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Abstract. Power reflux hydraulic transmission system (PRHTS), which is a recently introduced
continuously variable transmission system, enables the improvement of fuel economy of
construction vehicles. For investigating the nonlinear dynamic characteristics of PRHTS, its
nonlinear dynamic model is established by merging the dynamic models of a planetary gear train
and torque converter. A dynamical model of the planetary gear train reveals the parameters of
mesh damping, time-varying mesh stiffness, and transmission error. The nonlinear dynamic
equations of the PRHTS are solved using the fourth-order Runge-Kutta method. The dynamic
orbits of the system are observed through bifurcation diagrams, which use the internal excitation
frequency and meshing damping ratios, both of which are dimensionless, as control parameters.
Numerical examples show the dynamic evolution mechanism involving one-period motion, multi-
periodic motion, quasi-periodic motion, and chaotic motion. The onset of chaotic motion is
identified from bifurcation diagrams, dynamic trajectories, phase plane diagram, and Poincaré
maps of the PRHTS. The simulation results provide an understanding of the operating conditions
under which undesirable dynamic motion occurs in PRHTS and serve as invaluable information
for effective dynamic design of PRHTS.

Keywords: continuously variable transmission, nonlinear dynamics, bifurcation, chaotic motion,
Poincaré maps.

Nomenclature

A Cross-sectional net torus flow area

Cr Flow loss coefficients

Csn,  Shock loss coefficients

¢n  Damping coefficient between the ring gear and nth planet gear
¢,  Damping coefficient between the sun gear and nth planet gear
e,  Transmission error between the ring gear and nth planet gear
es,  Transmission error between the sun gear and nth planet gear
Je Moments of inertia of the carrier

In Moments of inertia of the nth planet gear

Ip Moments of inertia of pump

Ir Moments of inertia of the ring gear

Js Moments of inertia of the sun gear

st Moments of inertia of stator

I Moments of inertia of turbine

Ip Moments of inertia of pump

kq  Torsional stiffness of the coupling

k, Torsional stiffness between the sun gear and torque converter
k.,  Mesh stiffness between the ring gear and nth (n = 1,..., N) planet gear
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ks,  Mesh stiffness between the sun gear and nth planet gear

k¢ Torsional stiffness between the input shaft and torque converter

Le Equivalent fluid inertia length

m,,  Mass of a planet gear — it is assumed that mass of each planet gear is just the same

N Total number of the planet gears

n,  Angular speeds of pump

ng.  Angular speeds of stator

ng Angular speeds of turbine

P, Power loss of the torque converter and comprises the shock losses and flow losses

Q Volumetric flow rate

R, Length between the geometrical center of the planet gears and geometrical center of the
planetary gear train

R,  Radii of base circle of the nth planet gear

R, Radii of pump

R,  Radii of base circle of the ring gear

R, Radii of base circle of the sun gear

R,;  Radii of stator

R; Radii of turbine

Sy Design constants of pump

S, Design constants of stator

S; Design constants of turbine

Torques of pump

T,  Torques of stator

T; Torques of turbine

U, Torsional displacements of the carrier

u,  Torsional displacements of the nth planet gear

u,  Torsional displacements of the ring gear

U Torsional displacements of the sun gear

a, Blade angles at pump outlets

a, Mesh angle between the ring gear and planet gears

ag Mesh angle between the sun gear and planet gears

ags.  Blade angles at stator outlets

a; Blade angles at turbine outlets

By Blade angles at pump inlets

Bs:  Blade angles at stator inlets

B Blade angles at turbine inlets

6,»  Displacement between the ring gear and nth planet gear

b6,  Displacement between the sun gear and nth planet gear

{ Dimensionless meshing damping ratio

p Fluid mass density

Q Dimensionless internal excitation frequency

1. Introduction

Construction vehicles play a crucial role in improving the operating efficiency and quality of
projects and reducing labor and total project costs [1, 2]. However, these vehicles consume a
substantial quantity of fuel [3, 4]. Automatic transmissions have lower efficiency compared with
manual transmissions [5]. A power reflux hydraulic transmission system (PRHTS) using a torque
converter is proposed in previous papers of these authors [6, 7]. As a result of the harsh operational
environment of construction vehicles, planetary gear trains of PRHTSs are highly likely to

1012 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460



NONLINEAR DYNAMIC ANALYSIS OF POWER REFLUX HYDRAULIC TRANSMISSION SYSTEM.
HuAN WANG, SHUAISHUAI GE, DONG GUO, YANJUN JIANG

undergo damage. Both fatigue life prediction and vibration health monitoring of a gear set are
more or less influenced by its dynamic behavior [8, 9]. Therefore, it is necessary to study the
dynamic behavior of the PRHTS. As the PRHTS consists of the planetary gear train and torque
converter, its dynamic behavior is significantly nonlinear.

