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Abstract. The signal processing techniques are basically used for the detection of defect in the 

rotating machines. However, none of the existing approaches consider their localizations 

especially in gearbox systems where the bearings have the same fundamental characteristic 

frequencies. In this paper, a novel approach of an analytical Higher-order spectral analysis -based 

signal processing is investigated to potentially locate the defective rolling-element bearing in the 

gearbox system. In order to efficiently analyze the vibration signal from bearings for defect 

detection, experimental studies have shown that the Fast-kurtogram is the most suitable for this 

purpose. For this reason, we propose a new operation of the Higher-order spectral analysis in order 

to have both information detection and the localization of the existing defect. This proposed 

technique offers effective results in terms of detecting and locating the defective bearing. 

Keywords: fault diagnosis, signal processing, fault localization, bearing defect. 

1. Introduction 

The bearing is the heart of rotating equipment, and its condition often reflects the operating 

condition of the machine. However, there are times when a bearing fails. Numerous statistical 

studies on machines have been carried out from the 1980’s to date. A recent statistical studies by 

[1] on high-power electrical systems used in many industrial domains shows that 69 % of failures 

happen in bearings, a percentage that has increased significantly. This distribution confirms that 

machine failures are mainly due to bearings. 

References [2, 3], review a large number of cases of failures, as well as the associated detection 

techniques. One of the most common causes of failure in industrial environments is bearing 

defects [4, 5], these defects can be of electrical [7, 8], mechanical [8], thermal [5] or other origin. 

Over the last decades, vibration monitoring has been the most widely used method to detect 

and diagnose bearing faults, and several techniques have been developed to enhance the fault 

signature in the time or frequency domain [9-15]. Other techniques also based on the use of use 

of adaptive and self-adaptive filters to remove background noise from the signals obtained through 

computer simulations and experimental data [16, 17]. For this purpose, an approach is envisaged 

in which bearing defects induce vibrations [10]. The spectral signatures of the vibrations is 

thereafter explored [18]. The presented work presents the validation of an indicator for the 

localization of defective bearings by energy extraction in the Kurtogram of the displacement of 

the speed reducer pinion. 

In this paper, a summary of the mechanical effects of bearing defects and the method of 

analysis used is given in section II. Section III recalls the formulation of a model of the speed 

reducer in two modes: healthy and faulty mode. In addition, for several operating points of the 

drive, the frequency response of the vibration harmonics relative to the oscillations of the pinion 

displacement is studied in simulation. The frequency response reveals frequencies that are then 

used to aid in the detection of bearing defects. In section IV, an indicator of the location of 

defective bearings is presented. 

https://crossmark.crossref.org/dialog/?doi=10.21595/jve.2022.22349&domain=pdf&date_stamp=2022-05-07
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2. Theoretical background 

2.1. Higher-order spectral analysis 

In order to efficiently analyze non-stationary in a signal and overcome the inability of the 

power spectral density, Dwyer proposes the (Spectral Kurtosis) which is a frequency descriptor. 

The main idea of this method is based on the calculation of the kurtosis of a signal analyzed at 

“each frequency” (Fig. 1) in order to discern non-stationary structures and to indicate in which 

frequency band(s) these occur. This way of calculation is relatively robust with respect to additive 

stationary noise, unlike the global kurtosis. In table 1 we have given a formal definition of the SK 

of non-stationary signals from the Wold-Cramér decomposition. 

Table 1. Main formulas of the higher-order spectral analysis 

Function Description 

Decomposition of signal 𝑆(𝑛) 

𝑆(𝑛) = ∫ 𝐸(𝑛, 𝑓)

1
2

−
1
2

𝑒𝑗2𝜋𝑓𝑛𝑑𝑌(𝑓) 

𝑆(𝑛): signal to decompose 

𝑑𝑌(𝑓) : increment spectral orthogonal. 

𝐸(𝑛, 𝑓): complex envelope of 𝑆(𝑛) at frequency 𝑓 

Headings kurtosis spectral of signal 𝑆(𝑛) 

𝑆𝐾[𝑆(𝑛)] =
|𝐸(𝑛, 𝑓)|4

〈|𝐸(𝑛, 𝑓)|2〉2
− 2 

〈𝑓(𝑛)〉: temporal average of a function 𝑓(𝑛) 

In the presence of additive stationary noise 𝑁(𝑛) 

𝑆𝐾𝑆(𝑛)+𝑁(𝑛)(𝑓) =
𝑆𝐾[𝑆(𝑛)]

[1 + 𝜌(𝑓)]
 

𝜌(𝑓) noise-to-signal ratio as a function of frequency 

 
Fig. 1. Principle of calculation of the higher-order spectral analysis 

2.2. Measuring parameters and characteristic frequencies of bearing defect 

The defects generated by the bearings induce in the majority of the cases periodic impulsive 

forces, this is translated on the temporal signal by shocks caused with each contact of the ball with 

the defect. To characterize these pulses, the dimensions of the bearing (Fig. 2), the location of the 

defect and the shaft speed are used. The pulses are also characterized by well-defined frequencies. 

