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Abstract. In order to accurately simulate structural fatigue crack damage, the non-linear contact 
model was selected and verified to be suitable for the fatigue crack simulation in cantilever beam. 
The influence of damage severity and location on harmonic vibration responses were revealed. 
Moreover, the damage identification indexes based on harmonic excitation response were 
constructed, and the effectiveness used to identify fatigue crack damage was validated. The results 
reveal that contact model is effective in simulating fatigue crack and sensitive to nonlinear fatigue 
crack through the comparative analysis of harmonic vibration response of intact structure and 
damaged one. For the vibration responses of beam with different damage severities and locations, 
the greater the damage severity is, and the closer the damage location is to the fixed end, the more 
obvious the non-linear vibration characteristics presents. Two damage indicators including 
distortion value of phase spectrum (ℎ∆) and proportion of super/sub-harmonic amplitudes (𝐷ௗ) are 
applied, which can effectively characterize the change of fatigue crack with different damage 
location and severity. Furthermore, contact model presents stronger non-linear information 
compared with bilinear model, which is more suitable for fatigue damage simulation. 
Keywords: fatigue crack, cantilever beam, harmonic vibration, damage identification, nonlinear 
characteristics. 

1. Introduction 

Structural health monitoring (SHM) system plays an important role in ensuring bridge 
structural safety. Damage identification as an important part of SHM is sensitive to structural 
stiffness reduction [1]. The development of damage diagnosis and data mining theory further 
promotes the accuracy of structural damage identification [2-4]. However, structural damage 
usually manifests in the appearance of cracks, and gradually undergoes a process from less to 
more, from small to large. Fatigue cracks exist as a great menace to engineering structures, because 
they are barely visible and hard to detect. Actual structure cracks under external loads and 
environments present contact-closure breathing phenomenon, which is typical non-linear fatigue 
damage [5]. The difference between local stiffness reduction and fatigue crack damage is 
significant in structural damage identification. Traditional damage identification method based on 
global dynamic characteristics fails to identify the fatigue crack damage [6]. In recent years many 
studies have been dedicated to analyzing the dynamic behavior of cracked structures, and aim to 
develop an effective method for crack detection based on structural vibrations. Fatigue damages 
can reduce the structural stiffness, which change their mechanical behaviors. Therefore, sensitive 
damage identification method for fatigue cracks is essential to evaluate fatigue crack and ensure 
the safe operation of structure [7, 8]. 

Traditional damage identification methods assumed that the crack is open during vibration. 
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Rucevskis et al. [9] realized the identification of damaged beams simulated through mill-cut using 
modal shape curvature squares. He et al. [10] proposed a two-phase damage identification method 
for beam structure based on wavelet signal processing by considering moving load. Damages of 
beam were introduced by saw cut. Cui et al. [11] proposed a damage identification method for 
beam structure with single and multi-damage cases under different degrees and locations of 
damage based on strain modes and operational modal analysis, where cracks were introduced by 
high-precision electric tools. Kopsaftopoulos et al. [12] simulated the local stiffness reduction by 
adding mass blocks at the structural joints to simulate the damage effect. Cao et al. [13] 
constructed bilateral milling grooves to simulate the local damage of Euler Bernoulli beam, and 
defined size parameters to characterize the damage degree. Perera et al. [14] used the reduction of 
bending stiffness to simulate damage and realized damage identification through numerical 
simulation. These methods did not consider the nonlinear effect of fatigue crack, which lead to the 
inappropriate conclusions.  

