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Abstract. This paper studies the vibration control effect for manipulators with both flexible link 
and flexible joint according to the energy-vibration-optimal (EVO) trajectory planning method 
effect by the constraint conditions and structure parameters. First, a dynamic model of the flexible 
joint-flexible link arm is established following the assumed modal method and Lagrange principle. 
The optimization model is then proposed and discretized using the Particle Swarm Optimization 
(PSO) trajectory planning method and the trajectory optimization of discrete result algorithm, 
taking into account both residual oscillation and energy consumption. Following that, the 
numerical trajectory optimization results and their vibration suppression effect analysis by 
different constraint conditions, such as driving constraints, time constraints, and joint stiffness, 
are compared and discussed. The results show that the optimization velocity trajectory tends to a 
S-shaped trajectory and a convex trajectory respectively with the increase of driving velocity 
constraint and acceleration constraint respectively, while the sufficient planning time can make 
the less energy consumption. The parameter variations of length, cross-sectional area and next 
link lumped mass of have a significant impact on the residual oscillation of the flexible arm, with 
length having the most influence, whereas joint stiffness has little influence on the residual 
oscillation of the flexible link. The processing accuracy of length, cross-sectional area and end 
quality parameters must be ensured, while joint stiffness accuracy requirements can be slightly 
relaxed during the actual processing. Finally, experiments show that the optimization method is 
effective at vibration suppression. While the small variations of the end mass have significant 
influence on the vibration suppression effect, the residual vibrations of the parameter variation 
ones are all larger than the original parameter one. Meanwhile, as the mass of the manipulator 
increases, so does its energy consumption. 
Keywords: flexible manipulator, vibration control, PSO trajectory planning, residual vibration, 
energy consumption. 

1. Introduction 

Compared with traditional rigid manipulators, the flexible manipulator has gradually become 
a hot spot in robotics research due to its light weight, good flexibility, and low energy consumption 
owing to the rapid development of space manipulator technology in the aerospace field. The space 
flexible manipulator can help astronauts in space station with their daily maintenance work, 
high-precision and repetitive work, as well as high-risk extravehicular experiments, and so on, 
thereby enhancing astronaut safety and work efficiency. However, due to the influence of joint 
flexibility and link flexibility, the manipulator cannot reach the expected position and complete 
the expected work during the movement process as quickly and accurately as rigid manipulators, 
prompting researchers to pay increasing attention to mechanical arm vibration control. 
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The flexible manipulator is a strongly coupled nonlinear system. The establishment of accurate 
and applicable mathematical models is crucial for the study of its dynamics. The Newton-Euler 
method, the Lagrange method, and the Kane method are commonly used in the dynamic modeling 
of flexible links. Bascetta established the closed-form dynamic model of the flexible manipulator 
based on the Newton-Euler method [1] and the dynamic model of the highly flexible 
three-dimensional manipulator [2]. Esfandiar [3] and Martins [4] used Lagrange method and 
assumed mode method to model the dynamics of a single degree of freedom flexible rod. Buffinton 
[5, 6] used Kane's method to study the motion equations of a beam that moves longitudinally at a 
specified rate on both sides of the beam and a flexible robot that includes a moving pair. The 
complexity of the flexible manipulator system is reflected not only in the dynamic modeling 
method, but also has great difficulties in vibration control. Vibration reduction methods are 
broadly classified into two types: active control and passive control. For the active control of a 
flexible manipulator, Tzes [7] designed the application of an input precompensation scheme for 
vibration suppression in slewing flexible structures, with particular application to flexible-link 
robotic manipulator systems. Payo [8] proposed a feedback The control law, through the feedback 
loop control of the coupling torque between the motor and the flexible link, realizes the tracking 
of the contact force exerted by the flexible manipulator link in contact with a stationary object. 
Sarkhel [9] used a traditional PID controller to achieve precise control of the tip position of the 
flexible manipulator, and adjusts its gain value in different ways. Zaare [10] proposed a 
voltage-based sliding mode control (SMC) to control the position of n rigid-link flexible-joint 
(RLFJ) serial robot manipulator in the presence of structured and unstructured uncertainties. The 
passive control method uses damping materials to accelerate the attenuation of residual vibration. 
For example, Lew [11] took a single-link flexible manipulator as an example to illustrate the 
influence of passive damping on the position of the pole and zero of the system. Belherazem [12] 
studied the adaptive passive control of a single-link flexible manipulator with parameter 
uncertainties. In addition to passive control, many advances have been made in energy saving and 
vibration reduction trajectory planning in recent years. Considering the existing energy-saving 
trajectory generation algorithm is complicated and difficult to be used in real-time industrial 
control, CHEN [13] proposed an energy-saving fast generation algorithm for trapezoidal trajectory 
which is widely used in industrial practice. Li [14] proposed a method be used for on-line planning 
of vibration suppression trajectory in the process of manipulator motion. Zhang [15] Han [16] and 
Wang [17] presented a new trajectory planning methodology for manipulators respectively. 
Serrantola [18] and Khan [19] proposed a new algorithm to plan the manipulator's trajectory, 
respectively. Qiu [20] proposed a non-contact vibration measurement method based on structural 
light sensor. Jamali [21] established a controller algorithm for trajectory planning control and 
vibration cancelation of flexible manipulators. Although there are numerous active control 
algorithms for controlling the end vibration of the manipulator, the effectiveness of these methods 
is dependent on the placement and accuracy of the sensors. Whereas in some extreme 
environments, it is not appropriate to install sensors. Therefore, the active control based on 
trajectory planning without additional sensors remains an important research topic. In comparison 
to the commonly used trapezoidal trajectory control, polynomial S-shaped trajectory control, and 
other control methods, PSO is a stochastic search method yet with simpler philosophy. It was 
inspired by the coordinated motion of swarmed animals like flying birds and swimming fishes 
[22]. For example, Li [14] used residual energy of vibration as an objective function, the optimizer 
based on Particle Swarm Optimization (PSO) intelligent search algorithm is employed to search 
the motion trajectory of the manipulator with the best vibration suppression effect. Han [23] 
proposed a particle swarm optimization (PSO) algorithm which can dynamically adjust learning 
factors to solve the problems of low efficiency and unstable operation of traditional industrial 
robots. Wang [24] introduced a new method for trajectory planning issue of kinematically 
redundant manipulator while cope with joint range, velocity, acceleration limits with different 
objectives. And PSO with adaptive inertia weight and various fitness functions and constraints is 
implemented to find the optimal solution for trajectory planning of free-floating space robot. 
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However, the preceding article only discusses the problem of the maximum value of the speed 
and acceleration constraint boundary or the relationship between the constraint boundary and time 
in the PSO algorithm, and does not discuss the effect of changing the constraint value on the 
optimized trajectory. Then, while Cui’s [25] paper discussed the impact of two distinct starting 
positions and limitations on vibration suppression, it did not consider the impact of changes in 
constraints on the optimized trajectory separately. Therefore, the results of trajectory optimization 
under various driving constraints are compared and discussed in this paper. Simultaneously, the 
impact of time constraints, joint stiffness constraints, and parameter changes on trajectory 
optimization and vibration suppression are discussed in order to enhance the efficiency and 
practicability of this method in practical applications. 