Wang et al. [10] proposed a generalized nonlinear time-varying (NLTV) dynamic model with
backlash nonlinearity, which is also applicable to spur, helical, spiral bevel, and worm gears.
Chang et al. [11] studied the dynamic behavior of a spur gear system, in which the damping
coefficient and rotational speed ratios, both of which are dimensionless, functioned as control
parameters. Kim et al. [12] studied the dynamic behavior of a planetary gear set wherein
component gears displayed time-varying pressure angles and contact ratios caused by bearing
deformations. Gao and Zhang [13] studied the nonlinear vibration characteristics of a geared-rotor
bearing system and interactions among gears, shafts, and plain journal bearings. Guo et al. [14]
investigated the dynamics of wind turbine planetary gear sets under the effect of gravity using a
modified harmonic balance method that includes simultaneous excitations. Hortel and Skuderova
[15] analyzed the dynamics of time heteronymous weakly and strongly nonlinear planetary
transmission systems with kinematic couplings—gears, which constituted the study of a complex
function for a number of parameters including the material of gears, damping properties, and
viscosity of lubricating oil film in the gear mesh. Liu et al. [16] studied the static bifurcation
characteristic and stability of a nonlinear electromechanical coupling system with time delay. The
equivalent low-dimensional bifurcation equation is obtained by the Lyapunov—-Schmidt reduction
method. Mohammadpour et al. [17] presented a tribo-dynamic model of planetary gear sets of
hybrid-electric-vehicle configurations. The model, which comprises a six degree-of-freedom
torsional multi-body dynamic system as well as a tribological contact model, enables the
evaluation of the lubricant film thickness, friction, and efficiency of meshing gear-teeth contacts.
Saghafi and Farshidianfar [18] described a control system for replacing the dynamic gear system.
The method is an analytical approach toward the elimination of chaos in a gear system with the
application of external control excitation. Zhang et al. [19] developed a nonlinear dynamic model
of a Ravigneaux compound planetary gear set, wherein all the members possess translational and
torsional vibration degrees-of-freedom, in order to quantify the influence of nonlinear internal
excitations on load sharing behavior and to study the combined effects of meshing stiffness,
backlash, and bearing clearance on the load sharing behavior.

As is apparent from the above references, studies have described a number of nonlinear
dynamic models. However, no study has investigated the nonlinear dynamic response of the
PRHTS. Therefore, in this study, a torsional vibration model is constructed for the PRHTS by
merging the dynamic model of the planetary gear train and that of the torque converter. The effects
of the internal excitation frequency and meshing damping ratio, both of which are dimensionless,
are discussed.

2. PRHTS

Variator elements (such as chain belt, torque converter, hydrostatic transmission, and electric
converter) have low efficiency, and thus a PRHTS could improve the efficiency by dividing the
input power of the system into two parts [20, 21]. A part of the input power is transmitted by high
efficiency gears, while the other part is transmitted by a low efficiency variator element. The
power transmitted by the variator element decreases, and thus the transmission system efficiency
improves [22-25].

Fig. 1 shows a flow chart of a PRHTS. The major characteristic of a PRHTS involves a torque
converter with a reflux power path that comprises a turbine that is connected to the input shaft of
the transmission system and a pump that is connected to the sun gear of the planetary gear train.
The power flow of a PRHTS is shown in Fig. 1 and is described as follows. First, the engine power
reaches the input shaft of the PRHTS (as shown at the left side of Fig. 1). The power is then
transferred into the carrier of the planetary gear train. Most of the power is transmitted into the
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ring gear (at the right side of Fig. 1), which corresponds to the power split characteristics of the
planetary gear train. The remainder of the power is termed as reflux power, and it enters the pump
of the torque converter via the sun gear. The reflux power enters the input shaft of the PRHTS by
torque amplification of the torque converter. The reflux power combines with the output power of
the engine, and the resulting combination enters the carrier. Therefore, the output shaft of the
transmission system has a continuous variable speed by means of the torque converter, while the
speed of the engine is constant. Therefore, PRHTS is a continuous variable transmission system.