A fatigue crack that periodically opens and closes subject to a harmonic excitation can be 
referred to as a breathing crack. Some researchers have investigated the damage identification of 
actual fatigue cracks [15, 16]. Benedetti et al. [17] presented a frequency-shift-based damage 
identification method for reinforced concrete beam with fatigue cracks. Prawin et al. [18] 
presented a baseline-free method to realize the detection and localization of breathing cracks using 
singular spectrum analysis. Smith et al. [19] developed a Bayesian approach for fatigue crack 
identification using nonlinear forced responses considering uncertainty effects. Andreaus et al. 
[20-22] conducted experimental and numerical researches about nonlinear forced response of 
cantilever beam with fatigue cracks. Wimarshana et al. [23] realized the breathing crack detection 
of cantilever beam using entropy method, which could identity the early crack damage of 3% 
beam thickness. Zhang et al. [24] modeled the fatigue crack as two elastic, frictionless half space 
and investigated the threshold behaviors of subharmonic responses. The results revealed that the 
subharmonic component could be used to identify the fatigue crack of structure. Panigrahi and 
Pohit [25] investigated a time domain nonlinear modeling of cracked functionally graded 
Timoshenko beam. An exhaustive parametric study on effects of cracks, material properties, multi 
frequency excitation, influence of super harmonics on periodic as well as quasi periodic nonlinear 
dynamic response of thick and thin beams were performed. Xu et al. [26] proposed a novel concept 
of nonlinear pseudo-force (NPF) for crack identification, and the capability of NPF in detecting 
and locating breathing cracks was verified on beams with breathing cracks. Kharazan et al [27] 
investigated the nonlinear vibration behavior of a cantilever beam with multiple breathing cracks. 
They analyzed and verified the sensitivity of the beam’s nonlinear response to the different number 
of breathing cracks and various crack depths. The superior sensitivity of higher order harmonics 
embodied in guided ultrasonic waves has been broadly exploited, to develop high-precision 
nondestructive evaluation and structural health monitoring techniques [28, 29]. Xu et al. [30] 
developed a new theoretical model based on the elastodynamic reciprocity theorem, and gained 
insight into the generation of second harmonics in Lamb waves. By virtue of the model, a 
nonlinear damage indicator, governed by the quantified second harmonic generated by the crack, 
was defined, to calibrate crack severity quantitatively. Basu et al. [31] investigated a relatively 
new nonlinear ultrasonic technique, namely the sideband peak count-index (or SPC-I), which 
provided the highest sensitivity to the damage progression and could be effectively used as a very 
robust nonlinear ultrasonic tool for identifying the crack damage. Currents research results 
revealed that nonlinear characteristics of the forced vibration responses of structure with fatigue 
crack must be considered in damage identification. More efforts need to be conducted to 
demonstrate the effect of damage severity and location on harmonic response of cracked structure. 
Damage indicators suitable for fatigue crack identification need to be proposed and verified. 

In this study, a cantilever beam was adopted as numerical object. Fatigue crack was simulated 
through contact model. The influences of excitation frequency, damage severity and damage 
location on harmonic vibration responses of beam were investigated. Damage indicators based on 
phase spectrum and Fourier spectrum were constructed and evaluated. Furthermore, harmonic 
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response of cracked beam simulated through contact model and bilinear model were compared. 

2. Theoretical model and methods 

2.1. Cracked cantilever beam 

Cantilever beam produced by Q345 steel with left end fixed was adopted as research object . 
Its physical properties are length 𝐿 = 0.3 m, section dimension 𝜔 × ℎ = 0.02 m×0.02 m, Young’s 
modulus of elasticity 𝐸 = 206.8 GPa, Poisson’s ratio 𝜐 = 0.3 and mass density 𝜌 = 7850 kg/m3. 
The distance between crack location and fixed end is 𝑑, and the depth of crack damage is 𝑎, which 
were shown in Fig. 1(a). The relative crack position can be expressed by 𝑝 = 𝑑 𝐿⁄ , and the relative 
damage severity can be expressed by 𝑠 = 𝑎 ℎ⁄ . The finite element model of cantilever beam was 
established using two-dimensional plane element PLANE 182. The grids near crack were refined, 
which was shown in Fig. 1(b). Modal properties of cracked cantilever beam will change with the 
location and depth of crack. Through finite element analysis, modal frequency of fatigue cracked 
cantilever beam with different crack depths (𝑠 =0.1, 0.2, 0.3, 0.4, 0.5) and locations  
(𝑝 = 0.07, 0.27, 0.47, 0.67) can be calculated, which is used for determining the frequency of 
harmonic excitation. 