In this paper, the trajectory optimization results with constraints and the vibration suppression 
effect of a manipulator with both joint flexibility and link flexibility are considered. Whereas the 
link is equivalent to Euler beam and the Assumption Modal Method is used to describe the elastic 
deformation of the link, and the flexible joint was simplified into a linear torsion spring model 
using Spong’s theory. The flexible joint-flexible link dynamic model was run using the Lagrange 
equation. The energy-vibration optimal method is used to propose a flexible trajectory 
optimization model in which the objective function and constraints are discretized, and the original 
complex constraint problem is discretized into a simple planning problem. Furthermore, the 
trajectory optimization results and vibration characteristics of the flexible arm are discussed in 
relation to the trajectory planning result based on PSO algorithm, where the vibration suppression 
effects considering the parameter variation are numerically compared simulated, and its vibration 
suppression effect is analyzed. Finally, an experiment platform with a flexible link is built, and 
the vibration control effect is validated.  

2. Dynamic model of the flexible manipulator considering the joint flexibility and link 
flexibility 

The flexible link of multi-link manipulator is shown in Fig. 1(a), where the subsequent links 
are considered as rigid part and assumed in static state. While its dynamic model is shown in 
Fig. 1(b), where the flexible joint is considered and the subsequent links are attached on the end 
of the flexible link. Where, the effect of the flexibility of the drive joint is equivalent to a linear 
spring with stiffness 𝑘, and its rotation angle is 𝜃଴; 𝐽 is the drive joint’s moment of inertia; the 
flexible link is considered as uniform rod with Young’s modulus of elasticity 𝐸, outer diameter 𝐷, inner diameter 𝑑, cross-sectional area A and cross-sectional moment of inertia 𝐼, and 𝐿, 𝑚, 𝜌 
are the length, mass and density of the flexible link respectively; 𝜃 is the rotation angle of the link, 
and u is the displacement; 𝑚ଵ and 𝐽ଵ are the lumped mass and inertia moment of next links; 𝑂𝑋𝑌 
is the inertial coordinate system, while 𝑂𝑋ଵ𝑌ଵ is rotating coordinate system bound to the flexible 
link.  

 
a) Flexible link of multi-link manipulator 
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b) Dynamic model of the flexible link 

Fig. 1. Dynamic model of the flexible link in the multi-link manipulator 
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The position of the point 𝑝 on the link in the rotating coordinate system 𝑂𝑋ଵ𝑌ଵ and the inertial 
coordinate system 𝑂𝑋𝑌 can be expressed as 𝐫 and 𝐑 respectively: 𝐫 = ቂ 𝑥𝑢(𝑥, 𝑡)ቃ, 𝐑 = ൤𝑥cos(𝜃 + 𝜃଴) − 𝑢sin(𝜃 + 𝜃଴)𝑥sin(𝜃 + 𝜃଴) + 𝑢cos(𝜃 + 𝜃଴)൨. 

The assumed mode method is used to discretize the flexible link by using the first two modes 
of the cantilever beam, and the elastic deformation and mode function of the flexible rod are: 𝑢(𝑥, 𝑡) = 𝜑ଵ(𝑥)𝑞ଵ(𝑡) + 𝜑ଶ(𝑥)𝑞ଶ(𝑡), 𝜑௜(𝑥) = cos(𝛽௜𝑥) − 𝑐ℎ(𝛽௜𝑥) + 𝜉௜൫sin(𝛽௜𝑥) − 𝑠ℎ(𝛽௜𝑥)൯, 
where: 

𝜉௜ = − 𝑠ℎ(𝜆௜) − sin(𝜆௜)𝑐ℎ(𝜆௜) + cos(𝜆௜),      𝜆௜ଶ = 𝛽௥ଶ𝐿ଶ, 
where, 𝜆௜ is the solution of the frequency equation cos𝜆௜ + 𝑐ℎ𝜆௜ = −1. In this paper, the first two 
characteristic roots are taken, which can be written as 𝜆ଵ = 1.875, 𝜆ଶ = 4.694. 

The system’s generalized coordinates are made up of the joint rotation angle, the flexible link 
rotation angle, the first-order modal coordinates and the second-order modal coordinates, which 
can be written as 𝐪(𝐱) = ሾ𝜃଴ 𝜃 𝑞ଵ 𝑞ଶሿ். 

The overall kinetic energy of the link can be expressed as: 𝑇 = 𝑇௛ଵ + 𝑇௅ଵ + 𝑇௠ଵ, (1)

where, 𝑇௛ଵ, 𝑇௅ଵ, and 𝑇௠ଵ are the rotational kinetic energy of the concentrated inertia at the drive, 
the kinetic energy of the flexible link and the kinetic energy of the lumped mass respectively, 
which can be expressed as: 

𝑇௛ଵ = 12 𝐽𝜔ଶ = 12 𝐽𝜃ሶ଴ଶ,     𝑇௅ଵ = 12 𝜌𝐴න 𝐑ሶ ்𝐑ሶ 𝑑𝑥௅ଵ
଴ ,       𝑇௠ଵ = 12𝑚ଵ𝐑ሶ ்𝐑ሶ . 