These frequencies are determined from well-established relationships with different fault locations 

[19, 20]. 

The calculation of the characteristic defect frequency requires a very precise knowledge of 

these dimensional characteristics of the bearing. 

We consider: 

𝑓𝑎: Shaft rotating frequency 
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𝑛: The number of balls 

𝐵𝑑: Ball Diameter 

𝑝𝑑: Bearing pitch diameter 

𝜙: Contact angle 

The Characteristic defect frequency of a rolling element bearing, are expressed in Table 2. 

  
Fig. 2. Geometric parameters of the bearing 

Table 2. Bearing characteristic defect frequency 

Defect location Failure frequency 

Outer race 𝑓0 =
𝑛

2
(1 −

𝐵𝑑

𝑝𝑑
cos 𝜙) 𝑓𝑎 

Ball 𝑓𝑖 =
𝑝𝑑

2𝐵𝑑
(1 + (

𝐵𝑑

𝑝𝑑
)

2

cos2 𝜙) 𝑓𝑎 

Inner race 𝑓𝑖 =
𝑛

2
(1 +

𝐵𝑑

𝑝𝑑
cos 𝜙) 𝑓𝑎 

Bearing vibration can be caused by a variety of sources characterized by forces. Bearing 

defects, imbalance and misalignment are the most common sources. The Table 3 presents the 

characteristic forces associated with the most common sources of vibrations. 

Table 3. Fault functions parameters 

Vibration sources Force function 

The mass imbalance 𝐹1 = 𝐴1 cos(2𝜋𝑓𝑠𝑡 + ∅1) 

Misalignment 𝐹2 = ∑ 𝐴2
𝑘𝛿

∞

𝑘=1

(𝑡 −
𝑘

𝑓𝑠
) ≈ 𝑓𝑠 ∑ 𝐴2

𝑚 cos(2𝜋𝑓𝑠𝑚 𝑡 + ∅1
𝑚)

𝑁1

𝑚=1

 

Bearing defects 𝐹3 = ∑ 𝐴3
𝑘𝛿

∞

𝑘=1

(𝑡 −
𝑘

𝑓𝑐
) ≈ 𝑓𝑠 ∑ 𝐴3

𝑚 cos(2𝜋𝑓𝑐𝑚 𝑡 + ∅2
𝑚

)

𝑁2

𝑚=1

 

The main notation used for the description of the bearing defect functions are given in Table 4. 

Table 4. Main notation of the Fault functions 

Parameters Description 

𝐴1 Amplitude value created by the imbalance 

𝐴𝑖
𝑚, 𝑖 = 1,2,3 Amplitude value for the 𝑚th harmonic 

𝐴4
𝑘 Initial Magnitude value for the 𝑘th harmonic 

𝑓𝑠 Rotation frequency 

𝑓𝑐 Fault frequency associated with the bearing 

∅1 Phase angle appropriate 

∅𝑖
𝑚

, 𝑖 = 1,2,3 Value of the phase for the 𝑚th harmonic 

𝑁𝑖 , 𝑖 = 1,2,3 Harmonics number in the impulse train 
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2.3. Measuring parameters and characteristic frequencies of bearing defect 

In order to locate the bearing fault, i.e. the faulty bearing in the gearboxes, from which the 

fault signature will be extracted, we propose to use the spectral kurtosis according to the algorithm 

developed by [20]. Contrary to the approach used by [21] which consists in calculating the kurtosis 

of each MFI, our approach consists in calculating the spectral kurtosis of the signal. The latter 

allows a 3D visualization called kurtogram, which gives an overview of the kurtosis values as a 

function of the signal frequencies, and thus allows to target the optimal frequency bands that 

contain the maximum kurtosis values. This approach is very useful to choose the bandwidth of a 

filter for an envelope analysis for example. In our case, the spectral kurtosis will be used as a 

criterion to locate the faulty bearing in the gearbox. 

 
a) 

 
b) 

Fig. 3. Considered gearbox system: a) real gearbox system; b) physical gearbox system 

3. Model description 

A mathematical simulation model Eq. (1-11) obtained from the application of the laws of 

 

 

 

 

 

 

 

 

 

 

1st Bearing 

2nd Bearing 

3rd Bearing 

4th Bearing 

One –stage gearbox 

(a) 
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physics on the physical model presented in Fig. 3 has been proposed to detect the defect of rolling 

element bearing and locate the defect bearing in gearbox system. The model was assumed to work 

with and without defects, i.e. with and without defective rolling-element bearing.  

