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Abstract. Based on Eshelby’s equivalent inclusion theory, the four-phase model and the
interaction direct derivative estimate, the prediction model of effective thermal expansion
coefficient of composite containing multiple types of inclusion in anisotropic matrix was
established. The effective thermal expansion coefficient of eutectic composite containing defects
was calculated. And then the influence of defects and inclusions on the effective thermal
expansion coefficient is discussed in detail. The results show that the influence of inclusions will
be amplified by defects when there are multiple inclusions in the matrix. Therefore, the interaction
direct derivative estimate cannot accurately predict the influence of defect distribution on thermal
expansion coefficient of eutectic composite ceramics.

Keywords: anisotropic, interaction direct inference estimation, defect, coefficient of thermal
expansion.

1. Introduction

Thermal expansion problems of composite ceramic materials widely exist in aerospace,
military equipment, medical applications and other fields. Regulating the thermal expansion
properties of composite ceramic materials is helpful for the preparation of precision parts with
controllable thermal expansion, which is of great value for improving equipment sensitivity and
optimizing performance. Due to the extremely low temperature during the preparation process,
the two phases in the eutectic will be mismatched due to thermal expansion, which inevitably
produces thermal mismatched strain. Therefore, the thermal residual stress of composite ceramic
material has important theoretical significance and engineering application value. In order to
predict the residual thermal stress, it is necessary to have a clear understanding of the effective
thermal expansion coefficient of composite ceramic materials.

In recent years, many scholars have done a lot of research on the prediction of thermal
expansion coefficient by using different theories and methods. And good results have been
obtained for the prediction of thermal expansion properties of composites with similar thin
structures. For example, Wu [1] used Eshelby’s equivalent inclusion theory to predict thermal
expansion coefficient of inclusion composite with different shapes. Kumar [2] studied the
effective thermal expansion coefficient of ceramic particle metal matrix composites by using
Eshelby-Mori-Tanaka method. Upadhyay [3] et al. further studied the effective thermal expansion
coefficient of granular composites with debonding interfaces by using the three-phase model
method. Mohammad [4] and Trofimov [5] predicted the macroscopic thermal expansion
coefficient of fiber-reinforced composites with randomly distributed micro-cracks. Hirata [6]
deduced the equivalent thermal expansion coefficient of the inclusion interaction, which all
obtained good prediction results within a certain range of inclusion content. In addition, the
influence of fiber microstructure on thermal expansion coefficient of fiber reinforced composites
was calculated by using numerical methods by Li [7] and Liu [8], Sihn [9] using the improved
formula of universal single cell model with unknown stress. The thermal expansion coefficient is
studied considering the effect of defects. When the defects exceed a certain range and some
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theoretical results exceed the limit of the thermal expansion coefficient of components, the thermal
expansion coefficient model of composite materials with anisotropic matrix needs further
improvement.

In the above methods, inclusions are placed in isotropic material to study, but there are few
studies on anisotropic matrix materials. In the mesoscale, the effective matrix of composite
ceramics is anisotropic, so the model is not universal. The coefficient of thermal expansion is
studied considering the effect of defects. When the defects exceed a certain range and some
theoretical results exceed the limit of the thermal expansion coefficient of components, the thermal
expansion coefficient model of composite materials with anisotropic matrix needs further
improvement.

In this paper, four phase model method and interaction direct inference estimation are adopted,
and based on Eshelby’s equivalent inclusion theory. According to the different distribution of
defects in composites, a universal model of thermal expansion coefficient of eutectic composites
was proposed, and the effects of defects and fiber content on thermal expansion coefficient of
composites were analyzed.

