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Abstract. In the current work, the nonlinear dynamic behavior of an eight degrees of freedom 
gear system is investigated. Tooth crack is introduced into the model. The main sources of 
excitation are the time varying mesh stiffness (TVMS), time varying mesh damping, backlash and 
friction inter teeth. By using the potential energy method applied into the cantilevered beam, the 
TVMS is calculated. The backlash is considered as a dead zone. The effect of backlash, friction 
and tooth crack on the vibration frequencies is highlighted. The crack detection is based on the 
time-frequency analysis. 
Keywords: dynamic behavior, gear, tooth crack, stiffness, vibration, time-frequency. 

1. Introduction 

Currently, monitoring and diagnosis of rotating machines have become an absolute necessity 
because of their importance in most industrial sectors where the gear is a ubiquitous component 
in these machines. Gears are used for changing the rotational speed between two shafts. In spite 
of their advantages, defects may occur leading to limiting their lives and increasing vibration and 
noise. These defaults are caused either by inadequate lubrication or by errors in mounting or 
excessive loads. Indeed, the crack is considered as one of the most dangerous defects encountered 
by gear tooth and it can be developed into the tooth breakage. As the noise and vibration are 
undesired phenomena in structures where their nonlinear behavior study is essential. M. Sayed et 
al. [1] focused on applying active control to nonlinear dynamical beam system to eliminate its 
vibration. They analyzed stability using frequency-response equations and bifurcation and 
investigated the effects of most system parameters on its stability. A. Kandil et al. [2] investigated 
the 16-pole rotor-AMB system at constant stiffness coefficients. Several bifurcation diagrams 
were plotted to show the influences of the different system parameters on the overall dynamical 
behavior of the rotor whirling motion. Y. S. Hamed et al. [3] applied a time-delay PPF controller 
to reduce the nonlinear vibrations of a contact-mode AFM model. The effect of different 
parameters on frequency response curves of the system before and after control was implemented. 
The gain effects on the vibration amplitude and stability behavior are studied. A. A. Moussa et al. 
[4] investigated the stability of a simply supported laminated composite piezoelectric rectangular 
plate under combined excitations. The influence of different parameters on the dynamic behavior 
of the composite laminated piezoelectric rectangular plate is studied. Variation of some parameters 
leads to multivalued amplitudes and hence to jump phenomena. Therefore, the need to study and 
model the gear vibration signature in the presence of cracked tooth. 

In the dynamic modeling of gear systems, the transmission is decomposed into simple 
elements: mass, spring and damper. Many models have been proposed in the literature [5-8]. In 
addition, some works considered the effect of the friction force in their model [9-11]. The TVMS 
is considered as the most important source of excitation which depends on the time varying point 
of meshing during the line of action (LOA). Several research works have given a great interest in 
its study in healthy and cracked cases [12-15]. 

The presence of crack on one or more teeth produces shocks in the vibration signal and can 
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introduces a non-stationarity in the signal. Indeed, the choice of signal processing tools play 
crucial role for gear defect detection. Several methods have been used in the time, frequency and 
time-frequency domain. M. Er-raoudi et al. [16] used a time-frequency analysis by the Continuous 
Wavelet Transform for gear tooth fault detection in comparison with classical methods. Also, they 
used an intelligent method based artificial neural networks [17]. Polyshchuk et al. [18] presented 
a NP4 gear fault detection parameter which is derived from the joint time-frequency Wigner Ville 
distribution. Cai et al. [19] proposed the gear fault diagnosis based on the time-frequency domain 
denoising using the generalized S-transform. Staszewski et al [20] studied the use of the 
Wigner-Ville distribution in gearbox condition monitoring for broken tooth and the application of 
the pattern recognition to spur gear vibration data. 