The physical model is a model of 10 degrees of freedom with 10 generalized coordinates, three 

angular variables:𝜃1 the rotational angle of the motor, 𝜃2 and 𝜃3 are the pinion and the wheel 

rotational angles respectively, 𝜃4 is the load rotational angle, and six displacement variables: 𝑦1, 

𝑦3, 𝑦4, 𝑦6 are the radial displacement of 1st bearing, 2nd bearing, 3rd bearing , and 4th bearing 

respectively, 𝑦2, 𝑦6 are the radial displacement of pinion and wheel respectively.  

According to the movement of this system we can distinguish three equations of motion. Using 

the Newtonian method, the mathematical system describing the system to be diagnosed is written 

as Eqs. (1-11). 

Circular motion: 

𝜃̈1 = (
1

𝐼𝑚
) (𝑇𝑖 − 𝑘𝑐(𝜃1 − 𝜃2) − 𝑐𝑐(𝜃̇1 − 𝜃̇2)), (1) 

𝜃̈2 = (
1

𝐼1
) (𝑘𝑐(𝜃1 − 𝜃2) + 𝑐𝑐(𝜃̇1 − 𝜃̇2) + 𝑅𝑝𝑘(𝑡)(𝑅𝑤𝜃3 − 𝑅𝑝𝜃2 + 𝑥2 − 𝑥5)

+ 𝑅1𝐶(𝑡)(𝑅𝑤𝜃̇3 − 𝑅𝑝𝜃̇2 + 𝑋̇2 − 𝑋̇5)), 
(2) 

𝜃̈3 = (
1

𝐼𝑝
) (𝑘𝑐(𝜃4 − 𝜃3) + 𝐶(𝑡)(𝜃̇4 − 𝜃̇3) + 𝑅2𝑘(𝑡)(𝑅𝑝𝜃2 − 𝑅𝑤𝜃3 + 𝑥5 − 𝑥2)

+ 𝑅𝑤𝐶(𝑡)(𝑅𝑝𝜃̇2 − 𝑅𝑤𝜃̇3 + 𝑥̇5 − 𝑥̇2)), 

(3) 

ɵ̈4 = (
1

𝐼𝑟
) (𝑘𝑐(ɵ3 − ɵ4) − 𝑐𝑐(ɵ̇3 − ɵ̇4) − 𝑇𝑟). (4) 

Movement straight: 

𝑥̈1 = (
1

𝑚
) (𝐾𝑏 (𝑥1 + 𝐴1cos(𝜔𝑠𝑡 + ∅1) − 𝑓𝑠 𝜔𝑠 ∑ 𝐴2

𝑚 𝑚 cos(𝜔𝑠𝑚 𝑡 + ∅1
𝑚)

𝑁1

𝑚=1

+ 𝑓𝑠 ∑ 𝐴3
𝑚 cos(𝜔𝑐𝑚 𝑡 + ∅2

𝑚)
𝑁2

𝑚=1
) + 𝐶𝑏( 𝑥̇1 −𝐴1𝜔𝑠sin(𝜔𝑠𝑡 + ∅1)

− 𝑓𝑠 𝜔𝑠 ∑ 𝐴2
𝑚 𝑚 sin(𝜔𝑠𝑚 𝑡 + ∅1

𝑚)
𝑁1

𝑚=1
− 𝑓𝑠 𝜔𝑐 ∑ 𝐴3

𝑚𝑚 sin(𝜔𝑐𝑚 𝑡 + ∅2
𝑚)

𝑁2

𝑚=1
)

+ 𝐾𝑆(𝑥1 − 𝑥2)), 

(5) 

𝑥̈2 = (
1

𝑚𝑝
) (𝐾𝑆(𝑥1 − 𝑥2) + 𝐾𝑆(𝑥3 − 𝑥2) + 𝑘(𝑡)(𝑅𝑝𝜃2 − 𝑅𝑤𝜃3 + 𝑥 − 𝑥5)

+ 𝐶(𝑡)(𝑅𝑝𝜃̇2 − 𝑅𝑤𝜃̇3 + 𝑥̇2 − 𝑥̇5)), 

(6) 

𝑥̈3 = (
1

𝑚
) (𝐾𝑏 𝑥3 + 𝐶𝑏 𝑥̇3 + 𝐾𝑆(𝑥3 − 𝑥2)), (7) 

