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Abstract. The dynamic characteristic of a space rotating flexible arm with moving mass were 
investigated. The space arm with moving mass can rotate around the fixed end in horizontal and 
vertical planes simultaneously. And the lateral deflections of the arm in the two planes were 
considered. The equations of the structure were derived by the Lagrange’s equation with the 
assumed mode method. And a system of binary second order linear differential equations is gotten. 
Based on the central difference method, a conditionally stable algorithm for solving the equations 
is established. Due to the coupling of lateral displacements of the arm in horizontal and vertical 
planes, the increase of the angular velocity in one plane will increase the lateral displacements in 
the other plane. When the angle between the arm and the horizontal plane increases, the 
component of gravity along the normal direction of the beam will decrease, resulting in a decrease 
in lateral displacements in vertical plane, however, it will lead to a decrease in stiffness in 
horizontal plane and thus an increase in lateral displacements. Compared with moving mass, 
moving load ignores the influence of inertial force, so the calculation results of moving mass and 
moving load are different. The conclusions provide calculation basis for the design of similar 
structures. 
Keywords: space rotating flexible arm, moving mass, binary second order linear differential 
equations, central difference method, dynamic analysis. 

1. Introduction 

The vibration of structures under moving mass or moving load is an important engineering 
problem, such as a bridge with travelling vehicles and a robotic arm carrying a moving end 
effecter. Because of the importance of such problems in engineering, it has attracted the attention 
of many researchers in the last few decades. There are a lot of works can be found in the published 
literature.  

In most studies, the structures are considered to be no rotating. Wu [1] investigated the 
dynamic response of an inclined beam excited by moving mass and the moving mass element is 
used in his analysis. Yang et al. [2] presented an analytical study on the free and forced vibration 
of inhomogeneous Euler–Bernoulli beams containing open edge cracks, and the beam is subjected 
to an axial compressive force and a concentrated transverse load moving along the longitudinal 
direction. Under different boundary conditions, Kiani et al. [3] gave a comprehensive assessment 
of design parameters for various beam theories subjected to a moving mass. A non-linear 
viscoelastic foundation supported finite Euler-Bernoulli beam with moving mass is studied by 
Ansari et al. [4], and the Galerkin method is used to discretize the non-linear partial differential 
equation of motion. Esen [5] investigated the dynamic behavior of a beam carrying accelerating 
mass. Then He [6] presented a modified finite element method that can be used to analyze the 
transverse vibrations of a Timoshenko beam subjected to a variable-velocity moving mass. 
Nikkhoo et al. [7] proposed a new orthogonal basis for the spatial discretization tracking the 
dynamic response of shear deformable beams with moving mass. Uzzal et al. [8] presented the 
dynamic response of an Euler-Bernoulli beam supported on two-parameter Pasternak foundation 
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subjected to moving load as well as moving mass. Wang et al. [9] developed a high-order shear 
deformable beam model and investigated the transient response of a sandwich porous beam when 
acted upon by a non-uniformly distributed moving mass. Jena, Parhi and other authors [10-15] 
studied cracked structures subjected to moving mass problems. Besides, Parida, Jena and others 
[16-21] investigated the dynamic and static problems of composite structures. 

The problem becomes more difficult if the structures rotate about an axis. For a rotating 
structure with moving mass, the interaction between rigid and flexible body motions is highly 
demanded. Some of the researchers studied the dynamic response of rotating shaft subject to 
moving mass or moving load. Different beam theories are employed to model the rotating shaft 
with a moving load by Katz et al. [22]. Lee [23] analyzed dynamic response of a rotating shaft 
subject to axial force and moving loads by using Timoshenko beam theory and the assumed mode 
method. Shiau [24] investigated the dynamic response of a rotating multi-span shaft with general 
boundary conditions subjected to an axially moving load. Other researchers studied the dynamic 
responses of structures rotating in a plane and exited by moving mass or moving load. Choura 
[25] investigated the reduction of residual vibrations for the position control of a flexible rotating 
beam carrying a payload mass. Fung and Yau [26] studied the vibration frequencies of a 
clamped-free flexible beam rotating in a horizontal plane and carrying a moving mass. And they 
[27] derived the equation of motion of the system which took into account the effect of centrifugal 
stiffening due to the rotation of the beam. Ouyang and Wang [28] presented a dynamic model for 
the vibration of a rotating Timoshenko beam subjected to a three-directional load moving in the 
axial direction. Lv et al. [29] developed a Fourier Spectral method (FSM) for the vibration analysis 
of a rotating Rayleigh beam exited by moving force.  

To the author's knowledge, arm with a moving mass that rotates in both horizontal and vertical 
planes has not been reported. In this problem, the rotation motion of the arm in one plane will 
affect the deflection in the other. In order to find out the influence of the rotating motion of the 
beam in two planes on the deflections, this study is done. The dynamic equation of the structure 
is a system of binary second-order linear differential equations. Based on the central difference 
method, an algorithm is designed to solve the coupled equations. The influences of the rotation 
motion of the arm in two planes and the influences of the angle between the arm and the horizontal 
plane on the deflection in two planes were studied. In addition, the influences of moving mass and 
moving load on the deflection of the arm were compared. 