2. Interaction direct inference estimation in four phase model

It is assumed that ellipsoid inclusions will be randomly distributed in the matrix in the
composite. The defects can be considered as special ellipsoidal inclusions with stiffness 0. A
representative of the composite ceramic materials selected unit is analyzed, taking containing
interface phase inclusions called two phase cell yuan, will be embedded in a two phase cell yuan
limited atmosphere constitute three phase cell yuan, substrate material and then to embed the
three-phase cell yuan and composite material effective medium constitute four phase model, four
phase cell structure model is shown in Fig. 1.

Fig. 1. Cell model with defects

In the model, the inclusions are assumed to be ellipsoid, and a;, a, and a5 are defined as three
main half-axis lengths respectively, where axis a, is the axis of symmetry of the material. The
interface layer and matrix shell around the inclusion have the same shape with the inclusion. The
local coordinate system as shown in Fig. 1 is established, and the ellipsoid inclusion can be
expressed by the following equation:

X1\?  [X2\?  [X3)\?
@) G+ (@) =2 o
In the equation, when a; < a,, a; represents sheet inclusion, when a; > a,, a; represents
rod or fibrous inclusion. The flexibility increment of the desired effective medium is defined as

H. According to the direct estimation method of interaction [10], the following results can be
obtained:

H= —ZQiH?)—lﬂd, 2)

where:
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HE = ) [ +0)7) G)
where, H; is the compliance fluctuation of type I inclusions relative to matrix:
H; =S; = S,. “4)

Q; is the eigen stiffness of inclusion, ; = C,(I — M;), when the composite contains only type
i inclusions, the sparse solution as follows:

H? = Z HY. (%)

The equivalent stiffness of eutectic composite ceramics is as follows:

C= (S, +H)™. (6)
In fibrous inclusions, the components of Eshelby tensor M; are as follows: My,33 = M335, =
495—1 1 3-49, 5-49,
8(1-00)° My33 = Mi313 = po Miz12 = 8(1-0,)’ My325 = M3333 = 8(1-0,)’ Mj11 = M3311 =
Yo

2000 The rest of the components are 0. Where, subscript i represents type i inclusions, subscript
~VYo

0 represents the matrix, I represents the fourth-order unit tensor, S; is the equivalent compliance
matrix of type i inclusions, S, = C5* represents the compliance matrix of composite ceramic
matrix, M; represents the fourth-order Eshelby tensor corresponding to type i inclusions, f;
represents the volume content of type i inclusions, and 9, represents the Poisson’s ratio of matrix.

3. Equivalent thermal expansion coefficient of eutectic composite ceramics

For ease of calculation, oy and a; are used to represent the thermal expansion coefficient
matrix of the matrix and the type i inclusions. And the thermal expansion coefficient matrix can
be written as follows:

= Ol Ol O’OJO’O Tl
{ao (a®a’, «a ) ™

a; = (a!,at, at,0,0,0)7.

In the above formula, «® and o' are used to represent the thermal expansion coefficient. The

thermal expansion coefficient matrix of the effective medium representing the composite is

indicated by a:

a= (alll U322, A33, O'O!O)T' (8)
In the above formula, a4, @,, and @35 are linear expansion coefficients of composite material

along axis 1, 2 and 3 directions. When the temperature of the composite material changes AT, the

effective medium thermal strain increment caused by the mismatch of thermal expansion

coefficients of each phase in the material is &:

e = (a — ay)AT. 9
The thermal mismatch strain &; generated in the inclusion is shown as follows:

& = (a; — ag)AT. (10)

According to Eshelby’s theory, the average strain tensor of composite ceramics is as follows:
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£ = a,AT — f,Q; Yoy, (11)

where, (); is the intrinsic stiffness tensor of inclusion. Q; = C;(I — M;), M; is the Eshelby tensor
corresponding to the inclusion shape, C; is the stiffness tensor of the inclusion, and o; is the
average stress in the inclusion.