The total potential energy of the link can be expressed as: 𝑈 = 𝑈ଵ + 𝑈ଶ, (2)

where, 𝑈ଵ and 𝑈ଶ are the elastic potential energy of the flexible link and the joint respectively, 
which can be expressed as: 

𝑈ଵ = 12𝐸𝐼න ቆ𝜕ଶ𝑢𝜕𝑥ଶቇଶ 𝑑𝑥௅
଴ ,      𝑈ଶ = 12𝑘(𝜃 − 𝜃଴)ଶ. 

The total energy dissipation of the system can be expressed as: 𝐷 = 𝐷ଵ + 𝐷ଶ, (3)

where, 𝐷ଵ and 𝐷ଶ are the dissipation energy generated by the damping of the flexible rod structure 
and the joint structure respectively, which can be expressed as: 
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𝐷ଵ = 12𝐪ሶ ்𝐂𝐪ሶ ,      𝐷ଶ = 12 𝑐൫𝜃ሶ − 𝜃ሶ଴൯ଶ, 
where, 𝐂 is Rayleigh damping; 𝑐 is the joint damping coefficient. 𝐂 can be expressed as  𝐂 = 𝛼𝐌 + 𝛽𝐊, where, 𝛼 and 𝛽 are the proportional coefficients, which can be expressed as  𝛼 = ଺଴(ఠೝమకభିఠೝభకమ)ఠೝభఠೝమగ(ఠೝమమିఠೝభమ) , 𝛽 = గ(ఠೝమకమିఠೝభకభ)ଵହ(ఠೝమమିఠೝభమ) , and 𝜔௥ is the vibration frequency, which can be 

expressed as 𝜔௥ = ఒೝమ௅మ ටாூఘ஺, 𝜉ଵ and 𝜉ଶ are the damping coefficient of the first-order mode and the 

second-order mode. 
According to Lagrange equation: 𝑑𝑑𝑡 𝜕𝑇𝜕𝑞ሶ௜ − 𝜕𝑇𝜕𝑞௜ + 𝜕𝑈𝜕𝑞௜ + 𝜕𝐷𝜕𝑞ሶ௜ = 𝑄௜ . (4)

The dynamic equations of the system can be expressed in matrix form as: 𝐌𝐪ሷ + 𝐂𝐪ሶ + 𝐊𝐪 = 𝑓(𝐪ሷ ,𝐪ሶ ,𝐪,𝐐), (5)

where, 𝑓(𝐪ሷ ,𝐪ሶ ,𝐪,𝐐) = 𝐐 −𝐌௖𝐪ሷ − 𝐂௖𝐪ሶ ; 𝐌 is the linear mass matrix; 𝐌௖  is the nonlinear mass 
matrix; 𝐂 is the linear damping matrix; 𝐂௖  is the nonlinear damping matrix; 𝐊 is the stiffness 
matrix; 𝐐 is the generalized force, which are shown as: 

𝐌 = ⎣⎢⎢
⎢⎡𝐽 0 0 00 13𝑚𝐿ଶ + 𝑚ଵ𝐿ଶ −0.5688𝑚𝐿 + 2𝑚ଵ𝐿 −0.0908𝑚𝐿 − 2𝑚ଵ𝐿0 −0.5688𝑚𝐿 + 2𝑚ଵ𝐿 𝑚 + 4𝑚ଵ −4𝑚ଵ0 −0.0908𝑚𝐿 − 2𝑚ଵ𝐿 −4𝑚ଵ 𝑚 + 4𝑚ଵ ⎦⎥⎥

⎥⎤, 
𝐌𝐜 = ൦0 0 0 00 𝑚(𝑞ଵଶ + 𝑞ଶଶ) + 𝑚ଵ(2𝑞ଵ − 2𝑞ଶ)ଶ 0 00 0 0 00 0 0 0൪, 𝐂 = 𝛼𝐌 + 𝛽𝐊  + ൦ 𝑐 −𝑐 0 0−𝑐 𝑐 0 00 0 0 00 0 0 0൪ 𝐂௖

= ⎣⎢⎢
⎡0 0 0 00 2𝑚(𝑞ଵ𝑞ሶଵ + 𝑞ଶ𝑞ሶଶ) + 8𝑚ଵ(𝑞ଵ − 𝑞ଶ)(𝑞ሶଵ − 𝑞ሶଶ) 0 00 −𝑚𝑞ଵ𝜃ሶ − 4𝑚ଵ(𝑞ଵ − 𝑞ଶ)𝜃ሶ 0 00 −𝑚𝑞ଶ𝜃ሶ + 4𝑚ଵ(𝑞ଵ − 𝑞ଶ)𝜃ሶ 0 0⎦⎥⎥

⎤, 
𝐊 =

⎣⎢⎢
⎢⎢⎡ 𝑘 −𝑘 0 0−𝑘 𝑘 0 00 0 12.3617𝐸𝐼𝐿ଷ −0.0095𝐸𝐼𝐿ଷ0 0 −0.0095𝐸𝐼𝐿ଷ 485.5094𝐸𝐼𝐿ଷ ⎦⎥⎥

⎥⎥⎤, 
𝐐 = ሾ𝜏  0  0  0ሿ். 

Suppose the link is rotated with small deformation, and use the Taylor expansion of the 
nonlinear term in Eq. (5) while ignoring high-order terms. Which is shown as: 
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𝑓(𝐪ሷ ,𝐪ሶ ,𝐪,𝐐) ≈ 𝑓|𝐪ሷ ୀ𝐪ሷ బ,𝐪ሶ ୀ𝐪ሶ బ,𝐪ୀ𝐪బ,𝐐ୀ𝐐బ + 𝜕𝜕𝐪ሷ 𝑓ฬ𝐪ሷ ୀ𝐪ሷ బ,𝐪ሶ ୀ𝐪ሶ బ,𝐪ୀ𝐪బ,𝐐ୀ𝐐బ ⋅ 𝐪ሷ        + 𝜕𝜕𝐪ሶ 𝑓ฬ𝐪ሷ ୀ𝐪ሷ బ,𝐪ሶ ୀ𝐪ሶ బ,𝐪ୀ𝐪బ,𝐐ୀ𝐐బ ⋅ 𝐪ሶ + 𝜕𝜕𝐪𝑓ฬ𝐪ሷ ୀ𝐪ሷ బ,𝐪ሶ ୀ𝐪ሶ బ,𝐪ୀ𝐪బ,𝐐ୀ𝐐బ ⋅ 𝐪       + 𝜕𝜕𝐐𝑓ฬ𝐪ሷ ୀ𝐪ሷ బ,𝐪ሶ ୀ𝐪ሶ బ,𝐪ୀ𝐪బ,𝐐ୀ𝐐బ ⋅ 𝐐 = 𝐐. 
Eq. (5) can be written as: 𝐌𝐪ሷ + 𝐂𝐪ሶ + 𝐊𝐪 = 𝐐, (6)

so: 

