
c) 1538 Hz 

 
d) 1987.55 Hz 

Fig. 15. Strain energy of 3 % mistuned bladed disk 
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a) 1099.55 Hz 

 
b) 1365.95 Hz 

 
c) 1532.45 Hz 

 
d) 1974.6 Hz 

Fig. 16. Strain energy of 4 % mistuned bladed disk 

 
a) 1103.25 Hz 

 
b) 1373.35 Hz 

 
c) 1541.7 Hz 

 
d) 1980.15 Hz 

Fig. 17. Strain energy of 5 % mistuned bladed disk 

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0
St

ra
in

 e
ne

rg
y 

/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades

The 1st bladed disk The 2nd bladed disk The  3rd bladed disk
0.0

0.2

0.4

0.6

0.8

1.0

1.2

1.4

1.6

1.8

2.0

St
ra

in
 e

ne
rg

y 
/J

The number of bladed disk

 disk
 blades



VIBRATION CHARACTERISTICS OF MISTUNED MULTISTAGE BLADED DISKS OF THE AERO-ENGINE COMPRESSOR.  
HONGYUAN ZHANG, HAIYU FENG, XIAOMEI YOU, TIANYU ZHAO 

1136 JOURNAL OF VIBROENGINEERING. SEPTEMBER 2022, VOLUME 24, ISSUE 6  

5. Conclusions 

The vibration characteristics of multistage mistuned bladed disk system were studied. Based 
on the substructure modal synthesis method, the finite element reduction model of multistage 
bladed disk was established, the accuracy of substructure model and integral bladed disk model is 
compared, and the influence of different modal truncation numbers on the calculation accuracy of 
substructure model is discussed. Through the modal analysis of multistage bladed disk, the effects 
of rotating softening effect and rotating speed on the dynamic frequency of blade disk system are 
analyzed. the modal shapes of typical orders of multistage bladed disks are obtained. Through the 
forced response analysis of the mistuned multistage bladed disk, the amplitude frequency 
characteristics of the tuned and mistuned bladed disk are obtained, the influence of different 
mistuned standard deviations on the vibration characteristics of the bladed disk system is 
discussed, and the vibration of the mistuned bladed disk is analyzed from the perspective of strain 
energy. The following points are concluded through modal analysis and vibration analysis: 

1) with the increase of modal truncation number, the calculation accuracy of substructure 
model increases gradually. 

2) the rotating speed has a significant influence on the dynamic frequency of multistage bladed 
disk system. with the increase of rotating speed, as a result the dynamic frequency increases. 

3) the first-order bending vibration of the blade is the main form of the low-order vibration of 
the first 200 order multistage blade disk. 

4) the maximum strain energy of each stage bladed disk system decreases with the increase of 
mistuning standard deviation. 
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