2. Formulation of the equations of motion 

A uniform space rotating flexible arm with a moving mass is displayed in Fig. 1. 𝑋𝑌𝑍 is the 
global reference frame, while 𝑥𝑦𝑧 is the rotating reference frame. The fixed end of the arm is 
located at point 𝑂 and the 𝑥 axis is directed along the undeformed configuration of the arm. The 
Angle between the 𝑥-axis and the 𝑋𝑂𝑌 plane is denoted as 𝜃. In this studying, 0 < 𝜃 < 𝜋/2 is 
considered. The angular displacement of the arm rotates about 𝑍 axis is denoted as 𝛼. The moving 
mass 𝑚 moves along the arm. The length of the arm is 𝐿, 𝑠ሺ𝑡ሻ is the displacement of the moving 
mass in the 𝑥 direction while 𝑠ሶ(𝑡) and 𝑠ሷ(𝑡) are the velocity and acceleration of the moving mass 
relative to the arm respectively. 

The global position of an arbitrary material point 𝑝 on the arm can be expressed as: 𝑅 = 𝐴 ⋅ 𝑟, (1)

where 𝐴 is the rotational transformation matrix from the rotating coordinate system 𝑥𝑦𝑧 to the 
fixed reference frame 𝑋𝑌𝑍. It can be expressed as: 

𝐴 = 𝐴ଵ𝐴ଶ =  cos𝛼 ⋅ cos𝜃 sin𝛼 −cos𝛼 ⋅ sin𝜃−sin𝛼 ⋅ cos𝜃 cos𝛼 sin𝛼 ⋅ sin𝜃sin𝜃 0 cos𝜃 ൩, (2)
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where: 

𝐴ଵ =  cos𝛼 sin𝛼 0−sin𝛼 cos𝛼 00 0 1൩ ,     𝐴ଶ = cos𝜃 0 −sin𝜃0 1 0sin𝜃 0 cos𝜃 ൩, 
are the rotational transformation matrices of the coordinate system 𝑥𝑦𝑧 rotating about the 𝑍 axis 
and the 𝑌 axis respectively. 𝑟 is the location of the point 𝑝 in the rotating coordinate system 𝑥𝑦𝑧 
and can be written as: 𝑟 = ሾ𝑥 𝜈 𝑤ሿ், (3)

where 𝑣 and 𝑤 are the lateral displacements along 𝑦 and 𝑧 axis respectively. The velocity of the 
point 𝑝 is: 

𝑅ሶ = 𝐴 ⋅ 𝑟ሶ  ൬𝜕𝐴𝜕𝛼 𝛼ሶ  𝜕𝐴𝜕𝜃 𝜃ሶ൰ 𝑟, (4)𝑟ሶ = ሾ0 𝜈ሶ 𝑤ሶ ሿ் . (5)

 
Fig. 1. A space rotating flexible arm with moving mass 

The kinetic energy of the arm can be written as: 

𝑇 = 12න 𝜌𝐴𝑅ሶ ்𝑅ሶ
 𝑑𝑥  12 𝐽൫𝜃ሶ ଶ  𝛼ሶ ଶ൯, (6)

where 𝜌, 𝐴 and 𝐽 are the mass density, cross sectional area and the rotational inertia of the arm 
respectively. Based on Euler-Bernoulli beam theory [30], the elastic potential energy 𝑈௦ of the 
arm are given by: 

𝑈௦ = 12න ൫𝐸𝐼௭𝜈′′ଶ  𝐸𝐼௬𝑤′′ଶ൯
 𝑑𝑥, (7)

where 𝐸 is the modulus of elasticity, 𝐼௭ and 𝐼௬ are the moment of inertia of arm section to z axis 
and 𝑦 axis respectively. And the gravitational potential energy 𝑈 is: 

𝑈 = 12𝜌𝐴𝑔𝐿ଶsin𝜃. (8)

The axial inertial force 𝐹௫ consists of centrifugal force [27] and gravity can be written as: 
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𝐹௫ =
⎩⎪⎨
⎪⎧𝜌𝐴 න ൣ𝑥൫𝜃ሶ ଶ + 𝛼ሶ ଶ൯ + 𝑣𝛼ሷ + 𝑤𝜃ሷ − 𝑔 ⋅ sin𝜃൧

௫ 𝑑𝑥, (𝑠 < 𝑥 ≤ 𝐿),
𝜌𝐴 න ൣ𝑥൫𝜃ሶ ଶ + 𝛼ሶ ଶ൯ + 𝑣𝛼ሷ + 𝑤𝜃ሷ − 𝑔 ⋅ sin𝜃൧

௫ 𝑑𝑥+ 𝑚𝑠൫𝜃ሶ ଶ + 𝛼ሶ ଶ൯ − 𝑚𝑔 ⋅ sin𝜃,      (0 < 𝑥 ≤ 𝑠).
 (9)

Thus, potential energy generated by 𝐹௫ can be written as: 

𝑈௫ = 12න 𝐹௫(𝜈′ଶ + 𝑤′ଶ)
 𝑑𝑥. (10)

Now, let us consider the kinetic energy and potential energy of the moving mass. The location 
of the moving mass in the rotating coordinate system 𝑥𝑦𝑧 can be written as: 𝑟 = ሾ𝑠 𝜈 𝑤ሿ் , (11)

and the velocity is: 𝑟ሶ = ሾ𝑠ሶ 𝜈ሶ + 𝑠ሶ𝑣′ 𝑤ሶ + 𝑠ሶ𝑤′ሿ் . (12)

Thus, the velocity of the moving mass in the fixed reference frame 𝑋𝑌𝑍 is expressed as: 