Output
-

Input

Y

TN

Fig. 1. Flow chart of PRHTS: T: turbine; P: pump; St, Ste: stators; r: ring gear; c: carrier; s: sun gear
3. Modeling and equations of nonlinear dynamics of PRHTS
3.1. Purely rotational nonlinear dynamic model of planetary gear train
Fig. 2 contains a scheme of the purely rotational nonlinear dynamic model of the planetary

gear train [26].
Newton’s law is utilized to obtain the equations of motion of the planetary gear train:

((J. +Nm R
(] ~el wire] ) stnSSncosas Zkrn&ncosar

N

— Z CsnOsnCOSALs — Z CrnOrmcosa, = 0,

=1

Rzur +Zkrn5rn +Zcrn m =0,

)
Js
RZ S7us + Z ksnbsn Z Csn5sn =0,
n=1 n=1

]1 . .

Rz = kp18p1 + ks1851 — €1 641 + C51051 = 0,

Ju . -

R2 -z Un — krN(er + ksNdsN - CTNSTN + CsNasN - 0'

N

where:
Osp = Ug — ULCOSAg + Uy, + €5y, (2)
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Opn = Uy — ULCOSA, — Uy + €. (3)

planet n

Ur

sun carrier ring

Fig. 2. Purely rotational nonlinear dynamic model of planetary gear train
3.2. Dynamic model of torque converter

The dynamic model of the torque converter proposed in this paper is based on four first-order
differential equations [27], which are implemented in Matlab software. Egs. (4-6) are the
conservation of momentum equations of pump, turbine, and stator, respectively.

Eq. (7) is the conservation of energy equations of the torque converter:

oty + pS,Q = —p (npRg +R jtanap neR% — Ry 3 tanast) Q+T, 4)
Jee + pS.0 = —p (ntR? + Rt%tanat —nyR; — jtanap) Q+T, (5)
Jsefse + pSerQ = (nstRst + Ry ?1 tanag — ntR? — R; %tanat) Q + Ty, (6)
p(Spny + Sete + Setige) + % Q = p(Ran2 + R#n? + Rqn% — Rin,ng
—Rlngn, — Ringny) +n, %p(Rptanap — Ry tanag,) + n, %p(Rttanat (7
—R,tana,) + nst ¢ p(Rstanag: — Ritana,) — Py,
=l ®
[(Rst(nst ~ 1)+ (tanay, — tang,))?
Py, = plQZ|CSh +(R,(n, — 1) +%(tanap —tanB))? | 9
+(Re(ny —ng) + % (tana, — tanﬂst))zj
P = % (3 + (tana,)? + (tana,)? + (tanas)?). (10)

The parameters that define the state of the models are the pump’s angular speed n,,, turbine’s
angular speed n,, stator’s angular speed nst, and volumetric flow rate Q. The pump torque T, and
turbine torque T, were also integrated into the model.
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3.3. Nonlinear dynamic model of PRHTS

Fig. 3 illustrates a nonlinear dynamic model of the PRHTS. By merging the equilibrium
equations of the planetary gear train dynamic and torque converter dynamic, the equilibrium
equation of the PRHTS dynamics is established.

" L]
W -
le\lA N\IA -|- —
Input ke kp J_ Output
TC
T

Fig. 3. Nonlinear dynamic model of PRHTS
4. Analysis of nonlinear dynamic responses
4.1. Nonlinear dynamic responses

The possible steady motion types of a nonlinear dynamic system can be divided into four types:
stationary state, periodic motion, quasi-periodic motion, and chaotic motion. The period of the
periodic motion is the integral multiple of the excitation period; however, the quasi-periodic
motion contains several frequencies which have no common divisor. Long-term prediction of
periodic motion and quasi-periodic motion, which are insensitive to the system parameters and
initial conditions, are feasible. Chaotic motion is a type of unusual steady state of motion, which
has been discovered in recent years. Chaotic motion is a broadband and continuous spectrum
motion, which is similar to a random motion under a single period excitation. Chaotic motion
cannot be long-term predicted and is sensitive to system parameters.