 
a) Model parameters 

 
b) Refined grids near crack 

Fig. 1. Cantilever beam model with fatigue crack  

2.2. Modelling of breathing crack 

2.2.1. Contact model 

Contact modelling is a highly nonlinear method, which can be used to simulate the fatigue 
crack process. Contact models are divided into frictional contact model and non-frictional one. 
When there is friction contact, the friction coefficient 𝑓 > 0. Slipping occurs along the contact 
surface when the tangential force reaches a certain degree. At this time, the tangential force is 
related to the loading path, and the change process is irreversible. When there is no friction contact, 
the friction coefficient 𝑓 = 0, tangential force and loading path are independent, and the change 
process is reversible. The results have shown that the friction between crack surfaces presented 
little influence on dynamic response. Therefore, the friction-free contact model is used to simulate 
fatigue cracks in this study. 

The calculation methods of surface-to-surface contact include penalty function method and 
extended Lagrange multiplier method. Compared with penalty function method, the stiffness 
matrix is not easy to be ill-conditioned when using extended Lagrange multiplier method, and the 
setting of contact stiffness is more reasonable. The contact surface is composed of contactor 
surface and target surface. According to the contact conditions, the contactor elements cannot 
penetrate the target surface, but the target elements can penetrate the contactor surface during 
convergence solution. In the non-friction contact problem, there are three states between the 
contact node and the target element: (1) there is no contact between them, and the crack is in the 
open state; (2) there is complete contact between them, and the crack is in the closed state; (3) in 
the transitional stage between the first two states, the crack is neither fully opened nor fully 
contacted. Therefore, the non-linear effect of contact element can be simulated through 
establishing contact pairs at the crack location, as shown in Fig. 2. It can be used to characterize 
the phenomenon that the stiffness of structure with fatigue crack always changes. 
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Fig. 2. Nonlinear contact model 

2.2.2. Bilinear model 

Comparative analysis of harmonic response for cracked cantilever beam was conducted 
between contact model and bilinear model. When the bilinear model is used to simulate the fatigue 
crack, it can be considered that there are only two states for fatigue crack: opening and closure. 
Bilinear model of crack was shown in Fig. 3. Structural stiffnesses changes in opening stiffness 𝑘௢ and closure stiffness 𝑘௖. When 𝑢(𝑡) > 0, the crack surface was in open state, and the stiffness 
of structure was consistent with 𝑘௢; When 𝑢(𝑡) ≤ 0, the crack surface was in closure state, and 
the stiffness of structure was consistent with 𝑘௖. 

 
a) Bilinear spring element model 

 
b) Diagram of bilinear stiffness change 

Fig. 3. Bilinear model of fatigue crack  

2.3. Damage indicators of breathing crack 

2.3.1. Phase spectrum-based damage indicator 

Phase spectrum will produce a certain degree of distortion when the damage occurs. The more 
serious the damage is, the more obvious the distortion presents. The distortion value of phase 
spectrum is proposed as damage indicator according to the change of the spectrum along the 
displacement direction, which was expressed in Eq. (1) and illustrated in Fig. 4: 

𝐷ௗ = 𝑑௥ௗ௔௠ + 𝑑௟ௗ௔௠2 , (1)

where, 𝐷ௗ is distortion value of phase spectrum; 𝑑௥ௗ௔௠ is the maximum positive displacement of 
damaged beam in phase spectrum; 𝑑௟ௗ௔௠ is the maximum negative displacement of damaged beam 
in phase spectrum. When beam is intact, 𝐷ௗ = 𝑑௥ௗ௔௠ = 𝑑௟ௗ௔௠. 