𝑅ሶ = 𝐴 ⋅ 𝑟ሶ + ൬𝜕𝐴𝜕𝛼 𝛼ሶ + 𝜕𝐴𝜕𝜃 𝜃ሶ൰ 𝑟. (13)

For a concentrated moving mass, the kinetic energy is: 

𝑇 = 12න ൣ𝛿(𝑥 − 𝑠)𝑚 ⋅ 𝑅ሶ்𝑅ሶ൧
 𝑑𝑥. (14)

The gravitational potential energy can be written as: 

𝑈 = න 𝛿(𝑥 − 𝑠)𝑚𝑔ሾ𝑠 ⋅ sin𝜃 + 𝑤 ⋅ cos𝜃ሿ𝑑𝑥
 . (15)

The total kinetic energy 𝑇 and potential energy 𝑈 of the system can be expressed as: 𝑇 = 𝑇 + 𝑇, (16)𝑈 = 𝑈௦ + 𝑈௫ + 𝑈 + 𝑈. (17)

Lagrange’s equation with the assumed mode method is used to determine the equation of 
motion of the structural system. To use the assumed mode method, the flexible displacements of 
the arm can be expressed in terms of the generalized coordinates and displacement shape 
functions: 

𝑣(𝑥, 𝑡) = 𝜙(𝑥) ⋅ 𝑝(𝑡)
ୀଵ = ሾ𝜙ሿ ⋅ ሼ𝑝ሽ், (18)

𝑤(𝑥, 𝑡) = 𝜙(𝑥) ⋅ 𝑞(𝑡)
ୀଵ = ሾ𝜙ሿ ⋅ ሼ𝑞ሽ், (19)



DYNAMIC RESPONSE OF A SPACE FLEXIBLE ARM WITH A MOVING MASS.  
LIANG ZHAO 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460 645 

where ሾ𝜙ሿ = ሾ𝜙ଵ,⋯ ,𝜙ሿ, ሼ𝑝ሽ = ሼ𝑝ଵ,⋯ ,𝑝ሽ and ሼ𝑞ሽ = ሼ𝑞ଵ,⋯ , 𝑞ሽ. For cantilevered beam, the 
shape functions are: 

𝜙 = ቂcosh ቀ𝜆 𝑥𝐿ቁ − cos ቀ𝜆 𝑥𝐿ቁቃ − cosh(𝜆) + cos(𝜆)sinh(𝜆) + sin(𝜆) × ቂsinh ቀ𝜆 𝑥𝐿ቁ − sin ቀ𝜆 𝑥𝐿ቁቃ, 𝑖 = 1,2,⋯ ,𝑛, (20)

where 𝜆 is obtained from the following characteristic equation: 1 + cosh(𝜆)cos(𝜆) = 0, 𝑖 = 1,2,⋯ ,𝑛. (21)

Lagrange’s equation is written as: 𝑑𝑑𝑡 ቆ𝜕(𝑇 − 𝑈)𝜕𝜁ሶ ቇ − 𝜕(𝑇 − 𝑈)𝜕𝜁 = 𝐹,     𝜁 = (𝑝, 𝑞). (22)

Substituting the energy expressions into Eq. (22), the equations of motion of the whole 
structural system are gotten: ሾ𝑀ሿሼ𝑝ሷሽ + ሾ𝐶ሿሼ𝑝ሶሽ + ൣ𝐾൧ሼ𝑝ሽ + ሾ𝐶ଵሿሼ𝑞ሶ ሽ + ሾ𝐾ଵሿሼ𝑞ሽ + ൣ𝐹൧ = 0, (23)ሾ𝑀ሿሼ𝑞ሷ ሽ + ሾ𝐶ሿሼ𝑞ሶ ሽ + ൣ𝐾൧ሼ𝑞ሽ + ሾ𝐶ଶሿሼ𝑝ሶሽ + ሾ𝐾ଶሿሼ𝑝ሽ + ൣ𝐹൧ = 0, (24)

where: 

ሾ𝑀ሿ = 𝜌𝐴 න ሾ𝜙ሿ்ሾ𝜙ሿd𝑥
 + 𝑚(ሾ𝜙ሿ்ሾ𝜙ሿ)|௫ୀ௦, ሾ𝐶ሿ = 𝑠ሶ𝑚(ሾ𝜙′ሿ்ሾ𝜙ሿ − ሾ𝜙ሿ்ሾ𝜙′ሿ)|௫ୀ௦, ൣ𝐾൧ = 𝐸𝐼௭ න ሾ𝜙′′ሿ்ሾ𝜙′′ሿ𝑑𝑥

 + න 𝐹௫ሾ𝜙′ሿ்ሾ𝜙′ሿ𝑑𝑥
 − 𝜌𝐴𝛼ሶ ଶ න ሾ𝜙ሿ்ሾ𝜙ሿ𝑑𝑥

         +𝑚(𝑠ሷሾ𝜙ሿ்ሾ𝜙′ሿ − 𝑠ሶଶሾ𝜙′ሿ்ሾ𝜙′ሿ − 𝛼ሶ ଶሾ𝜙ሿ்ሾ𝜙ሿ)|௫ୀ௦, ൣ𝐾൧ = 𝐸𝐼௬ න ሾ𝜙′′ሿ்ሾ𝜙′′ሿ𝑑𝑥
 + න 𝐹௫ሾ𝜙′ሿ்ሾ𝜙′ሿ𝑑𝑥