According to the definition of effective thermal expansion coefficient matrix, the average
strain tensor of composite ceramic material is as follows:

& = aAT. (12)
Then, it can be calculated from Egs. (9), (11) and (12):
£ = —fiQ;ta;. (13)

According to Eshelby’s theory, when the thermal strain increment ¢ is generated, the stress
tensor of the matrix is as follows:

O_O = Qo(l - QoH)_lg, (14)

where, (), is the equivalent intrinsic stiffness tensor of the matrix. Equivalent stress tensor in
inclusion is as follows:

o; = -1+ QH) e + T+ QH) . (15)

In the above formula, the —Q;(I + Q;H;) " 1¢; is the stress tensor caused by the thermal
mismatch strain &; generated in the inclusion, and the (I + Q;H;) 0, is the stress tensor in the
inclusion caused by the external load stress tensor. The eigen stiffness tensor of matrix, interface
and reinforced fiber are equal because the matrix, interface and reinforced fiber have the same
shape and orientation in the fiber reinforced eutectic composite ceramics. Substituting Egs. (14)
and (15) into Eq. (13), the results are as follows:

e = fiw[e; — 1= QoH)'e]. (16)
Here, w; = (I + Q;H;)™%, then Eq. (16) can be written as:
¢ = fiw[1+ fiw;(I— QoH) ] e (17)

According to the defect cell model, axis 1 is the longitudinal direction of the inclusion, and
axis 2 and 3 constitute the transverse plane of the inclusion. Then the equivalent thermal expansion
coefficient of the composite material can be expressed as follows:

x11 = a® + fiRh(ai -af), Uy = a® + fiRéz(ai —a?), (18)
where:
Z5, + Zs3 — 274, Zi, — 75,

B Zh(zéz + 253) - 22{2251’ B Zh(zziz + 253) - 22{2251’
Zi =An+Xiy  Zp=An+Xh, Zp=14A5n+X5, Zi3=A5+ X33,

i
22

i
Rll

Zi’l =1 + A11 +X]l:1,

Ko —Ki [ eff effy , Po —Hi  eff  eff

A = c+2c +—(c’ =¢c27),
u Kok, (e RS G
_Bo~ i o efr £y o Ho T i esf ff

e = gpx, (G + 20 )+ g (6T - 6T
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Ky — K;

har = ;KKl<c;ff+c;{f+ceff)+”°ﬂ eatl -all -al),
K

Aoz = 9"” @+l + el + " ot et - i)
K

s =Sttt ) o g g - i)
9K, K; 6liol;

4
Ceff Ko(1 — Myq11 — 2Mpp11) + #0(1 Mi111 + Mpz14),
2
Ceff = Ko(1 — Myppp — My135 — Mpp33) + 5 #0(M2233 + Mjyz; — 2Myq15; — 1),
U 2
Cy1" = Ko(1 = Myq1q — 2M33q4) + 5 #0(M1111 — Mj31, — 1),
2
Ceff = Ko(1 — Mypp5 — My125 — Mya33) + 5#0(2(1 — My322) + Myqpp + Myps3),

2
Ceff = Ko(1 — Myppp — My135 — Mpp33) + 5 .Uo(anz + Mysz; — 2Mpp33 — 1),
Xi1 = WiiGiy +2WihGyy,  Xip = W_11Glz + Wip(Gop + Go3),
Xé.l = W21_1G11 + (Wzlz + W53)G21: X3 = W31 G + WopGop + WisGas,
X33 = W31 G + WisGop + W3yGas,

G _ 1 - CSZZ - C523
we (1 =Cs11)(1 = Csyp — Cs33) — 2C51,Cs57
Csqy
Gz = )
(1 =Cs11)(1 — Csy5 — Csp3) — 20515054
o = Csy1
2o (1 = Cs11)(1 = Cspp — Cs33) — 2C51,Cs54
G = 1= Cs11)(1 = Csp3) — Cs15Csp4
2 (1 = Cszz + Cs23)[(1 = Cs11)(1 — Cs5p — Cs33) — 2C515Cs21]
- (1 =Cs11)Csy3 + Cs51,Csy4
23 =

