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Abstract. Nowadays, the design trajectories of the executive elements CNC-machines are 
successfully controlled by computer simulation. But the quality and efficiency of the cutting 
process cannot be achieved by ensuring the accuracy of movement trajectories of the executive 
elements. Experimental experience of the rational process modes, tools, cooling and lubricating 
liquids and etc. was laid in the basis for designing the CNC-program to ensure the equivalent 
quality of processing. This experience reflects some averaging over a variety of machines, tools 
and processing conditions. In this case, the changes in the cutting system properties along the 
motion paths are not taken into account. These changes can be set a priori as changes occurred as 
a result of the energy released in the cutting zone and then supplied to the machine systems. The 
article deals with the synergetic alignment of the external (CNC-program) and internal control 
(dynamic of the cutting process). This paper presents a new approach to the mathematical 
simulation of a controlled dynamic cutting system, which properties change due to the a priori 
established laws of parameter changes of interacting subsystems, as well as due to the result of 
cutting forces acting in the interface of the tool and machining zone. It is revealed that the CNC 
program with the changing process properties matches regularly that makes it possible to increase 
the economic efficiency of processing while ensuring the required quality of the batch production 
of parts. 
Keywords: processing efficiency, self-organization and evolution, synergetics of alignment of 
external and internal dynamics. 

1. Introduction 

Recently, a system-synergetic paradigm of analysis and synthesis has been formed [1], [2]. 
The synergetic approach is used in the management of complex nonlinear interconnected technical 
systems [3]-[5], including machining processes for metal-cutting machines [6]-[9], as well as in 
the study of the dynamics of systems interacting with different environments [10]. The knowledge 
based on various ideas concerning the influence of process parameters on the machining process 
[11]-[14] are used for determining the CNC-programs and for setting the trajectories of the 
executive elements (TEE). It is shown that power released in the cutting zone influences the tool 
wear. It is estimated, as a rule, by its temperature [12], [14]. Various techniques have been 
developed for correcting control programs that depend on information exchanges in machine 
subsystems [15]-[20]. It is shown that the control of elastic deformations of the tool and the 
workpiece is one of the effective quality control methods for parts manufacturing [18]. This 
method was recognized in cases that the rigidity of the processed part changes along with the TEE 
of the machine [19]-[21]. The authors propose to use local systems for automatic control of cutting 
forces for processing this class of parts. It is also shown that the output processing characteristics 
depend on the state of the dynamic system (DS) [22]-[28]. It is noted that the cutting DS has the 
property of evolutionary changes that depend on the power trajectory of irreversible energy 
transformations in perfect operation [28]-[36]. The next step aimed at improving the processing 
efficiency is the synergistic alignment of the CNC-program with the cutting dynamic system. First, 
it is necessary to align the process modes and the corresponding CNC-programs with the cutting 
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DS. Secondly, this alignment ensures the adequacy of system changing properties.  
Consequently, the algorithm of alignment control included the determination of the 

evolutionary trajectory of the system properties and provision of its asymptotic stability while 
minimizing the intensity of tool wear is proposed based on the study of the influence of the cutting 
system parameters on the output characteristics of the cutting process. The conditions of control 
feasibility disclosed in the article that depend on the features of the dynamic cutting system, its 
state, values of parameters of the tool and workpiece subsystem, namely stiffness, dissipation and 
inertia matrices, as well as on the technological regimes of cutting: speed and depth of cutting and 
feed, is taken into account. The materials given in the article are devoted to the alignment of the 
CNC-program with the properties of the cutting DS that change along the tool path. 

2. Mathematical modeling 

The geometric space tied in the machine’s load-bearing system is considered with established 
axes {𝐿ଵ, 𝐿ଶ, 𝐿ଷ}் ∈ ℜ(ଷ) in the right center of rotation of the workpiece (Fig. 1). All symbols used 
in the article are represented in Nomenclature. Additionally, the rotation path of the workpiece 
(Ω = 𝑑𝛼/𝑑𝑡,𝛼) is set. The vectors that characterize the state for the cutting system are introduced 
for consideration. These vectors are as follows:  

The TEE vector for the machines 𝐋(𝑡) = {𝐿ଵ(𝑡), 𝐿ଶ(𝑡), 𝐿ଷ(𝑡), 𝐿ସ(𝑡)}் ∈ ℜ(ସ). It indicates at a 
spatial movement of a caliper and the rotation of a spindle. In the traditional layout 𝐿ଷ(𝑡) ≡ 0. 
This vector corresponds to the velocity 𝐕(𝑡) = {𝑉ଵ(𝑡),𝑉ଶ(𝑡),𝑉ଷ(𝑡),𝑉ସ(𝑡)}் ∈ ℜ(ସ), and phase 
trajectories {𝐿௜(𝑡),𝑉௜(𝑡)}, 𝑖 = 1,2,3,4. Actually𝑉ସ = 𝜋𝐷Ω. Combination of 𝐋(𝑡) and 𝐕(𝑡) is 
determined in the CNC-program. 