 − 𝜌𝐴൫𝛼ሶ ଶ𝑠𝑖𝑛ଶ𝜃 + 𝜃ሶ ଶ൯න ሾ𝜙ሿ்ሾ𝜙ሿ𝑑𝑥
         +𝑚൫𝑠ሷሾ𝜙ሿ்ሾ𝜙′ሿ − 𝑠ሶଶሾ𝜙′ሿ்ሾ𝜙′ሿ − ൫𝛼ሶ ଶsinଶ𝜃 + 𝜃ሶ ଶ൯ሾ𝜙ሿ்ሾ𝜙ሿ൯ห௫ୀ௦, ሾ𝐶ଵሿ = 2𝜌𝐴𝛼ሶsin𝜃න ሾ𝜙ሿ்ሾ𝜙ሿ𝑑𝑥

 + 2𝑚𝛼ሶsin𝜃ሾ𝜙ሿ்ሾ𝜙ሿ|௫ୀ௦, ሾ𝐶ଶሿ = −ሾ𝐶ଵሿ, ሾ𝐾ଵሿ = 𝜌𝐴൫2𝛼ሶ𝜃ሶcos𝜃 + 𝛼ሷsin𝜃൯න ሾ𝜙ሿ்ሾ𝜙ሿ𝑑𝑥
 , ሾ𝐾ଶሿ = −𝜌𝐴𝛼ሷsin𝜃න ሾ𝜙ሿ்ሾ𝜙ሿ𝑑𝑥

 − 𝑚𝛼ሷsin𝜃ሾ𝜙ሿ்ሾ𝜙ሿ|௫ୀ௦, ൣ𝐹൧ = 2𝜌𝐴൫𝛼ሶ𝜃ሶsin𝜃 − 𝛼ሷcos𝜃൯න 𝑥ሾ𝜙ሿ்𝑑𝑥
         +𝑚ൣ൫2𝑠𝛼ሶ𝜃ሶsin𝜃 − 2𝑠ሶ𝛼ሶcos𝜃 − 𝑠𝛼ሷcos𝜃൯ሾ𝜙ሿ் + 𝑠𝑠ሶ𝛼ሶcos𝜃ሾ𝜙′ሿ்൧ห௫ୀ௦, ൣ𝐹൧ = 𝜌𝐴൫𝛼ሶ ଶsin𝜃cos𝜃 + 𝜃ሷ൯න 𝑥ሾ𝜙ሿ்𝑑𝑥

        +𝑚ൣ൫2𝑠ሶ𝜃ሶ + 𝑠𝛼ሶ ଶsin𝜃cos𝜃 + 𝑠𝜃ሷ + 𝑔cos𝜃൯ሾ𝜙ሿ் − 𝑠𝑠ሶ𝜃ሶ ሾ𝜙′ሿ்൧ห௫ୀ௦       +𝑚ൣ൫2𝑠ሶ𝜃ሶ + 𝑠𝛼ሶ ଶsin𝜃cos𝜃 + 𝑠𝜃ሷ + 𝑔cos𝜃൯ሾ𝜙ሿ் − 𝑠𝑠ሶ𝜃ሶ ሾ𝜙′ሿ்൧ห௫ୀ௦. 
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3. Solution of the equations 

3.1. Method 

In this study, the central difference method is employed to solve the equations. Let 0 < 𝑡ଵ, 
…< 𝑡 < 𝑡ାଵ, … < 𝑇  be a partition of the time domain (0, 𝑇), the time step is Δ𝑡 = 𝑡ାଵ − 𝑡. 
Then at each discrete time point 𝑡, {𝑝} and {𝑞} can be expressed as ሼ𝑝(𝑡)ሽ = ሼ𝑝ሽ and  ሼ𝑞(𝑡)ሽ = ሼ𝑞ሽ respectively. According to the central difference method, the velocity and 
acceleration can be expressed as [31]: 

ሼ𝑝ሶሽ = ሼ𝑝ାଵሽ − ሼ𝑝ିଵሽ2Δ𝑡 ,     ሼ𝑞ሶሽ = ሼ𝑞ାଵሽ − ሼ𝑞ିଵሽ2Δ𝑡 , (25)ሼ𝑝ሷሽ = ሼ𝑝ାଵሽ − 2ሼ𝑝ሽ + ሼ𝑝ିଵሽΔ𝑡ଶ ,    ሼ𝑞ሷሽ = ሼ𝑞ାଵሽ − 2ሼ𝑞ሽ + ሼ𝑞ିଵሽΔ𝑡ଶ . (26)

At each time point 𝑡, the governing equations can be expressed as: ሾ𝑀ሿሼ𝑝ሷሽ + ሾ𝐶ሿሼ𝑝ሶሽ + ൣ𝐾൧ሼ𝑝ሽ + ሾ𝐶ଵሿሼ𝑞ሶሽ + ሾ𝐾ଵሿሼ𝑞ሽ + ൣ𝐹൧ = 0, (27)ሾ𝑀ሿሼ𝑞ሷሽ + ሾ𝐶ሿሼ𝑞ሶሽ + ൣ𝐾൧ሼ𝑞ሽ − ሾ𝐶ଵሿሼ𝑝ሶሽ + ሾ𝐾ଶሿሼ𝑝ሽ + ൣ𝐹൧ = 0. (28)