𝐌෩ ቎ 𝜃ሷ𝑞ሷଵ𝑞ሷଶ቏ + 𝐂෨ ቎ 𝜃ሶ𝑞ሶଵ𝑞ሶଶ቏ + 𝐊෩ ൥ 𝜃𝑞ଵ𝑞ଶ൩ = 𝐐෩ , (7)

where: 

𝐌෩ = ൥𝑚ଶଶ 𝑚ଶଷ 𝑚ଶସ𝑚ଷଶ 𝑚ଷଷ 𝑚ଷସ𝑚ସଶ 𝑚ସଷ 𝑚ସସ൩ ,        𝐂෨ = ൥𝑐ଶଶ 𝑐ଶଷ 𝑐ଶସ𝑐ଷଶ 𝑐ଷଷ 𝑐ଷସ𝑐ସଶ 𝑐ସଷ 𝑐ସସ൩ ,
𝐊෩ = ൥𝑘ଶଶ 𝑘ଶଷ 𝑘ଶସ𝑘ଷଶ 𝑘ଷଷ 𝑘ଷସ𝑘ସଶ 𝑘ସଷ 𝑘ସସ൩ ,            𝐐෩ = −൥𝑘ଶଵ 𝑐ଶଵ 𝑚ଶଵ𝑘ଷଵ 𝑐ଷଵ 𝑚ଷଵ𝑘ସଵ 𝑐ସଵ 𝑚ସଵ൩ ቎

𝜃଴𝜃ሶ଴𝜃ሷ଴቏ . 
Defining: 

𝛌 = ൥0 1 0 00 0 1 00 0 0 1൩ ,     Γ = ቂ0 1 00 0 1ቃ ,    𝐯 = ሾ1 0 0 0ሿ, 𝐌෩ = 𝛌𝐌𝛌்𝐂෨ = 𝛌𝐂𝛌்𝐊෩ = 𝛌𝐊𝛌் ,     𝐱 = ሾ𝜃 𝑞ଵ 𝑞ଶ 𝜃ሶ 𝑞ሶଵ 𝑞ሶଶ 𝜃଴ 𝜃ሶ଴ 𝜃ሷ଴ሿ் . 𝐐෩ in the Eq. (7) can be expressed as: 

𝐐෩ = −ሾ𝛌𝐊𝐯் 𝛌𝐂𝐯் 𝛌𝐌𝐯்ሿ ቎𝜃଴𝜃ሶ଴𝜃ሷ଴቏ = −𝐋቎𝜃଴𝜃ሶ଴𝜃ሷ଴቏. (8)

Eq. (7) can be written as: 

𝐱ሶ = ൦ 𝟎ଷ×ଷ 𝐈ଷ×ଷ 𝟎ଷ×ଷ−𝐌෩ ିଵ𝐊෩ −𝐌෩ିଵ𝐂෨ −𝐌෩ ିଵ𝐋𝟎ଶ×ଷ 𝟎ଶ×ଷ Γ𝟎ଵ×ଷ 𝟎ଵ×ଷ 𝟎ଵ×ଷ
൪ 𝐱 + ቂ𝟎଼×ଵ1 ቃ 𝜃ሸ଴. (9)

Then the state equation can be written as: 𝐱ሶ(𝑡) = 𝐀𝐱(𝑡) + 𝐁𝑢(𝑡), (10)

where, 𝑢(𝑡) = 𝜃ሸ଴. 𝜏 can be expressed as: 
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𝜏 = 𝐯𝐐 = 𝐄𝐱, (11)

where 𝐄 = ሾ−𝐯𝐌𝛌்𝐌෩ ିଵ𝐊෩ −𝐯𝐌𝛌்𝐌෩ ିଵ𝐂෨ −𝐯𝐌𝛌்𝐌෩ିଵ𝐋ሿ + ሾ−𝑘 0 0 0 0 0 𝑘 0 𝐽ሿ. 
3. Trajectory optimization model of flexible manipulator according to the energy-vibration 
optimal method 

The trajectory optimization model is created using an energy-vibration optimum approach in 
this section. The system's energy consumption can be roughly calculated as the total of the energy 
spent during the motion process and the residual energy remaining after the motion. The amount 
of energy consumed during motion is proportional to the square of the motor output force [26], 
which may be approximated as: 

𝐄௦ = න 𝑘௖𝜏ଶ௧೑଴ 𝑑𝑡 = න 𝑘௖(𝐄𝐱(𝑡)௧೑଴ )ଶ𝑑𝑡,      𝑘௖ > 0. 
The residual energy after the motion can be expressed as: 𝐄௥ = 12𝐪ሶ ்𝐌𝐪ሶ + 12𝐪்𝐊𝐪. 
The optimum objective function can be converted from multi-objective planning to single-

objective planning using the energy-vibration optimal approach: 

min    𝐉 = 𝐄௦ = න 𝑘௖(𝐄𝐱(𝑡)௧೑଴ )ଶ𝑑𝑡 = න 𝐱(𝑡)்𝐄்𝐄𝐱(𝑡)𝑑𝑡௧೑଴ , (12)

which should satisfy constraint condition that 𝐄௥ = 0, then there is: 𝐱(0) = 𝟎，𝐱൫𝑡௙൯ = ሾ𝜃௙ 0 0 0 0 0 𝜃௙ 0 0ሿ். (13)

Limited by the maximum velocity and acceleration of the motor, there are: 0 ≤ 𝜃ሶ଴ ≤ 𝜔୫ୟ୶ ,     − 𝛼୫ୟ୶ ≤ 𝜃ሷ଴ ≤ 𝛼୫ୟ୶ ,     − 𝛼ሶ୫ୟ୶ ≤ 𝜃ሸ଴ ≤ 𝛼ሶ୫ୟ୶. (14)