𝑥̈4 = (
1

𝑚
) (𝐾𝑏 𝑥4 + 𝐶𝑏 𝑥̇4 + 𝐾𝑆(𝑥4 − 𝑥5)), (8) 

𝑥̈5 = (
1

𝑚𝑤
) (𝐾𝑆(𝑥4 − 𝑥5) + 𝐾𝑆(𝑥6 − 𝑥5) + 𝑘(𝑡)(𝑅𝑤𝜃𝑤 − 𝑅𝑝𝜃𝑝 + 𝑥2 − 𝑥5)

+ 𝐶(𝑡)(𝑅𝑤𝜃̇𝑤 − 𝑅𝑝𝜃̇𝑝 + 𝑥̇2 − 𝑥̇5)), 
(9) 

𝑥̈6 = (
1

𝑚
) (𝐾𝑏 (𝑥6 + 𝐹) + 𝐶𝑏 (𝑥̇6 + 𝐹)̇ + 𝐾𝑆(𝑥6 − 𝑥5)). (10) 
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4. Results and discussion  

4.1. Frequency spectrum of squared envelope signal 

In search of a result that characterizes the system, we will apply Fourier analysis on the 

envelope signal obtained using the Kurtogram. Fig. 4 is a frequency analysis of the healthy 

envelope signal, the only frequency that can be observed in this figure is the 𝑓𝑚  (meshing 

frequency). On the other hand, we also notice that there is no another frequency that characterizes 

the rolling failure, this shows that there is no displacement fluctuation and thus confirms that the 

system is in a healthy state.  

 
Fig. 4. Healthy bearings: Fourier transform magnitude of the squared envelope for healthy bearings 

We will study the impact of the turnover failure on the time evolution we used in the healthy 

diet. We start from the fact that the rolling defect (Defect on the inner ring, defect on the outer 

ring and defect on the ball) causes impulses that will be transmitted to the mechanical quantities. 

These impulses are modelled according to Equations in the Table 3. We have generated cycle 

stationary fluctuations, of cyclic frequency 𝑓𝑑 Hz (𝑑 is o, i or b) and maximum amplitude equal 

to the value of 𝐴. This modelling was done in three cases: case 1: defect in the bearing 1, case 2: 

defect in the bearing 2, case 3: defect in both bearings at faith. 

 
a) 

 
b) 
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c) 

Fig. 5. Faulty bearings (outer-race defect): a) the first bearing b) the second bearing c) two bearings defects 

In order to ensure complete consistency of the information, we will apply Fourier analysis on 

the envelope signal for these three cases and the result obtained from this analysis is presented in 

Fig. 5, Fig. 6 and Fig. 7. 

 
a) 

 
b) 

 
c) 

Fig. 6. Faulty bearings (Ball defect): a) the first bearing b) the second bearing c) two bearings defects 

According to these results we notice that the envelope method allows to detect the bearing 

defect whatever the type of defect, Outer race defect, Ball defect or inner race defect, and as the 

bearings have the same dimensions and the same rotation frequency (𝑓𝑠1 = 𝑓𝑠2 and 𝑓𝑠3 = 𝑓𝑠4) the 
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envelope analysis does not allow to localize the defect, is it in the bearing 1 or in the bearing 2 or 

in both bearings at the same time. 

 
a) 

 
b) 

 
c) 

Fig. 7. Faulty bearings (Inner-race defect): a) the first bearing b) the second bearing c) two bearings defects 

To achieve the objective of this study, we propose a higher order spectral analysis based on 

the kurtogram, the results obtained for its application are presented in the following section. 

4.2. Kurtogram application for localizing defective rolling-element bearing 

This part illustrates the use of the kurtogram for diagnosing a defect in the inner ring of a 

bearing, which manifests itself on the vibratory measurements by a series of pulses generally of 

low amplitude compared to the surrounding background noise. In order to detect them, it is usual 

to demodulate the signal in different frequency bands until the one that maximizes the 

signal-to-noise ratio is found. 

4.2.1. Healthy system 

Fig. 8 shows the results of processing the signal by using the FK method for the healthy system. 

It can be concluded from the figure that the maximum value of the spectral kurtosis is  

(𝐾𝑚𝑎𝑥 = 1.5) on the dyad (𝐵𝑤 = 2730.6563 Hz, 𝑓𝑐 = 28671.8906 Hz). 
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Fig. 8. Healthy system: Kurtogram of pinion response 

4.2.2. Faulty system 

To illustrate the advantages of the proposed method, Figs. 9, 10 and 11 shows the results by 

the proposed method for the same vibration signal recording location in the presence of bearing 

defects and for following cases: 

First case: Outer race defect as shown in Fig. 9. 

 
a) 

 
b) 

 
c) 

Fig. 9. Faulty system: Kurtogram of pinion response of bearing in presence of defect on the outer ring:  

a) first bearing, b) second bearing, c) two bearings 
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Second case: Ball defect as shown in Fig. 10. 