The main objectives of this work are the modeling of gearbox system, the study of the 
non-linearity of the vibration signal in the presence of the crack, the evaluation of crack 
parameters, backlash and friction coefficient on the vibratory signal, and the early fault detection 
using the joint time-frequency analysis. For this purpose, a nonlinear dynamic model of the gear 
system, with eight degrees of freedom, is investigated. The defect is incorporated into a model by 
the time varying mesh stiffness considering the bending, shear, axial compressive, Hertzian effect 
[6, 21, 22] and fillet- foundation deflection [23]. Also, the time varying friction force is 
considered. A comparison between the Smoothed Pseudo Wigner Ville Distribution, the 
Continuous Wavelet Transform and S-Transform in gear tooth crack detection is made. Then the 
present works is based on a dynamic gear model which take into account all effects and gives in 
the same time the influence of system parameters on its dynamic behavior and the defect analysis. 

2. Mechanical modelling 

The gear pair model examined in this study is based on the model developed in [6, 9]. As 
illustrated in Fig. 1, it has an eight degrees of freedom (8 DOF), with masses 𝑚, base radius 𝑅 ሺ𝑛 = 𝑝,𝑔ሻ, 𝐼/𝐼 is the mass moment of inertia of the motor/load, 𝜃/𝜃 is the pinion/gear 
rotation, 𝜃/𝜃 is the motor/load rotation, 𝑀ଵ/𝑀ଶ is the input/output torque. 𝐾௧/𝐶௧ is the time 
varying mesh stiffness/damping, 𝑘௫, 𝑘௫, 𝑘௬ and 𝑘௬ represent the bearings stiffness, 𝑐௫, 𝑐௫, 𝑐௬ and 𝑐௬ represent the bearings damping 𝑐/𝑐 is the shaft damping, 𝑘/𝑘 is the shaft 
stiffness. The present model takes into account the friction between teeth and backlash with 2b 
coefficient where 𝐹/𝐹 is the friction force of the pinion/gear. 

 
Fig. 1. Eight DOF Gear pair model 
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The TVMS is calculated based on Yang and Lin [21] potential energy method. In this method, 
the gear tooth is considered as a non-uniform cantilevered beam on base circle with an effective 
length L, then the deflections under the action of the force can be determined. The fillet-foundation 
deflection is calculated using reference [23]. Then, the TVMS of one pair is considered as nine 
springs in series, it is computed by the Eq. (1): 𝑘௧ = 11𝑘 + 1𝑘ଵ + 1𝑘௦ଵ + 1𝑘ଵ + 1𝑘ଵ + 1𝑘ଶ + 1𝑘௦ଶ + 1𝑘ଶ + 1𝑘ଶ, (1)

where 𝑘 is the Hertzian stiffness, 𝑘 is the bending stiffness, 𝑘 is the axial compressive 
stiffness, 𝑘௦ is the shear stiffness and 𝑘 is the fillet-foundation stiffness. In the presence of crack, 
the tooth is still considered as a cantilevered beam, the crack starts at the tooth root with length 𝑑 
(from root to point C), opening crack angle 𝛽 and depth 𝑞ଵ. The crack propagates through the gear 
tooth length 𝐿. When 𝑞ଵ reached its maximum 𝑞ଵ୫ୟ୶ the crack depth propagation change 
direction into 𝑞ଶ which is symmetric to 𝑞ଵ [22]. The Fig. 2 represents cracked tooth model. 

 
Fig. 2. Cracked tooth model 

The equations of motion of the present model are as follows: 𝐼𝜃ሷ = 𝑀ଵ − 𝑘൫𝜃 − 𝜃൯ − 𝑐൫𝜃ሶ − 𝜃ሶ൯, (2)𝐼𝜃ሷ = −𝑀ଶ + 𝑘൫𝜃 − 𝜃൯ + 𝑐൫𝜃ሶ − 𝜃ሶ൯, (3)𝑚𝑥ሷ = −𝑘௫𝑥 − 𝑐𝑥ሶ + 𝐹, (4)𝑚𝑥ሷ = −𝑘௫𝑥 − 𝑐𝑥ሶ + 𝐹, (5)𝑚𝑦ሷ = −𝑘ଵ𝑦௬ − 𝑐௬𝑦ሶ − 𝑁, (6)𝑚𝑦ሷ = −𝑘௬𝑦 − 𝑐௬𝑦ሶ + 𝑁, (7)𝐼𝜃ሷ = 𝑘൫𝜃 − 𝜃൯ + 𝑐൫𝜃ሶ − 𝜃ሶ൯ + 𝑅𝑁 + 𝑇, (8)𝐼𝜃ሷ = 𝑘൫𝜃 − 𝜃൯ + 𝑐൫𝜃ሶ − 𝜃ሶ൯ − 𝑅𝑁 + 𝑇, (9)