2.3.2. Fourier spectrum-based damage indicator 

When a damaged structure is subjected to non-linear vibration, the spectrum energy of the 
structure is no longer concentrated at the excitation frequency. Moreover, it generates a certain 
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degree of super/sub-harmonic components. The magnitude of the harmonic component is 
positively correlated with the damage degree. The amplitude energy at the excitation frequency 
alters when the damage degree changes. Assuming 𝐻௛ is the sum of amplitude energy of all 
generated super/sub-harmonic components, and 𝐻 is the sum of energy in all frequency domains 
including amplitude energy at excitation frequency. 𝐻௛ and 𝐻 can be calculated by: 𝐻௛ = ෍ℎ௜ , (2)𝐻 = 𝐻௛ + 𝐻௙௙, (3)

where ℎ௜ is the amplitude of 𝑖th super/sub-harmonic component, 𝐻௙௙ is the amplitude at excitation 
frequency. ℎ௜ and 𝐻௙௙ was expressed in Fig. 5. 

 
Fig. 4. Index value in phase spectrum 

 
Fig. 5. Index value in Fourier spectrum 

Since the occurrences and magnitudes of super/sub-harmonic components are obviously 
correlated with the structural damage severity. Super/sub-harmonic amplitudes ratio ℎ୼was 
proposed as damage indicator, which can be expressed by: ℎ୼ = 𝐻௛𝐻 , (4)

where, ℎ୼ represents the proportion of super/sub-harmonic amplitudes in the total Fourier-spectrum 
energy due to the breathing effect of fatigue crack. When beam is intact, ℎ୼ = 0. 

3. Results and discussions 

3.1. Natural frequency of cracked cantilever beam 

The first order natural frequency of cantilever beams with non-linear fatigue crack at different 
damage depths (𝑠 = 0.1, 0.2, 0.3, 0.4,0.5) and locations (𝑝 = 0.07, 0.27, 0.47, 0.67) were 
obtained, which are listed in Fig. 6. It can be observed that natural frequency of cantilever beam 
with same crack location decreases with the increase of damage severity. Moreover, the closer the 
crack is to the fixed end, the greater the influence on the frequency presents. The obtained natural 
frequencies were used to determine the harmonic excitation frequencies of beam under different 
crack conditions. 

3.2. Harmonic vibration response of cantilever beam with fatigue crack 

3.2.1. Effect of excitation frequency 

In order to investigate that the influence of nonlinear fatigue crack on harmonic vibration 
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response of the beam, acceleration time history, phase spectrum and Fourier spectrum of the intact 
structure and damaged one (𝑝 = 0.07, 𝑠 = 0.2) under harmonic excitation with three frequencies 
(𝜂 = 1/3, 1/2, 2, 𝜂 = excitation frequency / natural frequency) are calculated, as shown in  
Figs. 7-9. 

 
Fig. 6. Natural frequency of cracked cantilever beam 

 
a) Acceleration time history 

 
b) Phase spectrum 

 
c) Fourier spectrum 

Fig. 7. Harmonic vibration response for intact and cracked beam with 𝜂 = 1/3 

As observed from Figs. 7-9, fatigue damage makes acceleration time history of cantilever 
beam oscillate and distort. The central axis of acceleration curve shifts, and the sawtooth shape 
appears at the edge of the curve. For the phase spectrum, the displacement-velocity curve of the 
intact structure presents a standard elliptical shape, while the curve is deformed, drifted and 
expanded when the structure is damaged with fatigue crack. Meanwhile, there are small irregular 
grooves and subsidence circles. The degree of distortion under different excitation frequencies is 
different. For Fourier spectrum, the most obvious non-linear characteristic is that the spectrum 
energy is no longer concentrated in the excitation frequency, and energy redistribution occurs. The 
harmonic components occur at the positions of the integer or one-fold integer times of excitation 
frequency. The super-harmonic component is generated at resonance of 𝜂 = 1/3 and 𝜂 = 1/2, 
while the sub-harmonic component is generated at 𝜂 = 2. 
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a) Acceleration time history 

