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Abstract. In quadruped robot locomotion using parallel mechanisms, researchers have used equal 
link lengths as legs for walking. However, force requirements are not the same in the forward and 
return strokes. An unsymmetrical parallel mechanism can be considered to accommodate such 
requirements. This work presents optimized dimensions of a 5R planar parallel mechanism 
(5R-PPM) with two degrees of freedom (DoF). Optimized dimensions are determined by 
formulating an optimization problem using kinematics and dynamics equations for the 5R-PPM. 
Genetic algorithm is considered to obtain solutions for the optimization problem formulated in 
this study. The constraint condition expressed here for optimization will attempt to minimize the 
peak torque essential to displace the links in the mechanism for the given height of the robot body 
and the path to be traced by the end-effector. After analysing all the four possible working modes 
for the same end-effector movement, the best working mode is selected for the quadruped legs. 
The equations are formulated and solved in MATLAB, and validated in the MATLAB Simscape 
Multibody toolbox. 
Keywords: parallel mechanism, optimization, quadruped, workspace area, actuator torque, 
MATLAB, genetic algorithm. 

1. Introduction 

Mechanisms used in robots are highly inspired by locomotion in humans and animals. Most 
robots have open-loop mechanisms or serial mechanisms that have larger workspaces and 
dexterity than closed-chain mechanisms [1]. However, it is believed that the closed-chain or 
parallel mechanisms are innately more accurate than their counterpart, i.e. in parallel link 
mechanisms, their errors get averaged rather than getting added cumulatively [2]. In an open-chain 
mechanism, accurately placing the end effector is slightly compromised, with low stiffness, and a 
notable amount of actuator power getting wasted, thus decreasing the dynamic performance. 
Owing to these predominant shortcomings, many engineering tasks requiring an excellent 
positional accuracy of end-effector are not implemented using serially connected mechanisms. 

Therefore, two DoF 5R-PPMs have been comprehensively studied in literature using analytical 
methods [3-7]. The 5R-PPM is prone to singularities, and thus, the control and trajectory planning 
are more involved. The most critical issue for the parallel mechanism is to avoid singularity due 
to control uncertainty that manifests in poor force transmission [5].  

Several researchers have worked towards increasing the workspace of parallel mechanism 
[8-12]. By using parallel mechanisms as manipulators, users were able to achieve higher accuracy, 
payload carrying capacity and stiffness. Another interesting research suggested using redundant 
actuators to increase the workspace of a 5R-PPM, but with the disadvantage of significantly 
increased cost [13]. As parallel mechanisms are susceptible to singularities, the complete 
workspace covered by a parallel mechanism is not available for use. While moving from one 
region to another, the mechanism will lose a DoF which could be catastrophic. Many researchers 
have done comprehensive research on the analysis of singularities [6, 14-18]. Generally, in parallel 
mechanisms, two singularity types are witnessed: Type-1 & Type-2 [4]. One or more DoF are 
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compromised in Type-1 singularity. While in Type-2 singularity, at the end-effector, any force 
applied will not be resisted by the actuator. Although conventional solutions addressing these 
issues were discussed thoroughly in literature, not all scenarios were covered, and the solutions 
provided are only applicable to a few cases [11, 19-22].  

Precise motion is required in most cases, and thus, all singularities appearing in the path should 
be avoided. Nevertheless, when solving parallel mechanisms’ inverse kinematics problem, we 
obtain multiple solutions, but using suitable criteria, the best solution could be opted [8,15]. 

Another study suggested that the ‘− +’ working mode should be used for optimizing the 
5R-PPM [23]. However, no rational reason was provided for this statement as to what are the 
disadvantages of choosing other working modes, or are there any scenarios where the remaining 
working modes could be used, or is there any significant achievement by selecting the ‘− +’ 
working mode. Here, a study in the design optimization for the 5R-PPM is presented. Dimension 
synthesis is achieved by optimizing five parameters of the mechanism while minimizing the peak 
actuator torque. Actuator contributes to a major portion of the cost of the robot, and thus, it needs 
to be optimally sized for cost savings. The modes of interest in 5R-PPM are assembly modes, 
related to the forward kinematics, and working modes associated with the inverse kinematics. 
Here, the working modes of the parallel mechanism are thoroughly studied. 