where 𝑢 is the relative displacement expressed as: 𝑢 = 𝐷𝑇𝐸 − ൫𝑦 − 𝑦൯, (10)

where 𝐷𝑇𝐸 is the dynamic transmission error expressed by the Eq. (11): 𝐷𝑇𝐸 = 𝑅𝜃 − 𝑅𝜃. (11)
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The backlash is represented by a nonlinear function 𝑓 with 2𝑏 coefficient of the dead zone as 
defined by: 

𝑓(𝑥) = ൝𝑥 − 𝑏,     𝑥 ≥ 𝑏,0,           − 𝑏 ≤ 𝑥 ≤ 𝑏,𝑥 + 𝑏,    𝑥 ≤ −𝑏,  (12)

𝑁 is the contact force defined by the following equation: 𝑁 = 𝐾௧ ቀ𝑓(𝐷𝑇𝐸) − ൫𝑦 − 𝑦൯ቁ + 𝐶௧𝑢ሶ . (13)

The force 𝐹௧ is the total friction force, which is moving in the OLOA (off line of action) 
direction; its calculation is based on the He et al work [15]. 

3. Materials and methods 

The time analysis lets to extract time information from the signal while the spectral analysis 
gives a global frequency representation and any notion of chronology has disappeared and used 
to analyze the stationary signals. Both these two representations don’t show how the frequency 
content of a signal changes over time. The joint time-frequency analysis is a set of transforms that 
maps a one-dimensional time domain signal into a two-dimensional representation of energy 
versus both the time and frequency. In this work, we use the  time-frequency analysis based three 
methods: Smoothed Pseudo Wigner Ville distribution, Continuous Wavelet Transform and the 
Stockwell Transform. 

3.1. Smoothed pseudo Wigner Ville distribution 

The Wigner Ville Distribution (WVD) is a non-linear transformation provides a time-
frequency decomposition. It is mathematically defined as the Fourier transform of the 
autocorrelation of the signal 𝑥(𝑡) given as follows [24, 25]: 

𝑊௫௫(𝑡, 𝑓) = න 𝑥 ቀ𝑡 + 𝜏2ቁାஶ
ିஶ   𝑥∗ ቀ𝑡 − 𝜏2ቁ  𝑒ିଶగఛ𝑑𝜏, (14)

where 𝑥∗(𝑡) is the conjugate of the signal 𝑥(𝑡), 𝑊௫௫(𝑡, 𝑓) is the WVD of the continuous signal 𝑥(𝑡), 𝑡, 𝑓 represents time and frequency respectively. 
The WVD satisfying many good mathematical properties such as energy conservation, 

real-valued, marginal properties, translation and dilation covariance [26]. The drawback of the 
WVD is the presence of cross term interference in case of multiple components signal. Its 
computation requires the signal to be known in all the time but the integration is for an infinite 
interval. This problem can be solved using windows leading to the definition of the Pseudo Wigner 
Ville Distribution (PWVD) [27]. This windowing operation is with a smoothing of the frequency 
only from the WVD, the PWVD is given by the Eq. (15): 

𝑃𝑊𝑉௫௫(𝑡, 𝑓) = න ℎ(𝜏) 𝑥 ቀ𝑡 + 𝜏2ቁାஶ
ିஶ   𝑥∗ ቀ𝑡 − 𝜏2ቁ  𝑒ିଶగఛ𝑑𝜏, (15)

where ℎ(𝑡) is the window, to reduce the oscillating interference produced by PWVD analysis, the 
SPWVD is proposed. It lets to perform a smoothing separable in time and frequency controlled 
by two independent windows of time ℎ and frequency 𝑔; defined by [24, 25]: 
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𝑆𝑃𝑊𝑉௫௫(𝑡, 𝑓) = න ℎ(𝜏) න 𝑔(𝑥 − 𝑡) ାஶ
ିஶ 𝑥 ቀ𝑡 + 𝜏2ቁାஶ