 
b) Phase spectrum 

 
c) Fourier spectrum 

Fig. 8. Harmonic vibration response for intact and cracked beam with 𝜂 = 1/2  

 
a) Acceleration time history 

 
b) Phase spectrum 

 
c) Fourier spectrum 

Fig. 9. Harmonic vibration response for intact and cracked beam with 𝜂 = 2 

3.2.2. Effect of damage severity 

In analyzing the influence of damage severity on the harmonic vibration response of cantilever 
beam, different damage severities (𝑠 = 0.1, 0.2, 0.3, 0.4, 0.5) were considered. Fig. 10 presents 
the acceleration time history curve of cantilever beam with different crack depths under harmonic 
loading with 𝜂 = 1/3. As observed from the results, the curve presents migration phenomenon, 
and the degree of acceleration oscillation increases slightly with the increasing of damage severity 
when the crack occurs at the same location. Meanwhile, the sawtooth shape distortions begin to 
appear at the lower edge of the curve at 𝑠 = 0.3. The sawtooth shape distortion appears slightly at 
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the upper edge of the curve at 𝑠 = 0.4. At 𝑠 = 0.5, the sawtooth shape distortions of the upper and 
lower edges of the curve were all obvious. The same trends were also found for other conditions 
(𝑝 =0.27, 0.47, 0.67, 𝜂 = 1/2, 2). This phenomenon can reflect the non-linear vibration 
characteristics of beam with fatigue crack. The greater the damage severity, the more obvious the 
nonlinear vibration characteristics. Therefore, the degree of distortion in acceleration time history 
curve can be used to characterize the effect of damage severity on vibration response of structures 
with fatigue cracks. 

 
a) 𝑠 = 0.1 

 
b) 𝑠 = 0.2 

 
c) 𝑠 = 0.3 

 
d) 𝑠 = 0.4 

 
e) 𝑠 = 0.5 

Fig. 10. Acceleration time history of cracked beam  
with different damage severity at 𝑝 = 0.07, 𝜂 = 1/3 

For the effect of damage severity on phase spectrum of cracked beam, Fig. 11 presents the 
variations of displacement versus velocity under different damage severities (𝑠 = 0.2, 0.3, 0.4, 
0.5) at 𝑝 = 0.07 and 𝜂 = 1/2. As observed from this figure, phase spectrum curves no longer keep 
the regular ellipse shapes after the structure is damaged.  
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a) 𝑠 = 0.2 

 
b) 𝑠 = 0.3 

 
c) 𝑠 = 0.4 

 
d) 𝑠 = 0.5 

Fig. 11. Phase spectrum of cracked beam with different damage severity at 𝑝 = 0.07, 𝜂 = 1/3 

 
a) 𝑠 = 0.2 

 
b) 𝑠 = 0.3 

 
c) 𝑠 = 0.4 

 
d) 𝑠 = 0.5 

Fig. 12. Fourier spectrum of cracked beam with different damage severity at 𝑝 = 0.27, 𝜂 = 2 

The centers of circles shift to the positive direction of displacement, and the curves distort. 
The displacement-velocity distribution domain increases. The deeper the damage depth is, the 
more obvious the non-linear phenomenon presents. When the damage severity is 𝑠 = 0.3, a small 
groove appears in the curve; when 𝑠 = 0.4, the groove evolves into an irregular shape of a small 
circle; when 𝑠 = 0.5, the area of the small circle obviously enlarges. The change phenomena were 
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also applied for other cases. Therefore, the change of damage depth has a great influence on the 
harmonic vibration characteristics of non-linear damaged structures. The more serious the damage 
is, the more significant the phase spectrum distortion is. 