In this study, computational tools such as MATLAB and MATLAB Simscape Multibody 
toolbox are used. The advantage of the numerical approach lies in simulation, which saves 
resources and time by creating virtual prototypes. Programming the optimization problem and 
generating the results for 5R-PPM were carried out in MATLAB, while the Simscape Multibody 
toolbox was used to validate the result obtained from MATLAB. 

The structure of the paper is as follows: second section will explain the kinematics and 
dynamic modelling of the 5R-PPM, followed by formulation of the optimization problem using 
the above-mentioned criteria. In the third section, we will present the results of this study obtained 
by the application of Genetic Algorithm, with the conclusions pertaining to this study offered in 
the final section. 

2. Model of the 5R-PPM 

In this section, first the model of the 5R-PPM is described in detail. Then the forward and 
inverse kinematics problems for the mechanism are explained. Later dynamic analysis for the 
mechanism is described, followed by the formulation of optimization problem for genetic 
algorithm in the last sub-section. 

2.1. Model 

Fig. 1 illustrates the sketch of the two DoF 5R-PPM considered in this paper. This mechanism 
consists of five links connected by revolute joints. Links 1 and 2 are proximal links and are of 
lengths 𝑙ଵ and 𝑙ଶ respectively. Links 3 and 4 are distal links and are of lengths 𝑙ଷ and 𝑙ସ 
respectively. In this mechanism, joints at 𝐴ଵ and 𝐴ଶ are active joints, with the remaining three 
joints passive. 

The coordinate frame for the 5R-PPM is located at 𝑂. Links 𝑙ଵ and 𝑙ଶ are actuated at revolute 
joints, at 𝑑 2⁄  distance apart measured from 𝑂 along 𝑥-axis. Different points on the mechanism 
are given as follows: 

𝐴ଵ ൬−𝑑2 , 0൰, 𝐴ଶ ൬𝑑2 , 0൰, 𝐵ଵ ൬−𝑑2 + 𝑙ଵcos𝜃ଵ, 𝑙ଵsin𝜃ଵ൰, 
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𝐵ଶ ൬𝑑2 + 𝑙ଶcos𝜃ଶ, 𝑙ଶsin𝜃ଶ൰. 

 
Fig. 1. 5R-PPM sketch 

The end-effector point P has location coordinates ሺ𝑥,𝑦ሻ, whose path traces the curve shown in 
Fig. 2. The path traced here comprises of four regions, the first region is the straight line along the 
floor, the second region is the quarter-circle at the end of the straight line, the third part comprises 
of semi-ellipse, and the last part includes a quarter circle which connects the semi-ellipse and the 
straight line. It should be noted that, the path shown in Fig. 2 is relative to the mechanism as the 
quadruped body moves forward. This is a simple path that we have assumed in the initial stage to 
solve the optimization problem for the 5R-PPM. Optimization of the path is not in the scope of 
this paper. 

 
Fig. 2. The trajectory of point P from 5R-PPM 

2.2. Velocity kinematics 

In kinematics analysis, the motion of the object is of interest without considering the forces 
acting on the body. In velocity kinematics, joint velocities and end-effector’s velocity are related 
by a matrix called Jacobian. The velocity kinematic analysis of the 5R-PPM is performed based 
on Fig. 1. The kinematic relationship among the coordinates is the starting point for deriving the 
equations for dynamic analysis of the 5R-PPM. 

Consider Fig. 1, distance 𝐵ଵ𝑃 and 𝐵ଶ𝑃 are mentioned in terms of 𝑥, 𝑦, 𝜃ଵ and 𝜃ଶ are given in 
Eq. (1-2) as: 

൬𝑥 − 𝑙ଵcos𝜃ଵ + 𝑑2൰ଶ + ሺ𝑦 − 𝑙ଵsin𝜃ଵሻଶ ൌ 𝑙ଷଶ, (1)൬𝑥 − 𝑙ଶcos𝜃ଶ − 𝑑2൰ଶ + ሺ𝑦 − 𝑙ଶsin𝜃ଶሻଶ ൌ 𝑙ସଶ. (2)

Differentiating Eq. (1) and Eq. (2), we obtain Eq. (3) as: 𝐴𝑋ሶ ൌ 𝐵𝜃ሶ , (3)
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where, 𝑋 is ሾ𝑥 𝑦ሿ், and 𝜃 is ሾ𝜃ଵ 𝜃ଶሿ், and: 