Eqs. (12)-(14) are the trajectory optimization model. In order to get the optimal trajectory, the 
objective function and constraints need to be discretized. Set the discretized time series as 𝑇, if 𝑡௙ = 𝑘௙𝑇, the defined coordinate variable time series is 𝐱ത = ൣ𝑥்(1), 𝑥்(2), … , 𝑥்൫𝑘௙൯൧் ∈ℝଽ௞೑×ଵ, and the control variable time series is 𝐮ഥ = ൣ𝑢(0)，𝑢(1)，⋯，𝑢൫𝑘௙ − 1൯൧் ∈ ℝ௞೑×ଵ, 
then there is: 

𝐱(𝑘) = 𝐆௞𝐱(0) + ෍𝐆௞ି௡𝐇𝑢(𝑛 − 1)௞
௡ୀଵ , (15)

where, 𝐆(𝑇) = 𝑒𝐀், 𝐇(𝑇) = ቀ׬ 𝑒𝐀ఙ𝑑𝜎଴் ቁ𝐁. Eq. (10) can be discretized as: 

𝐱ത = ൦ 𝐆𝐆ଶ⋯𝐆௞೑൪ 𝐱(0) + ൦ 𝐇𝐆𝐇 𝐇⋮ ⋮ ⋱𝐆௞೑ିଵ𝐇 𝐆௞೑ିଶ𝐇 ⋯ 𝐇 ൪𝐮ഥ    = 𝐌𝐱(0) + 𝐍𝐮ഥ, (16)
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where, 𝐌 ∈ ℝଽ௞೑×ଽ, 𝐍 ∈ ℝଽ௞೑×௞೑. 
The diagonal matrix is defined as follows Δ𝐯𝐢 = diag(Λ𝐯𝐢,Λ𝐯𝐢,𝐋,Λ𝐯𝐢) ∈ ℝ௞೑×ଽ௞೑, where: Λ𝐯𝟏 = ሾ1 0 0 0 0 0 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟐 = ሾ0 1 0 0 0 0 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟑 = ሾ0 0 1 0 0 0 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟒 = ሾ0 0 0 1 0 0 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟓 = ሾ0 0 0 0 1 0 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟔 = ሾ0 0 0 0 0 1 0 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟕 = ሾ0 0 0 0 0 0 1 0 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟖 = ሾ0 0 0 0 0 0 0 1 0ሿ ∈ ℝଵ×ଽ,Λ𝐯𝟗 = ሾ0 0 0 0 0 0 0 0 1ሿ ∈ ℝଵ×ଽ.

 

Then each discretized coordinate variable can be expressed as: 𝛉ഥ = Δ𝐯𝟏𝐱ത = Δ𝐯𝟏𝐌𝐱(0) + Δ𝐯𝟏𝐍𝐮ഥ𝛉ഥሶ = Δ𝐯𝟒𝐱ത = Δ𝐯𝟒𝐌𝐱(0) + Δ𝐯𝟒𝐍𝐮ഥ, 𝐪ഥ𝟏 = Δ𝐯𝟐𝐱ത = Δ𝐯𝟐𝐌𝐱(0) + Δ𝐯𝟐𝐍𝐮ഥ𝐪ഥ𝟐 = Δ𝐯𝟑𝐱ത = Δ𝐯𝟑𝐌𝐱(0) + Δ𝐯𝟑𝐍𝐮ഥ, 𝐪ഥሶ 𝟏 = Δ𝐯𝟓𝐱ത = Δ𝐯𝟓𝐌𝐱(0) + Δ𝐯𝟓𝐍𝐮ഥ𝐪ഥሶ 𝟐 = Δ𝐯𝟔𝐱ത = Δ𝐯𝟔𝐌𝐱(0) + Δ𝐯𝟔𝐍𝐮ഥ, 𝛉ഥ𝟎 = Δ𝐯𝟕𝐱ത = Δ𝐯𝟕𝐌𝐱(0) + Δ𝐯𝟕𝐍𝐮ഥ𝛉ഥሶ 𝟎 = Δ𝐯𝟖𝐱ത = Δ𝐯𝟖𝐌𝐱(0) + Δ𝐯𝟖𝐍𝐮ഥ, 𝛉ഥሷ 𝟎 = Δ𝐯𝟗𝐱ത = Δ𝐯𝟗𝐌𝐱(0) + Δ𝐯𝟗𝐍𝐮ഥ𝛉ഥሸ𝟎 = 𝐮ഥ. 
Eq. (12) can be discretized as: 

𝐉 = ෍𝑇 ⋅ 𝜏் ⋅ 𝜏௞
௡ୀଵ = 𝑇൫𝐮ഥ்𝐍்Φ𝐍𝐮ഥ + 2𝐱்(0)𝐌்Φ𝐍𝐮ഥ + 𝐱்(0)𝐌்Φ𝐌𝐱(0)൯, (17)

where, Φ = 𝜑்𝜑, 𝜑 = ൦𝚬 0 ⋯ 00 𝚬 0 ⋮⋮ 0 ⋱ 00 … 0 𝚬൪ ∈ ℝ௞௙×ଽ௞௙. 

According to Eq. (13), Eq. (15) can be expressed as: 𝐱൫𝑡௙൯ = 𝐆௞೑𝐱(0) + ሾ𝐆௞೑ିଵ𝐇 𝐆௞೑ିଶ𝐇 ⋯ 𝐇ሿ𝐮ഥ, (18)

that is: 𝐄𝐮ഥ = 𝐝, (19)

where, 𝐄 = ሾ𝐆௞೑ିଵ𝐇 𝐆௞೑ିଶ𝐇 ⋯ 𝐇ሿ ∈ ℝଽ×௞೑, 𝐝 = 𝐱൫𝑡௙൯ − 𝐆௞೑𝐱(0) ∈ ℝଽ×ଵ. 
Eq. (14) can express as: Δ𝐯𝟖𝐍𝐮ഥ ≤ 𝛚− Δ𝐯𝟖𝐌𝐱(0),−Δ𝐯𝟖𝐍𝐮ഥ ≤ Δ𝐯𝟖𝐌𝐱(0),Δ𝐯𝟗𝐍𝐮ഥ ≤ 𝛂௞೑×ଵ − Δ𝐯𝟗𝐌𝐱(0),−Δ𝐯𝟗𝐍𝐮ഥ ≤ 𝛂௞೑×ଵ + Δ𝐯𝟗𝐌𝐱(0),𝐮ഥ ≤ 𝛂ሶ ௞೑×ଵ,−𝐮ഥ ≤ 𝛂ሶ ௞೑×ଵ,