(1 = Csgz + Cs23)[(1 — Cs11)(1 — Cs5p — C533) — 2C515Cs21]
Cs11 = Cle{ann + ZCf{szznn Cs1p = Cf{anzz + Cfgf(szzz + Hy333),
Csy1 = C;{ann + (Cgf + Czegf)szn' Csyp = Czefanzz + Czengzzzz + Cngzz33'
Csy3 = Cze{anzz + Czengzzzz + CzeszH2233: W1i1 =fi+ ff ((1 + A11)T1f1 + 2A12T2f1),
Wi, = ff((l + A11)T1fz + A12(Tf + T ) Wi, = ff(Azl + (144, + A23)T2f1)'
Wiy = fi + fr(Aon T, + (1 + AT, + ApsTh), Wis = ff(Amle; + (1 + AT, + AysTS),
Tlil _ 14+ A4,, + Ay, ’ Tliz _ —A, ,

(1 4+ A1) + Az, + Azz) — 241542 (1 4+ A1) + Az, + Azz) — 241342
Ti, = —A51 ’

(1+ A1) (1 + Az + Azz) — 2415451
Ti, = (14 A1)+ Ay)) — ApAn ’
(1+ Az — Aza)[(T+ Ay) (X + Agp + Azz) — 2415454]

—(1+ A11)Azs + A An

(14 Az — Apa)[(1 + A1) (1 + Agy + Ap3) — 241,45 ]

i
T23_

The above compliance increment Hyq11, Hi122, Ha211, H2222, Ha233 and the components of
Eshelby tensor are given in reference [11].

The defects and fibers are regarded as two different types of inclusions distributed in the same
matrix. It can be considered that the defects distributed in the matrix form an equivalent matrix,
and the fibers distributed in the equivalent matrix. Taking the axis 1 direction as an example, the
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volume fraction of defective inclusion was f; and the fiber volume fraction was f¢, and the
interface phase between defective inclusion and rod-like eutectic was regarded as the general
interface to analyze the change of thermal expansion coefficient of composite material at this time,
as shown in Fig. 2.

As shown in Fig. 2, the thermal expansion coefficient increases with the increase of fiber
content. When the defect content in the matrix is small, the change of thermal expansion
coefficient is small. And with the increase of the defect content in the matrix, the thermal
expansion coefficient increases significantly. According to the prediction model analysis, if the
material matrix is uniform, the thermal expansion coefficient of the material will not change when
only the defects are uniformly distributed in the matrix. When the defects and fibers are regarded
as two types of inclusion in the matrix at the same time, the prediction result of the effective
thermal expansion coefficient of composite material exceeds the range of the thermal expansion
coefficient of the matrix or inclusion itself. When there are multiple inclusions in the composite
ceramic matrix, the influence of inclusions can always be amplified by defects.

10.0
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£=0.10
90f £=0.12
~ 1=0.15
I Y| N —
= sof
S
65 i : i i
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Fig. 2. Thermal expansion coefficient of eutectic composite ceramics
with different fiber and defect contents

4. Conclusions

A mesoscopic model of eutectic composite ceramics with defects was established according
to the mesostructural characteristics of composites. The effective thermal expansion coefficient of
eutectic composite containing defects was calculated. And then the influence of defects and
inclusions on the effective thermal expansion coefficient is discussed in detail. The results show
that the influence of inclusions will be amplified by defects when there are multiple inclusions in
the matrix. Therefore, the interaction direct derivative estimate cannot accurately predict the
influence of defect distribution on thermal expansion coefficient of eutectic composite ceramics.