Chaos signifies an apparently random irregular motion in a deterministic system; it is an
important branch of nonlinear science. The Chaos theory states that there may be a simple,
deterministic nonlinear law behind the complex phenomenon. From another perspective, a simple
and completely determined nonlinear dynamic system can also produce a similar random irregular
motion that cannot be predicted over a long period. The Chaos theory breaks the traditional
determinism, and builds a bond between certainty and randomness. It also provides a new way to
explain and analyze the complex phenomena in nature.

4.2. Analytical method

In this study, the nonlinear dynamics of the PRHTS, illustrated in Fig. 3, are analyzed by using
bifurcation diagrams, dynamic trajectories, phase plane diagram, and Poincaré maps. The basic
principles of each analytical method are reviewed in the following sub-sections.

This study creates the first analytical method to identify the onset of chaotic motion with the
use of dynamic trajectories of the PRHTS. The dynamic trajectories of the PRHTS provide a
fundamental indication as to whether the system behavior is periodicor non-periodic. The dynamic
trajectories of chaotic motion display randomness and aperiodicity. However, it is not feasible to
identify the onset of chaotic motions using them because the dynamic trajectories of quasi-periodic
motion also display similar randomness and aperiodicity. Therefore, it is challenging to
distinguish between quasi-periodic motion and chaotic motion with only dynamic trajectories.
Accordingly, another form of analytical method is required.
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Displacement and speed can indicate an object’s kinestate at any time. Therefore, displacement
and speed are called state variables. Phase plane diagrams, in which x- and y-coordinates are
displacement and speed, respectively, display the variation of state variables with time. In general,
the phase plane diagram of a periodic motion is a closed curve. The phase plane diagram of a
quasi-periodic motion is not a closed curve; however, it has certain regularity. The phase plane
diagram of chaotic motion comprises lines of reciprocal chiasmata and twine.

In nonlinear dynamic systems, Poincaré maps are composed of state variable points of a time
series corresponding to a constant time interval, which is the period of the excitation force.
Poincaré maps of quasi-periodic motion comprise several closed curves. For a chaotic motion, a
Poincaré map is a fractal structure comprising a number of irregularly-distributed points. Finally,
for a periodic motion, a Poincaré map consists of several discrete points. Therefore, Poincaré maps
are an effective analytical method to distinguish between quasi-periodic motion and chaotic
motion.

Bifurcation is an important characteristic of nonlinear dynamic systems. Bifurcation represents
the response of nonlinear dynamic system with varying control parameters. A bifurcation diagram
summarizes the essential dynamics of nonlinear dynamic systems and is an effective method for
observing its nonlinear dynamic response. Bifurcation diagrams of periodic motion consist of
several curves. For a chaotic motion, a bifurcation diagram is a cloudy point set within a control
parameter region. Bifurcation diagram is necessary for a comprehensive understanding of
nonlinear dynamic systems. However, the use of only bifurcation diagrams is not enough to
distinguish between quasi-periodic motion and chaotic motion. Accordingly, various analytical
methods are required to analyze nonlinear dynamics. In this study, the bifurcation diagrams are
generated using two control parameters — the internal excitation frequency, Q, and meshing
damping ratio, ¢, both of which are dimensionless.

4.3. Effect of dimensionless internal excitation frequency

The nonlinear dynamic equations of the PRHTS are solved using the fourth-order Runge-Kutta
method. The sampled data are used to generate the bifurcation diagrams, dynamic trajectories,
phase plane diagram, and Poincaré maps of the PRHTS to study its nonlinear dynamic behavior
[28]. The dimensionless internal excitation frequency (Q) of the PRHTS is one of the key
parameters that affects the dynamic behavior of the mechanical transmission system. Fig. 4
presents the bifurcation characteristic of the PRHTS in terms of the dimensionless displacement,
using Q as a bifurcation parameter. It can be observed that when the dimensionless internal
excitation frequency is varied, various types of motion forms such as periodic motion, quasi-
periodic motion, and chaotic motion are generated. Specifically, bifurcation diagram is a line at
low values of the (< 1.13). According to the theory of bifurcation diagram, the PRHTS exhibits
period-1 motion. However, when Q is between 1.13 and 1.25, two disjoint lines are shown in the
bifurcation diagram. Therefore, the period-1motion of the PRHTS is replaced by the period-2
motion. As the value Q is further increased, many scattered points appear in the bifurcation
diagram. Combined with Poincaré map, it can be determined that the period-2 motion turns into
the quasi-periodic motion when the value Q is further increased from 1.25 to 1.36. Finally, for
Q> 1.36, the PRHTS performs chaotic motion. The motion form, dynamic trajectories, phase
plane diagram, and Poincaré maps at Q = 1.1, 1.2, 1.3, and 1.5 are presented in Figs. 5-8,
respectively, to illustrate the dynamic characteristics of the system [29].