𝐴 ൌ 𝑇ଷ்𝑇ସ் ൨ ,       𝐵 ൌ ቈ𝑙ଵ̅ ൈ 𝑙ଷ̅ 00 𝑙ଶ̅ ൈ 𝑙ସ̅. (4)

In Eq. (4), 𝑙ଵ̅, 𝑙ଶ̅, 𝑙ଷ̅ and 𝑙ସ̅ respectively are the directed line segments between 𝐴ଵ𝐵ଵ, 𝐴ଶ𝐵ଶ, 𝐵ଵ𝑃, and 𝐵ଶ𝑃.  

2.3. Inverse position kinematics 

Inverse position kinematics starts with known end-effector position ሺ𝑥,𝑦ሻ and computes the 
joint angles 𝜃ଵ and 𝜃ଶ so that the end-effector can reach the ሺ𝑥,𝑦ሻ position. 

 
Fig. 3. 5R-PPM sketch for inverse kinematics 

From Fig. 3, the following Eq. (5-6) can be derived: 

𝑎ଵ ൌ ඨ൬𝑥 + 𝑑2൰ଶ + 𝑦ଶ, (5)

𝑎ଶ ൌ ඨ൬𝑥 − 𝑑2൰ଶ + 𝑦ଶ, (6)

where 𝑎ଵ and 𝑎ଶ are the lengths of the line segments 𝐴ଵ𝑃 and 𝐴ଶ𝑃 in Fig. 3, 𝛼ଵ and 𝛼ଶ are the 
angles made by these line segments 𝑎ଵ and 𝑎ଶ respectively with the horizontal, measured in the 
anti-clockwise direction given in Eq. (7-8) as: 𝛼ଵ ൌ tanିଵ ቆ 𝑦𝑥 + 𝑑2ቇ, (7)𝛼ଶ ൌ tanିଵ ቆ 𝑦𝑥 − 𝑑2ቇ. (8)

The angle between 𝑎ଵ and 𝑙ଵ is 𝛽ଵ, which is given in Eq. (9-10) as follows: 

𝑏ଵ ൌ 𝑙ଵଶ + 𝑎ଵଶ − 𝑙ଷଶ2𝑙ଵ𝑎ଵ , (9)𝛽ଵ ൌ cosିଵሺ𝑏ଵሻ. (10)

Similarly, the angle between 𝑎ଶ and 𝑙ଶ is 𝛽ଶ, which is given in Eq. (11-12) as follows: 
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𝑏ଶ ൌ 𝑙ଶଶ + 𝑎ଶଶ − 𝑙ସଶ2𝑙ଶ𝑎ଶ , (11)𝛽ଶ ൌ cosିଵሺ𝑏ଶሻ. (12)

Thus, the relation between ሺ𝑥,𝑦ሻ and 𝜃 can be written in terms of 𝛼 and 𝛽, and is given in 
Eq. (13-14) as: 𝜃ଵ ൌ 𝛼ଵ + 𝛽ଵ, (13)𝜃ଶ ൌ 𝛼ଶ + 𝛽ଶ. (14)

Based on the end-effector position within the reachable workspace, there are four possible 
solutions for the 5R-PPM. The four possible solutions are categorized based on the criteria that if 
link 1 and 3 or link 2 and 4 have an included angle measured from the proximal links less than or 
greater than 𝜋. In Fig. 1, considering the odd-numbered links, link 1 and link 3, the included angle 
measures less than 𝜋, and hence this is regarded as ‘−’. In the same Fig. 1, considering the even-
numbered links, link 2 and link 4, they make an angle which is greater than 𝜋 when measured in 
the counter-clockwise direction, and hence this is considered as ‘+’. 