Substituting Eq. (25) and (26) into Eq. (27) and (28) respectively, we will get: ሾ𝐴ሿሼ𝑝ାଵሽ + ሾ𝐵ሿሼ𝑞ାଵሽ = ሼ𝐹ଵሽ, (29)ሾ𝐴ሿሼ𝑞ାଵሽ − ሾ𝐵ሿሼ𝑝ାଵሽ = ሼ𝐹ଶሽ, (30)

where: ሾ𝐴ሿ = 2ሾ𝑀ሿ + Δ𝑡ሾ𝐶ሿ, ሾ𝐵ሿ = Δ𝑡ሾ𝐶ଵሿ, ሼ𝐹ଵሽ = ൫4ሾ𝑀ሿ − 2Δ𝑡ଶൣ𝐾൧൯ሼ𝑝ሽ + (Δ𝑡ሾ𝐶ሿ − 2ሾ𝑀ሿ)ሼ𝑝ିଵሽ       −2Δ𝑡ଶሾ𝐾ଵሿሼ𝑞ሽ + Δ𝑡ሾ𝐶ଵሿሼ𝑞ିଵሽ − 2Δ𝑡ଶ൛𝐹ൟ, ሼ𝐹ଶሽ = ൫4ሾ𝑀ሿ − 2Δ𝑡ଶൣ𝐾൧൯ሼ𝑞ሽ + (Δ𝑡ሾ𝐶ሿ − 2ሾ𝑀ሿ)ሼ𝑞ିଵሽ       −2Δ𝑡ଶሾ𝐾ଶሿሼ𝑝ሽ − Δ𝑡ሾ𝐶ଵሿሼ𝑝ିଵሽ − 2Δ𝑡ଶ൛𝐹ൟ. 
Upon rearranging Eq. (29), we obtain the following equation: ሼ𝑝ାଵሽ = ሾ𝐴ሿିଵ(ሼ𝐹ଵሽ − ሾ𝐵ሿሼ𝑞ାଵሽ). (31)

Then, substituting Eq. (31) into Eq. (30) yields: ሾ𝐾∗ሿሼ𝑞ାଵሽ = ሼ𝐹∗ሽ, (32)

where ሾ𝐾∗ሿ = ሾ𝐴ሿ + ሾ𝐵ሿሾ𝐴ሿିଵሾ𝐵ሿ, ሼ𝐹∗ሽ = ሼ𝐹ଶሽ + ሾ𝐵ሿሾ𝐴ሿିଵሼ𝐹ଵሽ. 
By solving Eq. (32), we can get ሼ𝑞ାଵሽ. Then ሼ𝑝ାଵሽ can be obtained by Eq. (31). 
The initial conditions of displacement and velocity are given as follows: ሼ𝑝ሽ = ሼ𝑝(0)ሽ,    ሼ𝑞ሽ = ሼ𝑞(0)ሽ, (33)ሼ𝑝ሶሽ = ሼ𝑝ሶ(0)ሽ,    ሼ𝑞ሶሽ = ሼ𝑞ሶ(0)ሽ. (34)

By the governing equations, the initial acceleration is: ሼ𝑝ሷሽ = −ሾ𝑀ሿିଵ൫ሾ𝐶ሿሼ𝑝ሶሽ + ൣ𝐾൧ሼ𝑝ሽ + ሾ𝐶ଵሿሼ𝑞ሶሽ + ሾ𝐾ଵሿሼ𝑞ሽ + ൛𝐹ൟ൯, (35)
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ሼ𝑞ሷሽ = −ሾ𝑀ሿିଵ൫ሾ𝐶ሿሼ𝑞ሶሽ + ൣ𝐾൧ሼ𝑞ሽ − ሾ𝐶ଵሿሼ𝑝ሶሽ + ሾ𝐾ଶሿሼ𝑝ሽ + ൛𝐹ൟ൯. (36)

According to the central difference algorithm, we can get: 

ሼ𝑝ሶሽ = ሼ𝑝ଵሽ − ሼ𝑝ିଵሽ2Δ𝑡 ,    ሼ𝑞ሶሽ = ሼ𝑞ଵሽ − ሼ𝑞ିଵሽ2Δ𝑡 , (37)ሼ𝑝ሷሽ = ሼ𝑝ଵሽ − 2ሼ𝑝ሽ + ሼ𝑝ିଵሽΔ𝑡ଶ ,   ሼ𝑞ሷሽ = ሼ𝑞ଵሽ − 2ሼ𝑞ሽ + ሼ𝑞ିଵሽΔ𝑡ଶ . (38)

Eliminating ሼ𝑝ଵሽ and ሼ𝑞ଵሽ in the above two formulas, we will get: 

ሼ𝑝ିଵሽ = ሼ𝑝ሽ − Δ𝑡ሼ𝑝ሶሽ + Δ𝑡ଶ2 ሼ𝑝ሷሽ, (39)ሼ𝑞ିଵሽ = ሼ𝑞ሽ − Δ𝑡ሼ𝑞ሶሽ + Δ𝑡ଶ2 ሼ𝑞ሷሽ. (40)

The solving procedure is summarized in Table 1. 