Fig. 5 presents the dynamic trajectories and phase plane diagram when Q is 1.1. The dynamic
trajectories have the form of a sine wave, and their phase plane diagram is a closed circle. This
implies that the system response is period-1 motion, which is consistent with the bifurcation
diagram.

When Q is 1.2, the dynamic trajectories display a periodic motion, and the phase plane diagram
comprises two closed circles (Fig. 6). This implies that the system motion state is transformed
from periodic-1 motion to periodic-2 motion, which is consistent with the bifurcation diagram.
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Fig. 7 and Fig. 8 present dynamic trajectories and phase plane diagrams when Q is 1.3 and 1.5,
respectively. In Fig. 7 and Fig. 8, it can be observed that dynamic trajectories and phase plane
diagrams at Q = 1.3 and 1.5 are similar. Accordingly, the Poincaré maps presented in Fig. 9 enable
one a clear view to distinguish between the quasi-periodic motion and chaotic motion. When Q is
1.3, the Poincaré map comprises two closed circles, as illustrated in Fig. 9(a). When Q is 1.5, the
Poincaré map forms a fractal structure comprising a number of irregularly distributed points, as
illustrated in Fig. 9(b). Therefore, the system motion state is quasi-periodic motion when Q is 1.3,
and chaotic motion when Q is 1.5.

-03
-0.4
-05
-0.6
0.7

.08

< 09
-1.0
11
-1.2

_13 ! ! ! !
1.0 11 1.2 o 1.3 1.4 15

Fig. 4. Bifurcation diagram of dimensionless displacement vs. dimensionless internal excitation frequency
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a) Dynamic trajectories b) Phase plane diagram

Fig. 5. Dynamic characteristic curve of PRHTS at Q= 1.1
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a) Dynamic trajectories b) Phase plane diagram
Fig. 6. Dynamic characteristic curve of PRHTS at Q = 1.2
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Fig. 7. Dynamic characteristic curve of PRHTS at Q = 1.3
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Fig. 8. Dynamic characteristic curve of PRHTS at Q = 1.5
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Fig. 9. Poincaré maps of PRHTS at Q = 1.3 and 1.5
4.4. Effect of dimensionless meshing damping ratio

The dimensionless meshing damping ratio of the PRHTS is another key parameter that affects
the dynamic behavior of the mechanical transmission system. Fig. 10 presents the bifurcation
characteristic of the PRHTS in terms of dimensionless displacement using the dimensionless
meshing damping ratio ({) as a bifurcation parameter. It can be observed that variation of {
generates various kinds of motion forms such as chaotic motion, quasi-periodic motion, and
periodic motion. Specifically, it can be observed that many scattered points appear in the
bifurcation diagram at low values of {. Combined with Poincaré map, it can be determined that
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the PRHTS exhibits chaotic motion at low values of ¢ (< 0.034). However, when ¢ is between
0.034 and 0.039, the chaotic motion is replaced by quasi-periodic motion. As the value ¢ is further
increased, two disjoint lines are shown in the bifurcation diagram. According to the theory of
bifurcation diagram, the quasi-periodic motion of the PRHTS transits to period-2 motion when ¢
is further increased from 0.039 to 0.061. Finally, at ¢ > 0.061, bifurcation diagram is a line, so the
PRHTS performs period-1 motion. The dynamic trajectories, phase plane diagram, and Poincaré
maps at ¢ = 0.03, 0.035, 0.05, and 0.07 are presented in Fig. 11, Fig. 12, Fig. 14, Fig. 15,
respectively, to illustrate the dynamic characteristics of the system.

Fig. 11 and Fig. 12 present the dynamic trajectories and phase plane diagrams when ¢ is 0.03
and 0.035, respectively. In Fig. 11 and Fig. 12, it can be observed from the dynamic trajectories
and phase plane diagrams at ¢ = 0.03 and 0.035 that it is challenging to distinguish between quasi-
periodic motion and chaotic motion. Accordingly, Poincaré maps are illustrated in Fig. 13. When
¢ is 0.03, the Poincaré map is a fractal structure comprising a number of irregularly-distributed
points, as illustrated in Fig. 13(a). When ¢ is 0.035, the Poincaré map comprises two closed
circles, as illustrated in Fig. 13(b). This implies that the system motion state is chaotic when { is
0.03 and quasi-periodic when ¢ is 0.035.