Alternately, this can also be quickly verified by computing the cross product of 𝐴ଵ𝐵ଵ and 𝐴ଵ𝑃 
as well as the cross product of 𝐴ଶ𝐵ଶ and 𝐴ଶ𝑃. By incorporating the aforementioned convention, 
the four possible solutions are termed working modes, which are described as ‘+ +’, ‘+ −’, 
‘− +’, and ‘−−’. To toggle between any two working modes, the mechanism has to cross Type-
1 singularity. In a Type-1 singularity, the link becomes extended, i.e., 𝐴ଵ− 𝐵ଵ − 𝑃 (or)  𝐴ଶ− 𝐵ଶ − 𝑃 become collinear, but 𝑃 does not coincide with 𝐴ଵ or 𝐴ଶ. For each working mode, 
there are two assembly modes that partition the workspace of the working mode. In order to switch 
between two assembly modes, the mechanism needs to be disassembled at the end-effector joint. 
The assembly mode implies, for each active joint pair, there exist two distinct end-effector 
locations. To toggle from one to another assembly mode, the mechanism needs to traverse a 
Type-2 singularity. Distal links become collinear in a Type-2 singularity, i.e., from Fig. 1,  𝐵ଵ − 𝑃 − 𝐵ଶ are collinear. 

 
Fig. 4. Working modes of 5R-PPM when all link lengths are equal 
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Initially, the 5R-PPM is considered to have all link lengths equal to 𝑙 as shown in Fig. 4. The 
workspaces for all the modes show that there are no holes in it as shown in Fig. 5. Loci of Type-1 
singularity of 5R-PPM is given by arcs of a circle of radius 2𝑙 centred at point 𝐴ଵ and 𝐴ଶ. In 
contrast, for all working modes, the combined loci of Type-2 singularity comprises of a sextic and 
two circles of radius 𝑙 when 𝐴ଵ and 𝐴ଶ coincide. 

 
Fig. 5. Workspace area of 5R-PPM when all link lengths are equal 

The parametric equation for an arc of a circle [11] is given in Eq. (15-16) as: 𝑥 ൌ 𝑙 cos𝜃, (15)𝑦 ൌ 𝑙 sin𝜃 േ 12ඥ4𝑙ଶ − 𝑑ଶ, (16)

where 0  𝜃  2𝜋. 
The parametric equation for sextic is given in Eq. (17-19) as: 𝑥 ൌ േ 𝛿cos𝜑, (17)𝑦 ൌ േ 𝛿sin𝜑, (18)𝛿 ൌ 12ට𝑑ଶcos2𝜑 േ 2𝑑sin𝜑ඥ4𝑙ଶ − 𝑑ଶcosଶ𝜑. (19)

The complete workspace is shown in Fig. 5. Initially, the mechanism can access the red colour 
region, with the black colour region becoming accessible when the assembly mode is changed. 
The parallel mechanism can swap its workspace by switching working modes as shown in Fig. 5. 

2.4. Torque requirement 

The relationship between the force acting at end-effector’s external surface and the joint 
torques acting at 𝐴ଵ and 𝐴ଶ is given in Eq. (20) as: 𝜏 ൌ 𝐽்𝐹, (20)

where 𝜏 ൌ ሾ𝜏ଵ 𝜏ଶሿ் and 𝐹 ൌ ൣ𝐹௫ 𝐹௬൧்  
Then, the Jacobian matrix is given in Eq. (21) as: 
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𝐽 = 𝐴ିଵ𝐵. (21)

To obtain a unique solution for joint torques, both ‘𝐴’ matrix and ‘𝐵’ matrix should have full 
rank given the required force acting on the end-effector. We assume that the mechanism will not 
traverse through singularity during motion, thereby ensuring the full rank of Jacobian will exist. 

For this study, certain additional assumptions were made as follows: 
1) The path of the stance leg’s end-effector moves along a straight line, parallel to the 

quadruped body while maintaining a constant height during its forward motion. 
2) The path of the swing legs’ end-effector will be a curve which is modelled to move the 

end-effector up from the floor as well as to move it to the following location on the floor. 
Moreover, the aim of lifting the foot off the floor is to negotiate any obstacles present on the floor 
and move over the obstacles. 

3) The end-effector could be positioned anywhere in space at any desired location within the 
limits of the 5R-PPM workspace. 

4) For trot gait, where two legs are in contact with the ground, the ground’s reaction force in 
the vertical direction is considered equivalent to one-half of the entire weight for motion with 
constant height.  