 (20)
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where: 𝛚௞೑×ଵ = [𝜔୫ୟ୶ 𝜔୫ୟ୶ ⋯ 𝜔୫ୟ୶]் ∈ ℝ௞೑×ଵ,𝛂௞೑×ଵ = [𝛼୫ୟ୶ 𝛼୫ୟ୶ ⋯ 𝛼୫ୟ୶]் ∈ ℝ௞೑×ଵ,𝛂ሶ ௞೑×ଵ = [𝛼ሶ୫ୟ୶ 𝛼ሶ୫ୟ୶ ⋯ 𝛼ሶ୫ୟ୶]் ∈ ℝ௞೑×ଵ,  
that is, 𝐆𝐮ഥ ≤ 𝐡, where: 𝐆 = ൣΔ௩଼𝐍 −Δ௩଼𝐍 Δ௩ଽ𝐍 −Δ௩ଽ𝐍 𝐈௞೑ −𝐈௞೑൧் ∈ ℝ଺௞೑×௞೑ ,𝐡 = ൣ𝛚௞೑×ଵ − Δ௩଼𝐌𝐱(0) Δ௩଼𝐌𝐱(0) 𝛂௞೑×ଵ − Δ௩ଽ𝐌𝐱(0) 𝛂 + Δ௩ଽ𝐌𝐱(0) 𝛂ሶ ௞೑×ଵ 𝛂ሶ ௞೑×ଵ൧்       ∈ ℝ଺௞೑×ଵ. 

Therefore, Eqs. (12)-(14) can be discretized into the following planning problem: min 𝐉 = 𝑇൫𝐮ഥ்𝐍்Φ𝐍𝐮ഥ + 2𝐱்(0)𝐌்Φ𝐍𝐮ഥ + 𝐱்(0)𝐌்Φ𝐌𝐱(0)൯,s. t. 𝐄𝐮ഥ = 𝐝,𝐆𝐮ഥ ≤ 𝐡.  (21)

Only the mechanical work performed by the flexible link is taken into account when 
calculating the energy consumption during its movement. As a result, following discretization, the 
mechanical labor used during the entire movement is: 

𝐖 = ෍𝜏Δ𝜃௞
௡ୀଵ = ෍𝜏𝜃ሶΔ𝑡௞

௡ୀଵ . (22)

4. Trajectory optimization results analysis with different constraints 

4.1. The influence of velocity and acceleration constraints on the optimized trajectory results 

Table 1 shows the parameters of the simplified manipulator model depicted in Fig. 1. 

Table 1. Main parameters of the flexible dynamic model 
Parameter Unit Value 
Length 𝐿 m 1.5 
Density 𝜌 kg/m3 2710 

Outer diameter 𝐷 m 0.028 
Inner diameter 𝑑 m 0.022 

Young’s modulus 𝐸 N/m2 7.1e10 
Poisson’s ratio 𝜇 – 0.3 

Drive joint stiffness 𝐾 Nm/rad 5e3 
Drive joint damping 𝐶 Nm/rad 1.3e2 

Inertia moment of drive joint 𝐽 kg·m2  0.9e-3 

In order to analyze the influence of the velocity and acceleration constraints on the optimized 
trajectory of the manipulator, different velocity and acceleration constraints are compared 
separately. 

When only the drive velocity constraints works and the upper velocity constraints are  𝑣௠௔௫ = 5 rad/s, 4 rad/s, 1.5 rad/s, 0.7 rad/s, 0.65 rad/s, and 0.55 rad/s separately, the optimized 
velocity trajectory results are shown in Fig. 2. When the upper velocity constraint is high, the 
optimized drive velocity curve shows a rapid increase in the early stage, and a slow decrease next. 
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Then it gradually approaches a smooth movement with a fixed period, before gently approaching 
zero. With the decrease of the upper velocity constraint, the velocity trajectory gradually tends to 
a S-shape trajectory. The optimal trajectory is found to be close to an S-shaped trajectory only 
when the upper velocity constraint is less than 1.5 rad/s. The vibration period of the rod in Fig. 2 
is 0.35 s, which is close to the first-order natural frequency of the flexible link 2.8329 Hz 
calculated by Eq. (4). The vibration frequency of the simulated physical model is found to be 
consistent with the theoretical calculation result.  

 
Fig. 2. Comparation of the trajectory optimization results with different velocity constraints 

When only the drive acceleration constraints works and upper acceleration constraints are 𝑎௠௔௫ =5 rad/s2, 4 rad/s2, 1 rad/s2, 0.8 rad/s2, and 0.5 rad/s2 separately, the optimized velocity 
trajectory results are shown in Fig. 3. With the increase of the acceleration limit, the velocity 
trajectory gradually tends to a convex trajectory. 

 
Fig. 3. Comparation of the trajectory optimization results with different acceleration constraints 

 
Fig. 4. The optimized trajectory at 𝑣௠௔௫ =5 rad/s, 𝛼 = 5 rad/s2, 𝛼ሶ = 10 rad/s3 

The optimized trajectory results of displacement, velocity, and acceleration are given in Fig. 4 
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where the upper velocity, upper acceleration, and upper jerk constraints are 5 rad/s, 5 rad/s2, and 
10 rad/s3 respectively, and the trajectory optimization duration is from 0 s to 5 s. 

In order to observe vibration suppression effect of the optimized trajectories, the displacement 
vibration is shown in Fig. 5. Due to the nonlinear term is omitted during trajectory optimizing in 
Eqs. (5) and (6), the terminal vibration value is not zero when the driving motor stops. However, 
it can be found that the amplitude of the residual vibration is only 0.047 mm, which is close to 
zero. It has been demonstrated that this omission has no influence on vibration control, and that 
this optimization strategy has a significant effect on restraining the flexible link's vibration. 