Third case: Inner race defect as shown in Fig. 11.  

Obviously, the obtained Kurtogram’s results of Fig. 9, Fig. 10 and Fig. 11 show clearly the 

difference in the maximum spectral kurtosis and level values where: 

Outer race defect: 

First bearing: 𝐾𝑚𝑎𝑥 = 3.9: level = 5: 𝐵𝑤 = 1365.3281 Hz: 𝑓𝑐 = 682.6641 Hz.  

Second bearing: 𝐾𝑚𝑎𝑥 = 1.6: level = 3: 𝐵𝑤 = 5461.3125 Hz: 𝑓𝑐 = 13653.2813 Hz. 

Two bearings: 𝐾𝑚𝑎𝑥 = 2.8: level = 5: 𝐵𝑤 = 1365.3281 Hz: 𝑓𝑐 = 10239.9609 Hz. 

Ball defect: 

First bearing: 𝐾𝑚𝑎𝑥 = 4.3: level = 4.5: 𝐵𝑤 = 1820.4375 Hz: 𝑓𝑐 = 910.2188 Hz. 

Second bearing: 𝐾𝑚𝑎𝑥 = 2.1: level = 1.5: 𝐵𝑤 = 14563.5 Hz: 𝑓𝑐 = 36408.75 Hz. 

Two bearings: 𝐾𝑚𝑎𝑥 = 3.5: level =4.5: 𝐵𝑤 = 1820.4375 Hz: 𝑓𝑐 = 910.2188 Hz. 

Inner race defect: 

First bearing: 𝐾𝑚𝑎𝑥 = 3.4: level = 4.5: 𝐵𝑤 = 1820.4375 Hz: 𝑓𝑐 = 910.2188 Hz. 

Second bearing: 𝐾𝑚𝑎𝑥 = 2: level = 1.5: 𝐵𝑤 = 14563.5 Hz: 𝑓𝑐 = 36408.75 Hz. 

Two bearings: 𝐾𝑚𝑎𝑥 = 2.7: level =5.5: 𝐵𝑤 = 910.2188 Hz: 𝑓𝑐 = 2275.5469 Hz. 

Based on the obtained results, we can easily detect the different bearing defects and potentially 

locate the defective bearing by exploiting the maximum value of kurtosis 𝐾𝑚𝑎𝑥, the level of signal 

decomposition, bandwidth Bw and center frequency 𝑓𝑐. 

 
a) 

 
b) 

 
c) 

Fig. 10. Faulty system: Kurtogram of pinion response of bearing in presence of defect on the ball:  

a) first bearing, b) second bearing, c) two bearings 
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a) 

 
b) 

 
c) 

Fig. 11. Faulty system: Kurtogram of pinion response of bearing in presence of defect on the inner ring:  

a) first bearing, b) second bearing, c) two bearings 

In brief, the information provided by the Kurtogram for the different signals analyzed 

(maximum Kurtosis (𝐾𝑚𝑎𝑥), level of decomposition (level), frequency resolution (𝐵𝑤) and central 

frequency (𝑓𝑐)) allow to detect the different types of bearing defects, and to locate the defective 

bearing in the gearbox systems. 

5. Conclusions 

The ultimate aim of this work was to locate the defective bearings in the gearbox system using 

Higher-order spectral analysis method. We have first introduced the main steps of the proposed 

method. Thereafter, we have briefly described the mathematical system in which we have 

illustrated this approach by including a dynamic model of the gearbox. 

The illustration of this approach was initiated by a system analysis with healthy bearings and 

then with faulty bearings analyzed according to the faults’ positions. The envelope analysis 

showed that the bearing defects manifest their presence by the appearance of new frequencies 

called characteristic frequencies of the bearing, but without providing us any information on the 

location of the defective bearing. For both states, the Kurtogram gave us different values of 

kurtosis, level of decomposition, bandwidth frequency, and critical frequency regardless of the 

position of the defect, which allowed us to efficiently and easily locate the defective bearing in 

the gearbox. The results obtained showed that this approach could be a very sensitive and efficient 

way to easily locate the defective bearing in gearbox systems. Furthermore, the described 
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approach can be enriched by using some artificial intelligence technique. The obtained results can 

be used as a training data to be further used for classification and decision-making. 
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