ିஶ   𝑥∗ ቀ𝑡 − 𝜏2ቁ  𝑒ିଶగఛ𝑑𝜏. (16)

3.2. Continuous wavelet transform 

The Continuous Wavelet Transform (CWT) is a time-scale representation based on 
decomposing a signal into a family of functions localized in time and scale, called wavelets which 
is constructed by expanding and translating a base wavelet called mother wavelet. For a given 
continuous signal 𝑥(𝑡) the CWT is defined by the following formula [24, 25]: 

𝐶𝑊𝑇(𝑎, 𝑏) = න 𝑥(𝑡)𝜓(,)∗ (𝑡)ାஶ
ିஶ   𝑑𝑡 = 1√𝑎 න 𝑥(𝑡)𝜓∗ ൬𝑡 − 𝑏𝑎 ൰ାஶ

ିஶ   𝑑𝑡, (17)

where 𝜓∗(𝑡) represent the complex conjugate of the mother wavelet 𝜓(𝑡), the pair (𝑎, 𝑏) is the 
time-scale variable. The quantity 1 √𝑎⁄  is an energy normalized factor which means that the 
energy of the wavelet must be the same for any value of scale parameter a. The 𝜓(𝑡) function 
must satisfy a set of mathematical criteria [28]: The wavelet must have finite energy, and must 
hold the admissibility condition. 

3.3. Stockwell transform 

The Stockwell Transform or S-Transform (ST) is a time-frequency analysis method which is 
deduced from short-time Fourier transform and CWT [29], known for its local spectral phase 
properties. It combines a frequency dependent resolution of the time-frequency space and 
absolutely referenced local phase information [30]. The ST of a continuous signal 𝑥(𝑡) is 
expressed as [30]: 

𝑆(𝜏, 𝑓) = න𝑥(𝑡) |𝑓|√2𝜋   𝑒ି(ఛି௧)మమଶ   𝑒ିଶగ௧  𝑑𝑡, (18)

where 𝑆(𝜏, 𝑓) is defined as a one-dimensional function of time for a constant frequency 𝑓, which 
shows how the amplitude and phase for this exact frequency change over time. 

4. Results and discussion 

The TVMS is simulated in two cases, healthy and defected, in MATLAB with the parameters 
given in Table 1. It is a periodic function in normal case as obtained in Fig. 3. In the presence of 
one tooth crack, the variation of the crack depth value 𝑞ଶ showed that as the crack grows up, the 
TVMS decreases as illustrated in Fig. 4. 

Table 1. Parameters of the pinion and the wheel [31] 
 Pinion Wheel 

Teeth number 𝑍ଵ = 25  𝑍ଶ =30 
Module (mm) 2 2 

Teeth width (mm) 20 20 
Contact ratio 1.63 1.63 

Rotational speed (Rpm) 2400 2000 
Pressure angle 20° 20° 

Young modulus 𝐸 (N/mm²) 2.105  2.105  
Poisson ratio 0.3 0.3 
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Fig. 3. Total TVMS for a healthy gear in one mesh revolution 

 
Fig. 4. TVMS in cracked case: 𝑞ଶ from 0.02 mm to 1.6 mm 

The equations of motion are resolved using the ode15s MATLAB with the parameters 
presented in Tables 1 and 2. The meshing frequency is 1000 Hz; the pinion and gear rotation 
frequencies are 40 Hz and 33.33 Hz respectively with a sampling frequency of 20 kHz. The 
obtained pinion time, displacement and velocity, and frequency response in the y-direction are 
represented respectively in Figs. 5 and 6. This pinion response signal is composed by the meshing 
frequency and its harmonics (Fig. 6). 

 
a) 

 
b) 

Fig. 5. Pinion response in 𝑦 direction: a) displacement, b) velocity 
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Fig. 6. Pinion spectrum in y direction 