Table 1. Implementation of the algorithm 
A. Data input and initialization 

(a) Set initial values:ሼ𝑝ሽ = ሼ𝑝(0)ሽ, ሼ𝑞ሽ = ሼ𝑞(0)ሽ, ሼ𝑝ሽ = ሼ𝑝(0)ሽ, ሼ𝑞ሶሽ = ሼ𝑞ሶ(0)ሽ 
(b) Form coefficient matrices: [𝑀], [𝐶], [𝐶ଵ], [𝐾], [𝐾], [𝐾ଵ], [𝐾ଶ], [𝐹], [𝐹] 

(c) Compute initial accelerations: ሼ𝑝ሷሽ and ሼ𝑞ሷሽ 
(d) Compute ሼ𝑝ିଵሽ and ሼ𝑞ିଵሽ. 

B. For each time interval (𝑖 = 0,1,2, 𝐿) 

(a) Form coefficient matrices: [𝑀], [𝐶], [𝐶ଵ], [𝐾], [𝐾], [𝐾ଵ], [𝐾ଶ], [𝐹], [𝐹] 
(b) Form effective matrices: [𝐴], [𝐵], {𝐹ଵ}, {𝐹ଶ} 

– Compute effective stiffness matrix: ሾ𝐾∗ሿ = ሾ𝐴ሿ + ሾ𝐵ሿሾ𝐴ሿିଵሾ𝐵ሿ 
– Compute effective external force vectors: ሼ𝐹∗ሽ = ሼ𝐹ଶሽ + ሾ𝐵ሿሾ𝐴ሿିଵሼ𝐹ଵሽ 

(c) Solve equations: ሾ𝐾∗ሿ ⋅ ሼ𝑞ାଵሽ = ሼ𝐹∗ሽ ሼ𝑝ାଵሽ = ሾ𝐴ሿିଵ(ሼ𝐹ଵሽ − ሾ𝐵ሿሼ𝑞ାଵሽ) 

(d) Update solutions: ሼ𝑝ିଵሽ = ሼ𝑝ሽ, ሼ𝑝ሽ = ሼ𝑝ାଵሽ, ሼ𝑞ିଵሽ = ሼ𝑞ሽ, ሼ𝑞ሽ = ሼ𝑞ାଵሽ 𝑖 = 𝑖 + 1, 𝑡 = 𝑡 + ∆𝑡 
If 𝑡 < 𝑇 go to (a), else terminate 

3.2. Stability 

To analyze the stability of the method we consider a single-degree-of-freedom (SDOF) system 
[32]: 𝑚 ⋅ 𝑝ሷ(𝑡) + 𝑐 ⋅ 𝑝ሶ(𝑡) + 𝑘 ⋅ 𝑝(𝑡) + 𝑐ଵ ⋅ 𝑞ሶ(𝑡) + 𝑘ଵ ⋅ 𝑞(𝑡) + 𝑓 = 0, (41)𝑚 ⋅ 𝑞ሷ(𝑡) + 𝑐 ⋅ 𝑞ሶ(𝑡) + 𝑘 ⋅ 𝑞(𝑡) − 𝑐ଵ ⋅ 𝑝ሶ(𝑡) + 𝑘ଶ𝑝(𝑡) + 𝑓 = 0. (42)

The stability can be evaluated with the solution succinctly written in the recursive form  
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[31, 32]: 

൦𝑝ାଵ𝑝𝑞ାଵ𝑞 ൪ = Λ ൦ 𝑝𝑝ିଵ𝑞𝑞ିଵ൪ + 𝑍, (43)

and the amplification matrix Λ is expressed as: Λ = 14 + 4𝜉Δ𝑡 + Δ𝑡ଶ(𝜉ଶ + 𝜉ଵଶ) 
× ⎣⎢⎢⎢
⎡8 + 4Δ𝑡𝜉 − 4Δ𝑡ଶ𝜔ଶ + 2Δ𝑡ଷ൫𝜉ଵ𝜔ଶଶ − 𝜉𝜔ଶ൯ −4 + Δ𝑡ଶ(𝜉ଶ + 𝜉ଵଶ) −4Δ𝑡𝜉ଵ − 4Δ𝑡ଶ𝜔ଵଶ + 2Δ𝑡ଷ൫𝜉ଵ𝜔ଶ − 𝜉𝜔ଵଶ൯ 4Δ𝑡𝜉ଵ4 + 4𝜉Δ𝑡 + Δ𝑡ଶ(𝜉ଶ + 𝜉ଵଶ) 0 0 04Δ𝑡𝜉ଵ − 4Δ𝑡ଶ𝜔ଶଶ − 2Δ𝑡ଷ൫𝜉𝜔ଶଶ + 𝜉ଵ𝜔ଶ൯ −4Δ𝑡𝜉ଵ 8 + 4Δ𝑡𝜉 − 4Δ𝑡ଶ𝜔ଶ − 2Δ𝑡ଷ൫𝜉ଵ𝜔ଵଶ + 𝜉𝜔ଶ൯ −4 + Δ𝑡ଶ(𝜉ଶ + 𝜉ଵଶ)0 0 0 4 + 4Δ𝑡𝜉 + Δ𝑡ଶ(𝜉ଶ + 𝜉ଵଶ)⎦⎥⎥⎥

⎤, (44)

where 𝜉 = 𝑐/𝑚, 𝜉ଵ = 𝑐ଵ/𝑚, 𝜔ଶ = 𝑘/𝑚, 𝜔ଶ = 𝑘/𝑚, 𝜔ଵଶ = 𝑘ଵ/𝑚, 𝜔ଶଶ = 𝑘ଶ/𝑚, The 
stability of an algorithm depend upon the eigenvalues of the amplification matrix. The stability 
condition is [31, 32]: 𝜌(Λ) ≤ 1, (45)

where 𝜌(Λ) is the spectral radius of Λ which is defined as 𝜌(Λ) = max|𝜆|, and 𝜆 are the 
eigenvalues of Λ. In this analysis, 𝑚 = 1, 𝑐 = 1, 𝑐ଵ = 1, 𝑘 = 5000, 𝑘 = 5000, 𝑘ଵ = 1, 𝑘ଶ = 1. 
The value of 𝜌(Λ) is plotted against Δ𝑡 in Fig. 2. It can be seen that when Δ𝑡 ≤ 0.0283, the 
algorithm is stable. Thereby, it is a conditionally stable algorithm. 