 
Fig. 5. The end vibration of flexible link follows the optimized trajectory result 

In order to show the vibration suppression effect of this method, we compare with different 
optimized trajectory methods and different control methods. Tao [27] proposed a novel trajectory 
planning scheme based on quintic polynomial transition to solve the conflict between swiftness 
and overshoot in traditional path planning as well as to suppress the vibration of flexible 
appendages. Hizarci [28] presents the development of an optimal PID controller by using PSO 
algorithm for position control of a flexible manipulator to reduce the vibration of the manipulator. 
In order to be more precise, the data from Berkan's paper is used for vibration suppression 
comparison. The flexible manipulator is made of stainless steel, having 0.414 m length, 0.026 m 
width, 0.0055 m thickness, 190 N/m2 elasticity modules, 7600 kg/m3 density and 13.4 g tip mass, 
1 s planning time. The damping ratio estimated as 0.0038 under free vibration test [29]. 

 
Fig. 6. The end vibration of flexible link follows the optimized trajectory result 

It can be seen from Fig. 6 that the optimal trajectory planning method has obvious vibration 
suppression effect compared with the quintic polynomial trajectory planning method and PSO 
tuned PID controller method. The end residual vibration of flexible link using three different 
approaches are illustrated in Table 2. Due to the nonlinear term is neglected during trajectory 
optimization in Eqs. (5) and (6), when moving at high speeds, the terminal vibration value when 
the drive motor stops is not zero. However, we can see that the optimal trajectory planning has a 
residual vibration of 0.46, which is below 2.06 and 2.81. As a result, the proposed trajectory 
planning scheme is significantly superior to the other two methods. 
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Table 2. End residual vibration after 𝑡 = 2 s 
Different methods End residual vibration (cm) 
Optimal trajectory 0.46 

Quintic polynomial trajectory [28] 2.06 
PSO-tuned PID Controller [29] 2.81 

4.2. The influence of time constraint on the optimized trajectory results  

The influence of planning time on the optimal manipulator trajectory is analyzed and shown 
in Fig. 7 when the planning period is extended by 1 s and 2 s. The optimized trajectories of 
displacement, velocity, and acceleration have all been extended by the same amount of time, while 
the shape of the planning curves has remained relatively unchanged. Fig. 8 shows the end vibration 
and energy consumption of flexible link.  

 
a) Displacement comparison 

 
b) Velocity comparison 

 
c) Acceleration comparison 

Fig. 7. Comparation of the trajectory optimization results with different planning time 

 
a) Comparison of end displacement 
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b) Comparison of energy consumption 

Fig. 8. End vibration and energy consumption of flexible link 

Figure 8(a) shows that all of the three optimization results have significant effect on restraining 
the vibration of the flexible link, with the maximum vibration decreasing as the of time constraint 
increases. Fig. 8(b) shows the results of energy consumption of driving motor. The overall energy 
consumption decreases as the planning time increases. It can be found that sufficient planning 
time can make the less vibration, which is more beneficial to suppress vibration.  

4.3. The influence of joint stiffness on the optimized trajectory results 

In order to analyze the influence of the joint stiffness on the optimized trajectory of the 
manipulator, results with 5000 Nm/rad, 50000 Nm/rad, 500000 Nm/rad are compared. Which is 
shown in Fig. 9. 

As shown in Fig. 9, the raised edge of driving trajectory of displacement, velocity and 
acceleration are all shift to the right with the joint stiffness increases. It shows in Fig. 9(c) that the 
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acceleration will converge to the values near zero in advance when the joint stiffness is very small; 
while when the stiffness is larger, it will converge to zero later or even close to 5 seconds. It also 
shows that the joint stiffness has a minor impact on the ideal trajectory. 

 
a) Displacement comparison 

 
b) Velocity comparison 

 
c) Acceleration comparison 

Fig. 9. Comparation of the trajectory optimization results with different joint stiffness 

5. Vibration suppression effect analysis considering the parameter variation 

Parameter variation always has a significant influence on trajectory optimization. For the 
flexible manipulator, the length and cross-sectional area of the link, torsional stiffness of the joint, 
and the lumped mass of the next link are all important parameters for the driving trajectory 
optimization analysis. Therefore, the four different parameters including length 𝐿, cross-sectional 
area 𝑆, joint torsional stiffness 𝐾 and the lumped mass 𝑚ଵ are considered and compared with 
different variations ranging from –10 % to 10 %. The dynamic responses follow the optimized 
trajectory results are shown in Fig. 10, while the residual vibrations and energy consumptions of 
the flexible manipulator are shown in Fig. 11. 

Fig. 10(a), (b) and (d) show that the small variations in length, cross-sectional area, and lumped 
mass have a significant influence on the vibration suppression effect when compared to joint 
stiffness. The residual vibrations of the parameter variation ones are far larger than the original 
parameter one, as shown in Fig. 11(a). The energy consumption of manipulator increases as the 
length, cross-sectional area, joint stiffness and lumped mass increase, as shown in Fig. 11(b). The 
most significant impact on energy consumption is length variation, while joint stiffness has a 
minor influence. The processing accuracy of length, cross-sectional area and end quality 
parameters must be ensured in order to ensure the vibration suppression effect following the 
trajectory optimization result during actual processing. The change in torsional stiffness, on the 
other hand, has a minor impact on residual vibration and energy consumption, so joint stiffness 
accuracy criteria can be slightly relaxed. 
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a) End displacement with different 𝐿 

 
b) End displacement with different 𝑆 

 
c) End displacement with different 𝐾 
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d) End displacement with different 𝑚ଵ 

Fig. 10. The influence of parameter variation 

6. Experiment and analysis 

Fig. 12 shows a flexible manipulator test rig that is powered by a DC motor and has its 
velocities reduced by a 1:15 reducer to allow the flexible arm to move smoothly in accordance 
with the specified driving mode. The piezoelectric acceleration sensor attached to the end of the 
link collects vibration data from the flexible link, and the closed loop Hall sensor collects current 
variation during movement. As a result, according to 𝐖 = Δ𝑇∑ 𝑈𝐼௞௞௡ୀଵ , the energy consumption 
is calculated. 

As shown in Fig. 13, four driving trajectories are compared: uniform velocity trajectory, 
triangle velocity trajectory, trapezoidal velocity trajectory and the optimal trajectory. 