Table 2. Gear system parameters [32] 
 Pinion Wheel 

Mass (kg) 0.4439 0.3083 
Moment of inertia (kgm2) 2×10-3 0.96×10-4 

Radial stiffness of the bearing (N/m) in the 𝑥, 𝑦 directions 6.56×108 6.56×108 
Damping of the bearing (Ns/m) in the 𝑥, 𝑦 directions 1.8×103 1.8×103 

Damping of the coupling (Nms/rad) 5×105 
Torsional stiffness of the coupling (Nm/rad) 4.4×104 

When the friction coefficient 𝜇 is equal 0 the vibration in the 𝑥-direction is neglected. Taking 
into account the friction effect, the vibration in the 𝑥-direction is shown in Fig. 7. Also, the 
response is composed by the meshing frequency and its harmonics (Fig. 8). Fig. 9 illustrates the 
effect of the friction coefficient on the frequency response. As the friction coefficient 𝜇 increases, 
the meshing frequencies amplitude increases. Hence the vibration in the 𝑥-direction is resulted by 
the friction force. 

 
a) 

 
b) 

Fig. 7. Pinion response in 𝑥 direction: a) displacement, b) velocity 
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Fig. 8. Pinion spectrum in 𝑥 direction 

 
Fig. 9. Evolution of the spectrum as a function of the coefficient 𝜇 

The effect of the backlash coefficient 𝑏, in the healthy case, on the vibration frequency 
response is shown in Fig. 10 where the meshing frequencies varies with the variation of the 
backlash coefficient 𝑏. This evolution is due to the pass of the TVMS from the dead zone hence 
the phenomenon of impact between teeth. 

 
Fig. 10. Spectrum variation versus the backlash coefficient 𝑏 changing 

The vibration in the time and the frequency domains in the presence of cracked pinion tooth 
are represented in Fig. 11 which shows the appearance of sidebands around the meshing frequency 
and its harmonics. The residual signal is presented in the time domain and in the frequency domain 
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(Fig. 12) where a periodic shock with a period equal to pinion rotation time (0.025 s) which 
contains the cracked tooth. This sidebands magnitude increases with the presence of backlash as 
found in Figs. 13 and 14.  

 
a) 

 
b) 

Fig. 11. 𝑦 for the cracked case: a) in time domain, b) in frequency domain 

 
a) 

 
b) 

Fig. 12. Residual signal of 𝑦: a) in time domain, b) in frequency domain. 

 
Fig. 13. Effect of backlash on vibration spectrum 
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Fig. 14. Zoom on Fig. 13 

The three used methods let us to detect the presence of shocks in the vibratory signal therefore 
the presence of crack and the spectrum maximum pic (2000 Hz) and the resonance around this 
frequency. The SPWVD and ST extract more shock in comparison with the CWT that extract 
more signal features as represented in Fig. 18 which shows the maximum of the extracted 
components by each method. The SPWVD allows us to extract the defect due to the use of 
windows and smoothed windows neglecting the repeated information extracted by WVD. Also, 
the ST permit the detection of defect and the possibility of using its inverse Transform and phase 
information. 

 
Fig. 15. Time-frequency representation by CWT 

 
Fig. 16. Time-frequency representation by SPWV 
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Fig. 17. Time frequency representation using the S-Transform 

 
a) 

 
b) 

 
c) 

Fig. 18. Maximum of extracted components by: a) CWT, b) SPWV, c) ST 

5. Conclusions 

An eight DOF gear system is investigated taking into account the effect of friction, backlash 
and tooth crack. The gear nonlinear dynamic behavior is depending on the model parameters. The 
increasing of the friction coefficient leads to the increasing in the meshing frequencies magnitude. 
The presence of backlash passes the TVMS from the dead zone causing a non-linearity in the 
signal. In the cracked case, the sidebands magnitude, relative to the defect, increases with the 
presence of backlash. Three time-frequency methods are used: SPWVD, CWT and ST which 
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showed that the tree methods let detect the presence of crack.  
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