Fig. 12 shows the Fourier spectrum of beam under different damage severity (𝑠 = 0.2, 0.3, 0.4, 
0.5) at 𝑝 = 0.27, 𝜂 = 2. It can be seen that there are obvious sub-harmonic components at half of 
the excitation frequency. When the damage severity is small, the magnitude of subharmonic 
component is weak compared with the amplitude of excitation frequency. When the damage 
severity increases, the magnitude of subharmonic component increases correspondingly, and 
becomes much larger than the corresponding magnitude of excitation frequency. When the 
damage severity is large enough (𝑠 = 0.4, 𝑠 = 0.5), a certain degree of super-harmonic component 
appears at its integer multiple of the excitation frequency. These phenomena show that the 
magnitude of sub-harmonic component is the main characteristic of power spectrum under high 
frequency harmonic excitation, and these characteristics are enough to characterize the influence 
of damage severity on the harmonic response characteristics of non-linear fatigue cracked beams. 
the more serious the damage is, the greater the impact exhibits. 

3.2.3. Effect of damage location 

To demonstrate the influence of damage location on harmonic vibration response of non-linear 
cracked structures, crack locations 𝑝 = 0.07, 0.27, 0.47, 0.67 were considered. Fig. 13 shows the 
acceleration time history curve of different crack positions under harmonic excitation frequency 𝜂 = 1/3 and relative damage severity 𝑠 = 0.4.  

 
a) 𝑝 = 0.07 

 
b) 𝑝 = 0.27 

 
c) 𝑝 = 0.47 

 
d) 𝑝 = 0.67 

Fig. 13. Acceleration time history of cracked beam with different damage locations at 𝑠 = 0.4, 𝜂 = 1/3 
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It can be observed from the results that when the damage location is near the fixed end  
(𝑝 = 0.07), the curve contains obvious sawtooth distortion, and there is unequal distribution at 
both ends of the acceleration zero line. With the crack away from the fixed end, the sawtooth 
shape in the curve gradually weakens, and the unequal distribution of the curve is no longer 
obvious. Therefore, the influence of crack location on the structural vibration response can be 
reflected by the acceleration time-history signal curve for a cantilever beam with fatigue crack. 
When the crack is near the fixed end, its non-linear characteristics are obvious. When the crack is 
away from the fixed end, its non-linear characteristics are weakened. 

Fig. 14 illustrates the phase spectra of different crack locations under harmonic excitation of 
relative excitation frequency 𝜂 = 1/2 and damage severity 𝑠 = 0.4. It can be concluded that the 
shape of the curve in the phase spectrum changes with crack position. When the crack is near the 
fixed end (𝑝 = 0.07), the phenomenon of curve distortion and migration is the most obvious. 
Irregular small circles are sunk inward, and the displacement value of the curve is the largest. 
When the position of the crack changes to the free end, the phenomenon of curve distortion and 
migration is weakened, and the irregular small circles gradually become smaller (𝑝 = 0.27) until 
disappear (𝑝 = 0.47, 0.67). And the displacement value of the curve also decreases. It can be found 
from phase spectrum that the changes of fatigue crack location cause the variation of the harmonic 
vibration characteristics of cracked beam. The more near to the fixed end the damage is, the more 
obvious the distortion of phase spectrum exhibits. 

 
a) 𝑝 = 0.07 

 
b) 𝑝 = 0.27 

 
c) 𝑝 = 0.47 

 
d) 𝑝 = 0.67 

Fig. 14. Phase spectrum of cracked beam with different damage locations at 𝑠 = 0.4, 𝜂 = 1/2 

Fig. 15 shows the Fourier spectrum of cracked beam at different crack locations when the 
relative damage degree 𝑠 = 0.5 and the relative frequency of harmonic excitation 𝜂 = 1/2. The 
analysis shows that when the crack is near the fixed end (𝑝 = 0.07), the excited super-harmonic 
order is more. Corresponding amplitude of the first harmonic component is relatively larger, which 
occupies the main position in the total amplitude energy. When the crack is away from the fixed 
end and close to the free end, the amplitude of the harmonic component decreases gradually, and 
the second-order harmonic amplitude nearly disappears. When the position of the crack changes, 
the amplitude of the first harmonic component is less than the amplitude of the excitation 
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frequency, which indicates that the non-linear effect of the structure caused by the fatigue crack 
is weak. Therefore, the farther the crack is from the fixed end, the smaller the impact of fatigue 
crack on the vibration response of the structure presents. 