The corresponding acceleration signals at the end of the flexible link are shown in Fig. 14. 
When the motor starts or stops, it has a significant vibration impact. The optimal trajectory in 
Fig. 13 has the smallest residual vibration after the movement, while the uniform velocity 
trajectory has the greatest residual vibration.  

The variation of driving currents after moving average are shown in Fig. 15, while the energy 
consumptions are shown in Table 3. The current curve and energy consumption of the link driven 
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by the optimized trajectory are not the smallest, but their residual vibration is. Because the 
nonlinear term in Eqs. (5) and (6) is omitted during trajectory optimizing optimization, the residual 
vibration is zero, which is used as the prior constraint condition. However, it can be shown in 
Table 3 that the energy consumption of the four driving trajectories is not significantly different, 
whereas the residual vibration of the optimized trajectories is significantly lower than that of the 
other trajectories, proving that the optimized trajectory has a good vibration suppression effect. 

Table 3. Energy consumption of the end of the link 
Driving trajectories Energy consumption (J) 

Uniform velocity trajectory 169.92 
Triangle velocity trajectory 157.53 

Trapezoidal velocity trajectory 162.21 
Optimal trajectory 163.50 

 

L S K M
0

1

2

3

4

5

6

7
 -10%
 -5%
 0
 +5%
 +10%

am
pl
i
tu
de

(m
m

)

0.79

2.35

0.05

4.49

6.5

3.333.41 3.63
4.22

0.340.190.050.120.26
1.08

0.51
0.03

0.500.82
0.05

 
a) Maximum end vibration after 𝑡 = 5 s 

L S K M
0.0

0.2

0.4

0.6

0.8

1.0
 -10%
 -5%
 0
 +5%
 +10%

W
(J

)

0.28
0.39

0.59
0.70

0.87

0.48
0.550.590.600.61 0.58

0.590.60 0.61
0.530.540.560.570.580.56

 
b) Energy consumption 

Fig. 11. residual vibrations and energy consumptions  
of the flexible manipulator with the parameter variation 
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Fig. 12. Flexible manipulator test rig 
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Fig. 13. Four driving trajectories 

residual acceleration:26.26

 
a) Uniform velocity trajectory 

residual acceleration:18.69

 
b) Triangle velocity trajectory 

residual acceleration:15.98

 
c) Trapezoidal velocity trajectory 

residual acceleration:1.68

 
d) Optimal trajectory 

Fig. 14. Acceleration of the end of the link 

 
Fig. 15. Current value with time 

The vibration suppression effect of the flexible arm with 13.5 g end mass was analyzed. The 
corresponding acceleration signals are measured at the ends of flexible links with end masses of 
4.5 g, 9 g, 13.5 g, 18 g and 22.5 g. The residual acceleration of the corresponding acceleration 
signals at the end of flexible link is shown in Fig. 16. The variation of current after moving average 
is shown in Fig. 17. Table 4 shows the residual acceleration and energy consumption of the end 
of the link. 

As shown in Fig. 16, small variations in mass have a significant influence on the vibration 
suppression effect, and the residual vibrations of the parameter variation ones are all larger than 
the original parameter one. Table 4 shows that the energy consumption of the manipulator 
increases as the mass increase, which proves the previous simulation results.  
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Table 4. Residual acceleration and energy consumption of the end of the link with different end mass  
End mass (g) Energy consumption (J) 

4.5 157.12 
9 157.60 

13.5 157.72 
18 157.94 

22.5 158.49 
 

residual acceleration:5.14

 
a) 4.5 g end mass 

residual acceleration:4.75

 
b) 9 g end mass 

residual acceleration:2.83

 
c) 13.5 g end mass 

residual acceleration:5.59

 
d) 18 g end mass 

residual acceleration:6.28

 
e) 22.5 g end mass 

Fig. 16. Acceleration of the end of the link with different end mass 

 
Fig. 17. Current value with time 

7. Conclusions 

The residual vibration and energy consumption of a manipulator with both flexible link and 
flexible joint that has a certain structure size is used as the objective function for trajectory 
planning and design using PSO trajectory planning method. In comparison to quadratic 
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programming, the PSO has better stability and is more convenient for dealing with the 
optimization design problem of manipulators with both flexible link and flexible joint. The results 
of the trajectory optimization with different constraints, as well as vibration suppression effect 
analysis with parameter variation of the dynamic model driven by this optimized trajectory, are 
studied. 

In order to analyze the influence of the velocity and acceleration constraints on the optimized 
trajectory of the manipulator, different velocity and acceleration constraints are compared 
separately. The velocity trajectory gradually tends to an S-shape trajectory as the upper velocity 
constraint is reduced. It has been found that the optimal trajectory will close to an S-shaped 
trajectory only when the upper velocity constraint is less than a certain value. And as the 
acceleration limit is increased, the velocity trajectory gradually tends to a convex trajectory. 
Meanwhile, adequate planning time can reduce vibration, which is more beneficial to vibration 
suppression, whereas joint stiffness has a minor influence on the optimal trajectory result. It was 
discovered that the constraint effect has a significant effect on the shape of optimal trajectory. 

Small variations in length, cross-sectional area, and lumped mass have a significant influence 
on the vibration suppression effect when compared to joint stiffness; the residual vibrations of the 
parameter variation ones are far larger than the original parameter one. The energy consumption 
of the manipulator increases as the length, cross-sectional area, joint stiffness, and the end mass 
increase. The length variation has the greatest impact on energy consumption, while joint stiffness 
has a minor impact. To ensure the vibration suppression effect following the trajectory 
optimization result during actual processing, the processing accuracy of length, cross-sectional 
area and end quality parameters must be ensured. Whereas the change in residual vibration and 
energy consumption caused by torsional stiffness is relatively small. The accuracy requirements 
for joint stiffness can be slightly relaxed. 

The experiment is conducted using flexible manipulator test rig. It demonstrates that the 
optimal trajectory has a good suppression effect on the flexible manipulator. The residual 
vibrations of the parameter variation ones are larger than the original parameter one, and the 
energy consumption of the manipulator increases as the end mass increases. it proves that small 
variations in lumped mass have a significant impact on the vibration suppression. 
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