Fig. 14 presents the dynamic trajectories and phase plane diagram when ¢ is 0.05. The dynamic
trajectories display a periodic motion, and their phase plane diagram comprises two closed circles.
This implies that the system response is period-2 motion, which is consistent with the bifurcation
diagram.

When ¢ is 0.07, the dynamic trajectories display a sine wave and phase plane diagram
comprises a closed circle, as illustrated in Fig. 15. This implies that the system motion state is
transformed from period-2to period-1 motion, which is consistent with the bifurcation diagram.
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Fig. 10. Bifurcation diagram of dimensionless displacement
with dimensionless meshing damping ratio variation
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Fig. 11. Dynamic characteristic curve of PRHTS at { = 0.03

1020 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460



On

Sn

-1.2

-1.00

-1.10

-1.20
-1.25

-1.0

-0.9

-1.0

-11

-0.75

NONLINEAR DYNAMIC ANALYSIS OF POWER REFLUX HYDRAULIC TRANSMISSION SYSTEM.
HuAN WANG, SHUAISHUAI GE, DONG GUO, YANJUN JIANG

-0.80
-0.85
-0.90
-0.95

-1.05

-1.15

0.88

0.4

0.9 0.92 0.94 0.96

t
a) Dynamic trajectories

0.98

0.8
0.6
0.4
0.2
0
-0.2
-0.4
-0.6
-0.8

b) Phase plane diagram

Fig. 12. Dynamic characteristic curve of PRHTS at ¢ = 0.035

0.3
0.2
0.1

-0.1
-0.2
-0.3
-0.4

-1.3

-0.8

-1.2 -1.1
on

a) { =0.03

-1.0

0.4
0.3
0.2
0.1

Sn

-0.1
-0.2
-0.3
-0.4

O

-1.2 -1.1 -1.0

b) ¢ = 0.035

Fig. 13. Poincaré maps of PRHTS at { = 0.03 and 0.035

0.9 0.92 ¢ 0.94 0.96

a) Dynamic trajectories

0.98

0.4
0.3
0.2
0.1

-0.1
-0.2
-0.3
-0.4

-1.2 -11 -1.0 -0.9

b) Phase plane diagram

Fig. 14. Dynamic characteristic curve of PRHTS at ¢ = 0.05

0.88

0.9 0.92 0.94 0.96
t

a) Dynamic trajectories

0.98

0.4
0.3
0.2
0.1
0
-0.1
-0.2
-0.3
-0.4

-1.3 -1.2 -1.1 -1.0

b) Phase plane diagram

Fig. 15. Dynamic characteristic curve of PRHTS at ¢ = 0.07

JOURNAL OF VIBROENGINEERING. AUGUST 2023, VOLUME 25, ISSUE 5

1021



NONLINEAR DYNAMIC ANALYSIS OF POWER REFLUX HYDRAULIC TRANSMISSION SYSTEM.
HuAN WANG, SHUAISHUAI GE, DONG GUO, YANJUN JIANG

5. Conclusions

1) A nonlinear torsional vibration dynamic model of the PRHTS, which considers the time-
varying mesh stiffness, mesh damping, and transmission error, is proposed. This study has
presented a numerical analysis of the nonlinear dynamic response of the PRHTS as a function of
internal excitation frequency and meshing damping ratio, both of which are dimensionless.

2) Nonlinear dynamics of the system have been analyzed with reference to its bifurcation
diagrams, dynamic trajectories, phase plane diagram, and Poincaré maps. Nonlinear behaviors
such as chaotic motion and quasi-periodic motion are observed, in particular, for heavy internal
excitation frequency and light meshing damping ratio. It is demonstrated that an increase in the
meshing damping ratio and a decrease in the internal excitation frequency lead to a decrease in
the nonlinearity of the PRHTS.

3) The simulation results provide a detailed understanding of the nonlinear dynamic response
of the PRHTS under various internal excitation frequencies and meshing damping ratio conditions.
Specifically, the results enable the specification of internal excitation frequency and meshing
damping ratio for preventing chaotic behavior, and thus for reducing the amplitude of vibrations
within the system and prolonging the system life.
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