The assumptions mentioned above should be satisfied at the least expense of actuator torque. 
Let 𝜇 be friction coefficient between the foot and the ground surface. Then the maximum force 

in the horizontal direction is given as µ times the force in the vertical direction. 
Let the Jacobian matrix be as follows as given in Eq. (22): 𝐽 = ቂ𝑎ଵଵ 𝑎ଵଶ𝑎ଶଵ 𝑎ଶଶቃ (22)

where, 𝑎  represents Jacobian matrix elements which depend on 𝑥, 𝑦, 𝜃ଵ, and 𝜃ଶ. 
In Fig. 3, the configurations’ 𝑦-axis is pointing upward. However, when the mechanism is 

mounted on the quadruped body, the force generated by the mechanism is downward, which is 
considered negative. 𝐹௫, the force in the horizontal direction, could be positive or negative; it 
depends on whether the robot is accelerating or decelerating. Accordingly, Eq. (20) can be 
rewritten in Eq. (23-24) as: 𝜏ଵ = ሺ±𝑎ଵଵ𝜇 + 𝑎ଶଵሻ𝐹௬, (23)𝜏ଶ = ሺ±𝑎ଵଶ𝜇 + 𝑎ଶଶሻ𝐹௬. (24)

As we are primarily interested in magnitude only, Eqs. (23-24) can be rewritten as shown in 
Eqs. (25-26) as: |𝜏ଵ| = |ሺ±𝑎ଵଵ𝜇 + 𝑎ଶଵሻ|ห𝐹௬ห, (25)|𝜏ଶ| = |ሺ±𝑎ଵଶ𝜇 + 𝑎ଶଶሻ|ห𝐹௬ห. (26)

From Eqs. (25-26), it can be inferred that the joint actuator torques are computed with the 
vertical force උ𝐹௬ඏ as the scaling factor. Thus, from Eq. (25-26), we can deduce that the coefficient 
of උ𝐹௬ඏ depends on kinematics alone, i.e., dependent on the end-effector trajectory alone. 

2.5. Optimization 

For minimum actuator torque, the mechanism dimensions optimized are link lengths and the 
distance of separation between the actuators at the base of the mechanism. The resulting 
mechanism need not have equal link lengths as the other 5R-PPMs studied in literature. Since the 
objective function is highly nonlinear, the search space will not be smooth. Genetic algorithm, 
which is well known for identifying global optimal solutions in high dimensional spaces, is chosen 
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for searching through the dimension space to arrive at the optimal mechanism while satisfying the 
bounds on the dimensions. 

From Eqs. (25-26), it can be seen that the vertical force is a scaling factor. As the weight of 
the robot increase, so does the vertical force applied on the mechanism. Hence, the weight of the 
quadruped robot body is taken as 1 N. The peak torque obtained from the solution of genetic 
algorithm is therefore per unit force applied by the body weight. 

For the 5R-PPM considered here, the joint torque minimization problem could be framed as: 
“For the specified height of the quadruped and for the given path to be traced by the end-effector 
with respect to the mechanisms base, obtain the magnitudes 𝑑, 𝑙ଵ, 𝑙ଶ, 𝑙ଷ, and 𝑙ସ such that the joint 
actuator torques’ ሺ𝜏ଵ, 𝜏ଶሻ peak absolute values are minimum.” 

The objective function or fitness function can be written as: 𝑀𝑖𝑛𝑖𝑚𝑖𝑧𝑒: ሼ𝑚𝑎𝑥𝑖𝑚𝑢𝑚ሺ𝜏ଵ(𝑝𝑎𝑡ℎ), 𝜏ଶ(𝑝𝑎𝑡ℎ))ሽ;  𝑠. 𝑡.  bounds on (𝑑, 𝑙ଵ, 𝑙ଶ, 𝑙ଷ, and 𝑙ସ). (27)

The bounds on the dimensions are taken as 0.2 m to 1 m length. A population size of 200 is 
taken for running the algorithm. 

3. Results 

Using the genetic algorithm, the formulated minimization problem stated is solved and the 
convergence plot is shown in Fig. 6. After 76 generations the solutions converged, resulting in the 
minimum peak torque value of 0.256 N·m. 

 
Fig. 6. GA convergence path 

As the range of 0.2 to 1 meter was given as bounds to the optimization algorithm, all the link 
lengths in the solution lie within this range. The quadruped robot was assumed to be one-newton 
weight, and accordingly, the actuator torque required to rotate the links is calculated in the 
optimization algorithm. The maximum actuator torque required for the mechanism to complete 
the path specified in Fig. 2 and link lengths of the mechanism obtained after optimization are listed 
in Table 1. 