 
Fig. 2. Spectral radius of the amplification matrix. 

4. Numerical simulation 

4.1. Validation 

In order to validate the equations of motion and computer program in this paper, comparisons 
with the results available in the open literature are made. A flexible arm with moving mass rotates 
in a horizontal plane about 𝑍 axis is considered in [27]. Therefore 𝜃, 𝜃ሶ  and 𝜃ሷ  in the program are 
all zero. To be consistent with [27], the non-dimensional parameters are defined as follows: 

𝜉 = 𝑥𝐿 ,     𝑠 = 𝑠𝐿 ,     𝑁 = 𝑚𝜌𝐴𝐿 ,     𝑢 = 𝜈𝐿 ,     𝑇 = 𝑡𝐿ଶ ඨ 𝐸𝐼௭𝜌𝐴 ,     𝜂 = 𝛼ሶ𝐿ଶඨ𝜌𝐴𝐸𝐼௭ , (46)
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𝜂 and 𝑠 are given by: 

𝜂 = 𝑓(𝑇)𝑔ሶ(𝑇) − 𝑓ሶ(𝑇)𝑔(𝑇)𝑓ଶ(𝑇) + 𝑔ଶ(𝑇) ,     𝑠 = 𝑓(𝑇)𝑓ሶ(𝑇) + 𝑔(𝑇)𝑔ሶ(𝑇)ඥ𝑓ଶ(𝑇) + 𝑔ଶ(𝑇) , 
where: 

𝑓(𝑇) = ቐ𝑥ଵ + 𝑥ଶ − 𝑥ଵ𝑇௧ 𝑇 − 𝑇௧2𝜋 sin ൬2𝜋𝑇𝑇௧ ൰൨ , 0 ≤ 𝑇 < 𝑇௧ ,𝑥ଶ,     𝑇 ≥ 𝑇௧ ,  (47)

𝑔(𝑇) = ቐ𝑦ଵ + 𝑦ଶ − 𝑦ଵ𝑇௧ 𝑇 − 𝑇௧2𝜋 sin ൬2𝜋𝑇𝑇௧ ൰൨ , 0 ≤ 𝑇 < 𝑇௧ ,𝑦ଶ,     𝑇 ≥ 𝑇௧ ,  (48)

and (𝑥ଵ,𝑦ଵ) and (𝑥ଶ,𝑦ଶ) are the initial and final position of the moving mass with reference to the 
axes 𝑂𝑥𝑦 respectively, and 𝑇௧ is the traveling time of the mass. In this simulation, the mass moves 
towards the free end from (0.025, 0.2) to (0.8, 0.1), and other parameters are 𝑁 = 0.5, 𝑇 = 25, and 𝑇௧ = 5. Non-dimensional deflections of arm under the moving mass are shown in Fig. 3. It is 
observed that the deflection obtained by the present work is in good agreement with that of 
Ref. [27]. 

 
Fig. 3. Non-dimensional deflection of arm under the moving mass 

4.2. Simulation examples 

A uniform space rotating flexible arm with a moving mass as Fig. 1 is considered. The material 
of the arm is steel, which 𝐸 = 209 GPa, 𝜌 = 7800 kg/m3. The dimensions of the system are  𝐿 = 2 m, 𝐼௬ = 𝐼௭ = 1.33×10-8 m4, 𝐴 = 4×10-4 m2, and the moving mass 𝑚 = 1 kg. In the 
following analysis, we take Δ𝑡 = 0.001. 

First, three cases are used to study the influence of the rotating motion in horizontal and vertical 
planes on the lateral displacements. The mass moves towards the free end from the fixed end, and 
the initial conditions are: 𝑠 = 0, 𝜃 = 0, 𝜈 = 0, 𝑤 = 0, 𝜈ሶ  = 0, 𝑤ሶ  = 0. The movement rules of the 
system are given as follows: 

case 1: ቊ𝑠ሶ = 0.25 m/s,   𝛼ሶ = 0.4𝜋 rad/s,   𝜃ሶ = 0,   0 < 𝑡 ≤ 5,𝑠ሶ = 0,      𝛼ሶ = 0,     𝜃ሶ = 0, 5 < 𝑡,  (49)case 2: ቊ𝑠ሶ = 0.25 m/s,    𝛼ሶ = 0,    𝜃ሶ = 0.04𝜋 rad/s,    0 < 𝑡 ≤ 5,𝑠ሶ = 0,    𝛼ሶ = 0,    𝜃ሶ = 0,    5 < 𝑡,  (50)
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case 3: ቊ𝑠ሶ = 0.25 m/s,    𝛼ሶ = 0.4𝜋 rad/s,    𝜃ሶ = 0.04𝜋 rad/s,   0 < 𝑡 ≤ 5,𝑠ሶ = 0,    𝛼ሶ = 0,    𝜃ሶ = 0,   5 < 𝑡.  (51)

The arm rotates in the horizontal plane in case1 while it rotates in the vertical plane in case 2, 
and it rotates both in horizontal and vertical planes in case 3. After the travelling time passed  
(5 < 𝑡), there is no mass and arm motion in the three cases. Fig. 4 shows the lateral displacements 
(𝜈 and 𝑤) of free end of the arm in horizontal and vertical plane. It can be observed from Fig. 4 
that the lateral displacements of case3 are larger than that of case1 and case 2. That is to say, under 
the same conditions, compared with rotating motion of the arm only in one plane (horizontal or 
vertical plane), rotating motion of the arm in the other plane at the same time will increase the 
lateral displacements in both planes. This is due to the coupling of lateral displacements in the two 
planes. 