References

[1] J. Wu, “Thermal expansion coefficient prediction of asphalt mixture with the Eshelby equivalent
inclusion theory,” Applied Mechanics and Materials, Vol. 584-586, pp. 1071-1075, Jul. 2014,
https://doi.org/10.4028/www.scientific.net/amm.584-586.1071

[2] R. Jithendra Kumar, B. V. S. R. Vamsi, T. S. Krishna, D. Tarun, and M. K. Tej, “Evaluation of
coefficient of thermal expansion of zirconium by using dilatometer and Ansys,” Advanced Materials
Research, Vol. 1148, pp. 128135, Jun. 2018, https://doi.org/10.4028/www.scientific.net/amr.1148.128

[31 P. Upadhyay, J. Dwivedi, and V. Singh, “Coefficients of thermal expansion of unidirectional fiber-
reinforced composites using unit-cell model,” Journal of Composite Materials, Vol. 53, No. 11,
pp. 1425-1436, May 2019, https://doi.org/10.1177/0021998318804619

[4] M. Safi, M. K. Hassanzadeh-Aghdam, and M. J. Mahmoodi, “Effects of nano-sized ceramic particles
on the coefficients of thermal expansion of short SiC fiber-aluminum hybrid composites,” Journal of
Alloys and Compounds, Vol. 803, pp- 554-564, Sep. 2019,
https://doi.org/10.1016/j.jallcom.2019.06.314

ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479, KAUNAS, LITHUANIA 105



[3]

[6]

(7]

(8]

191

[10]

[11]

106

EFFECT OF DEFECT DISTRIBUTION ON THERMAL EXPANSION COEFFICIENT OF EUTECTIC COMPOSITE CERAMICS.
ZHIHONG DU, RUNXIU Y ANG, MIAN WU

A. Trofimov, J. Le-Pavic, D. Therriault, and M. Lévesque, “An efficient multi-scale computation of
the macroscopic coefficient of thermal expansion: application to the resin transfer molding
manufactured 3D woven composites,” International Journal of Solids and Structures, Vol. 210-211,
pp. 162-169, Feb. 2021, https://doi.org/10.1016/j.ijsolstr.2020.11.012

Y. Hirata, “Representation of thermal expansion coefficient of solid material with particulate
inclusion,” Ceramics International, Vol. 41, No. 2, pp. 2706-2713, Mar. 2015,
https://doi.org/10.1016/j.ceramint.2014.10.085

L. Li, V. Dao, and P. Lura, “Autogenous deformation and coefficient of thermal expansion of early-
age concrete: initial outcomes of a study using a newly-developed temperature stress testing machine,”
Cement and Concrete Composites, Vol. 119, No. 7, p. 103997, May 2021,
https://doi.org/10.1016/j.cemconcomp.2021.103997

X. Liu, Z. Guan, X. Wang, T. Jiang, K. Geng, and Z. Li, “Improved semi-analytical and numerical
methods on prediction of in-plane coefficients of thermal expansion of woven ceramic matrix
composite considering defects,” Journal of the European Ceramic Society, Vol. 41, No. 3,
pp. 1795-1809, Mar. 2021, https://doi.org/10.1016/j.jeurceramsoc.2020.10.054

S. Sihn, A. K. Roy, and B. L. Farmer, “Quantized prediction of coefficients of thermal expansion of 3-
D CNT-Graphene junctioned carbon nanostructures,” Composites Science and Technology, Vol. 166,
pp. 4653, Sep. 2018, https://doi.org/10.1016/j.compscitech.2018.01.005

Q.-S. Zheng and D.-X. Du, “An explicit and universally applicable estimate for the effective properties
of multiphase composites which accounts for inclusion distribution,” Journal of the Mechanics and
Physics of Solids, Vol. 49, No. 11, pp. 2765-2788, Nov. 2001, https://doi.org/10.1016/s0022-
5096(01)00078-3

Zhao L. et al., “Size dependent effective elastic property of eutectic composite ceramic containing
lamellae inclusions,” Coal Mine Machinery, Vol. 32, No. 5, pp. 12-19, 2011.

VIBROENGINEERING PROCEDIA. FEBRUARY 2022, VOLUME 40