Table 1. links length and torques for four working modes of mechanism 
Working mode L1 (meter) L2 (meter) L3 (meter) L4 (meter) 𝑑 (meter) Torque (N·m) + + 0.9771 0.5402 0.5382 0.6576 0.6271 0.3620 + − 0.9997 0.9654 0.5684 0.5336 0.5877 0.3650 − + 0.5532 0.4925 0.9198 0.8479 0.4474 0.2560 − − 0.5761 0.9905 0.6440 0.5486 0.7202 0.3640 
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Fig. 5 shows the workspace of the 5R-PPM for all four working modes plotted when all the 
mechanism links are of equal length, i.e., before optimizing the mechanism’s link lengths. In [23], 
it was stated that the ‘− +’ working mode yielded a good result, but there was no supporting 
evidence for the claim. 

Fig. 7 shows the workspace area of the 5R-PPM after optimizing the mechanism in all the four 
working modes. It can be inferred from Fig. 7 and Table 1 that the ‘− +’ working mode gives the 
optimized values of the link lengths for lowest peak torque. The torque values of other working 
modes are more than 40 % higher when compared with the ‘− +’ working modes. 

Initially, the mechanism is set-up to access the red colour region in the ‘− +’ working mode, 
which has a bigger workspace in that working mode. The other working mode shown as black 
region is quite small and requires, disassembly and reassembly to enter from the current assembly 
mode. The mechanism does not have any Type-1 or Type-2 singularity while moving along the 
assumed path (Fig. 2). 

 
Fig. 7. Workspace area of 5R-PPM after optimization 

 
Fig. 8. 5R-PPM simulation in MATLAB 
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Fig. 8 shows the screenshot of Matlab simulation of 5R-PPM after optimizing the link lengths. 
The simulation can be viewed at ‘bit.ly/38GI3R3’. Fig. 9 shows the stick diagram of 5R-PPM 
simulation performed in Matlab Simscape Multibody. Results of the validation match the results 
found through genetic algorithm. The simulation of 5R-PPM performed in Matlab Simscape 
Multibody can be viewed at ‘bit.ly/3gKxsbS’. 

 
Fig. 9. 5R-PPM simulation in Simscape multibody 

 
Fig. 10. The torque required for optimized 5R-PPM 

 
Fig. 11. Planar sketch of quadruped with optimized 5R-PPM 

The link lengths obtained from the optimization were used for modelling the links in Simscape 
Multibody. The path considered in Fig. 2 is provided as motion input to the Simscape Multibody. 
The torque computed as output by the toolbox is 0.2558 N·m (Fig. 10), which is close to the value 
obtained from genetic algorithm optimization. Thus, the optimized values are in agreement with 
the validated data, ascertaining the correctness of this study. Fig. 11 illustrates the intended 
application of 5R-PPM on quadruped. The mechanism will trace the path depicted in the Fig. 2. 

4. Conclusions 

Optimizing the actuator torque is essential for efficient design as actuators are expensive and 
heavier for higher torque. The results of this work give optimum link length values for a 5R-PPM. 
Kinematic analysis equations and dynamic analysis equations of the 5R-PPM were used to 
formulate the optimization problem. The genetic algorithm was used for optimization, and for the 
5R-PPM, the values were obtained by evaluating all the four possible working modes. The 
mechanism with the optimized link lengths has the least amount of peak actuator torque for the 
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assumed trajectory while having the maximum possible workspace. The ‘− +’ working mode 
gave the optimum result with the dimensions: the first link is 0.5532 m, the second link is 
0.4925 m, the third link is 0.9198 m, the fourth link is 0.8479 m, and the distance between fixed 
points is 0.4474 m. 

The optimization problem was programmed in MATLAB and validated in MATLAB 
Simscape Multibody. To facilitate visualization, the outcomes of this study were presented 
graphically. The prime objective of this work is to show that unsymmetric leg lengths in 5R-PPMs 
can give better results than symmetric leg lengths. The numerical results arrived at through 
optimization in this work need to be further evaluated through experiments. 
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