 
Fig. 4. Lateral displacements of arm under the moving mass in case 1, 2 and 3 

Next, the influence of the angle between the arm and the horizontal plane and the rotation 
acceleration of the arm on the lateral displacement is investigated. In case 4, the mass still moves 
from the fixed end to the free end, and the movement rules of the system are given as follows: 

case 4: ൝𝑠ሶ = 0.25 m/s,    𝛼ሶ = 𝜋8  rad/s,    𝜃ሶ = 0,   0 < 𝑡 ≤ 8,𝑠ሶ = 0,    𝛼ሶ = 0,    𝜃ሶ = 0,   8 < 𝑡.  (52)

The arm rotates around the 𝑍 axis with a constant angular velocity, and let 𝜃 be 0, 𝜋 8⁄  and 𝜋 4⁄  respectively. The initial conditions are: 𝑠 = 0, 𝜈= 0, 𝑤 = 0, 𝜈ሶ  = 0, 𝑤ሶ  = 0. The lateral 
displacements of free end of the arm are shown in Fig. 5. The transverse component of gravity of 
the moving mass decreases with the increase of 𝜃. Thereby, it can be seen clearly from Fig. 5(a) 
that in the steady state vibration phase (𝑡 > 8 s) the tip lateral displacements 𝑤 decrease with the 
increase of 𝜃. This is caused by the decrease of the component force of gravity along the normal 
direction of the arm. However, the tip lateral displacements 𝜈increase with the increase of 𝜃. 
According to Eq. (24), the increase of 𝜃 will cause the decrease of stiffness matrix [𝐾]. Therefore, 
the lateral displacements 𝜈 increases accordingly. 

Finally, comparison between moving load and moving mass responses is carried out. In case 8 
the mass moves from the fixed end to the free end, first with constant acceleration and then with 
constant deceleration. The initial and final velocities of the mass are both 0. The angular velocities 
of the arm in both horizontal and vertical plane also experienced a process of uniform increase at 
first and then uniform decrease, and their initial and final values are also 0. The dynamic responses 
of the arm under both moving load and moving mass conditions are considered. It can be observed 
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from Fig. 6 that in the steady state vibration phase (𝑡 > 8 s), the lateral displacement 𝑤 of moving 
mass is larger than that of moving load while the lateral displacement 𝜈 of moving load is larger 
than that of moving mass: 

case 5:⎩⎪⎨
⎪⎧𝑠ሷ = 18  m/sଶ,    𝛼ሷ = 𝜋16  rad/sଶ,    𝜃ሷ = 𝜋48  rad/sଶ, 0 < 𝑡 ≤ 4,𝑠ሷ = −18  m/sଶ,    𝛼ሷ = − 𝜋16  rad/sଶ,    𝜃ሷ = − 𝜋48  rad/sଶ,   4 < 𝑡 ≤ 8,𝑠ሶ = 0,    𝛼ሶ = 0,    𝜃ሶ = 0,    8 < 𝑡.  (53)

 

 
a) 𝑤 

 
b) 𝑣 

Fig. 5. Lateral displacements of arm under the moving mass in case 4 

 
a) 𝑤 

 
b) 𝑣 

Fig. 6. Lateral displacements of arm under the moving mass in case 5 

5. Conclusions 

The problem of a space rotating flexible arm with a moving mass is investigated in this study. 
One end of the arm is fixed at the coordinate origin. The arm can rotate in both horizontal and 
vertical planes, and the lateral displacement in both planes is considered. The assumed mode 
method conjunction with Lagrange’s equation is used to derive the equations of the system. Then 
a set of coupled equations about the lateral displacements in the horizontal and vertical planes is 
obtained. Based on the central difference method, an algorithm is designed to solve the coupled 
equations. By numerical analysis, the following conclusions can be drawn: 
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1) The algorithm designed in this paper for solving binary second-order linear differential 
equations is a conditionally stable algorithm. 

2) Due to the coupling of lateral displacements of the arm in horizontal and vertical planes, the 
increase of the angular velocity in one plane will increase the lateral displacements in the other 
plane. 

3) When the angle between the arm and the horizontal plane 𝜃 increases, the component of 
gravity along the normal direction of the beam will decrease, resulting in a decrease in lateral 
displacements 𝑤, however, it will lead to a decrease in stiffness in horizontal plane and thus an 
increase in lateral displacements 𝜈. 

4) Compared with moving mass, moving load ignores the influence of inertial force, so the 
calculation results of moving mass and moving load are different. In the steady state vibration 
phase, the lateral displacement w of moving mass is larger than that of moving load while the 
lateral displacement𝜈 of moving load is larger than that of moving mass. 
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