 
a) 𝑝 = 0.07 

 
b) 𝑝 = 0.27 

 
c) 𝑝 = 0.47 

 
d) 𝑝 = 0.67 

Fig. 15. Fourier spectrum of cracked beam with different damage locations at 𝑠 = 0.5, 𝜂 = 1/2 

3.3. Damage detection of breathing crack 

3.3.1. Distortion value of phase spectrum, 𝑫𝒅 

The evolutions of 𝐷ௗ with damage severity and damage location are illustrated in Fig. 16 and 
17, respectively. For cantilever beam, when the damage location is fixed, 𝐷ௗ increases obviously 
with the increase of damage severity. And when the damage severity is fixed, the closer the 
damage is to the fixed end, the larger the value of 𝐷ௗ is. The value of 𝐷ௗ can reflect the damage 
severity of cracked beam, and the magnitude of 𝐷ௗ is positively correlated with the damage 
severity. When the damage severity is taken as variable, the change degree of 𝐷ௗ at 𝑝 = 0.07 is 
the most obvious and it is the weakest at 𝑝 = 0.67. when the damage location is taken as a variable, 
the change degree of 𝐷ௗ at 𝑠 = 0.5 is the most obvious and it is the weakest at 𝑠 = 0.1. It can be 
seen that 𝐷ௗ is effective for the identification of non-linear fatigue crack in cantilever beam. 

 
a) 𝜂 = 1/3 

 
b) 𝜂 = 1/2 

 

0 100 200 300 4000

500

1000

1500

2000

率频 (Hz)

幅
值

0.07p =

242 244 246 248

5

10

15

20

25

30

35

率频 (Hz)

幅
值

A
m

pl
itu

de

Frequency (Hz)
0 100 200 300 4000

200

400

600

800

1000

1200

率频 (Hz)

幅
值

0.27p =

256 258 260 262 264

5

10

15

20

率频 (Hz)

幅
值

Frequency (Hz)

A
m

pl
itu

de

0 100 200 300 4000

100

200

300

400

500

率频 (Hz)

幅
值

0.47p =

268 270 272 274 276

1

2

3

4

5

6

率频 (Hz)

幅
值

Frequency (Hz)

A
m

pl
itu

de

 

0 100 200 300 4000

50

100

150

200

率频 (Hz)

幅
值

0.67p =

A
m

pl
itu

de

Frequency (Hz)

2.2

2.4

2.6

2.8

3

0.1 0.2 0.3 0.4 0.5

D
d

(m
, 1

0-6
)

Damage severity, s

p=0.07 p=0.27
p=0.47 p=0.67

2.6
2.8

3
3.2
3.4
3.6
3.8

4
4.2
4.4
4.6
4.8

5

0.1 0.2 0.3 0.4 0.5

D
d

(m
, 1

0-6
)

Damage severity, s

p=0.07 p=0.27
p=0.47 p=0.67



DAMAGE IDENTIFICATION FOR NONLINEAR FATIGUE CRACK OF CANTILEVER BEAM UNDER HARMONIC EXCITATION.  
XIANQIANG WANG, DUO LIU, JIANDONG ZHANG, YUBO JIAO 

 ISSN PRINT 1392-8716, ISSN ONLINE 2538-8460, KAUNAS, LITHUANIA 447 

 
c) 𝜂 = 2 

Fig. 16. Change curve of distortion value of phase spectrum (𝐷ௗ) with damage severity 

 
a) 𝜂 = 1/3 

 
b) 𝜂 = 1/2 

 
c) 𝜂 = 2 

Fig. 17. Change curve of distortion value of phase spectrum (𝐷ௗ) with damage location 

3.3.2. Proportion of super/sub-harmonic amplitudes, 𝒉𝚫 

The variation curves of the proportion of super/sub-harmonic amplitudes (ℎ୼) versus damage 
severity and damage location are illustrated in Figs. 18 and 19, respectively. As observed from the 
results, ℎ୼ increases with the increase of damage severity when the damage location and excitation 
frequency are fixed. For the influence of excitation frequency, 𝜂 = 1/2 presents more obvious 
effect on ℎ୼ at all damage locations. Moreover, the influence of damage location on ℎ୼ decrease 
with the increase of damage location away from the fixed end. The results reveal that ℎ୼ can be 
used to reflect the damage evolution of fatigue crack in cantilever beam. 

3.4. Comparison analysis between contact model and bilinear model 

Comparative analysis was conducted for the influence of fatigue crack simulated by contact 
and bilinear models on 𝐷ௗ and ℎ୼ of cracked beam, which are shown in Figs. 20 and 21, 
respectively. As observed from the results, it is found that the two models keep the same trend 
under different conditions. At the same damage depth or location, the index values (𝐷ௗ and ℎ୼) of 
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the contact model are higher than those of the bilinear one, which indicates that the contact model 
with time-varying stiffness can more significantly reflect the nonlinear characteristics of fatigue 
crack in damage identification of cantilever beam. 

 
a) 𝜂 = 1/3 

 
b) 𝜂 = 1/2 

 
c) 𝜂 = 2 

Fig. 18. Change curve of proportion of super/sub-harmonic amplitudes (ℎ୼) with damage severity 

 
a) 𝜂 = 1/3 

 
b) 𝜂 = 1/2 

 
c) 𝜂 = 2 

Fig. 19. Change curve of proportion of super/sub-harmonic amplitudes (ℎ୼) with damage location 
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a) 𝑝 = 0.07 

 
b) 𝑠 = 0.5 

Fig. 20. Comparison of distortion value of phase spectrum (𝐷ௗ) between contact and bilinear models 

 
a) 𝑝 = 0.07 

 
b) 𝑠 = 0.5 

Fig. 21. Comparison of proportion of super/sub-harmonic  
amplitudes (ℎ୼) between contact and bilinear models  

4. Conclusions 

In this study, a time-varying stiffness contact model is used to simulate fatigue crack of 
cantilever beam. The influences of excitation frequency, damage severity and location on 
harmonic vibration response of structure are analyzed, and the damage identification indexes 
based on harmonic excitation response is proposed and verified. Moreover, the identification 
effect of bilinear and contact models is compared and analyzed. Following conclusions can be 
drawn: 

1) An intact cantilever beam model and corresponding damaged one with fatigue crack under 
different damage conditions are established. By comparing the acceleration time history, phase 
spectrum and Fourier spectrum obtained by harmonic excitation at different frequencies, it is 
found that the harmonic vibration response is sensitive and can characterize the occurrence of 
fatigue damage. 

2) The influence of fatigue crack damage on non-linear structural vibration response become 
intensified as the damage severity and location deterioration. The more the damage severity is, 
and the closer the damage location is to the fixed end, the more significant the distortion in the 
acceleration time history, phase spectrum and Fourier spectrum exhibits.  

3) Distortion value of phase spectrum (𝐷ௗ) and proportion of super/sub-harmonic amplitudes 
(ℎ୼) can evidently characterize the change of fatigue crack with different damage location and 
severity. The larger the index value is, the more serious the damage is. They can be used to identify 
structural fatigue damage. 

4) Under the same damage conditions, the bilinear crack model is compared with the contact 
model. The results show that the contact crack model contains stronger non-linear information, 
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and the change trends of damage indicators are more obvious. The contact model is more suitable 
for simulating fatigue crack damage. 

5) Numerical simulation is performed to verify the effectiveness of contact model in fatigue 
crack simulation and the sensitivity of proposed damage identification index. In the future, 
experimental tests will be carried out to validate its feasibility in actual beam structure, and an 
appropriate damage identification method will be constructed based on the damage identification 
indexes to realize effective identification of nonlinear fatigue damage. 
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