Deformation trajectories 𝐗(𝑡) = {𝑋ଵ(𝑡),𝑋ଶ(𝑡),𝑋ଷ(𝑡),𝑌(𝑡)}் ∈ ℜ(ସ) and their velocities 𝐯𝐗(𝑡) = {𝑣௑,ଵ(𝑡), 𝑣௑,ଶ(𝑡), 𝑣௑,ଷ(𝑡), 𝑣௑,ସ(𝑡)}் ∈ ℜ(ସ). It is convenient to consider the deformations 
in the directions opposite to 𝐋(𝑡) and 𝐕(𝑡). 

Trajectories of the shape-generating movements 𝐥(𝑡) = {𝑙ଵ(𝑡), 𝑙ଶ(𝑡), 𝑙ଷ(𝑡), 𝑙ସ(𝑡)}் ∈ ℜ(ସ) are 
formed by the rule: 𝐥(𝑡) = 𝐋(𝑡) − 𝐗(𝑡), (1)

and their speeds 𝐯(𝑡) = {𝑣ଵ(𝑡), 𝑣ଶ(𝑡), 𝑣ଷ(𝑡), 𝑣ସ(𝑡)}் ∈ ℜ(ସ), because 𝐥(𝑡) = ׬ 𝐯(𝜉)௧𝟎 𝐝𝜉. If 𝐥(𝑡) is 
set, then the main geometry topology of the workpiece surface 𝚿(௟) is determined [7]-[9]. It 
characterizes the net of tool trace on the part and represents it’s geometric deviation from the ideal 
position with 𝑙ଵ(𝑡) = 0. The control purpose is determined as: 𝐥(𝑡) ∈ 𝚿(௟) ⊂ 𝚿(𝟎), (2)

where 𝚿(𝟎) is the set of trajectories 𝐥(𝑡), which provide the required geometric topology of the 
surfaces formed by cutting. 

When the tool intersects the workpiece, complex physical interactions are formed in the cutting 
zone, represented in the form of a dynamic relationship formed by cutting. This connection 
combines the physical subsystems into a single cutting system. In this study, only mechanical 
subsystems are considered. Then the interaction is characterized by forces  𝐅(𝑡) = {𝐹ଵ(𝑡),𝐹ଶ(𝑡),𝐹ଷ(𝑡),𝐹ସ(𝑡)}் ∈ ℜ(ସ), 𝐹ସ(𝑡) ≡ −𝐹ଵ(𝑡) that cause elastic deformations 𝐗(𝑡). 
Parameters that characterize the intersection of the tool and the workpiece, are included in the 
process mode (feed, depth and cutting speed): 𝚻(𝑡) = {𝑆௉(𝑡), 𝑡௉(𝑡),𝑉௉(𝑡)}். They are related to 
trajectories 𝐕(𝑡) and 𝐯𝐗(𝑡) by the ratio: 

𝑆௉(𝑡) = න ൣ𝑉ଶ(𝜉) − 𝑣௑,ଶ(𝜉)൧𝑑𝜉௧
௧ି் , (3)
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𝑉௉(𝑡) = 𝑉ଷ(𝑡) − 𝑣௑,ଷ(𝑡), (4)𝑡௉(𝑡) = 𝑑/2 −න ሾ𝑉ଵ(𝜉) − 𝑣௑,ଵ(𝜉) − 𝑣௑,ସ(𝜉)ሿ𝑑𝜉,௧
଴  (5)

where 𝑇 = (Ω)ିଵis the turnaround time ሾ𝑠ሿ. 

 
Fig. 1. Scheme of interaction of spindle rotation drives and caliper feed,  

and formation of dynamic link of cutting process 

It is assumed that there are no torsional deformations of the workpiece, and the workpiece has 
a constant diameter, and the system is considered unperturbed. Consequently, feed 𝑆௉(𝑡) is 
defined by the integration operator of the total speed in the time window determined by the rotation 
frequency of the workpiece. If in Eqs. (3-5) there are no deformations, and all velocities are 
constant, then 𝚻଴ = {𝑆Р(଴), 𝑡Р(଴),𝑉Р(଴)}. This paper uses studies [32] to determine the deformations 
in Eq. (3-5): 

𝐦𝑑ଶ𝐗𝑑𝑡ଶ ൅ 𝐡𝑑𝐗𝑑𝑡 ൅ 𝐜𝐗 = 𝐅(𝑆௉ , 𝑡௉,𝑉௉), (6)

where 𝑚 = ൣ𝑚௦,௞൧, 𝑚௦,௞ = 𝑚௜, at 𝑠 = 𝑘, 𝑚௦,௞ = 0, at ് 𝑘, 𝑠, 𝑘 = 1,2,3,4, 𝑚ଵ,ଵ = 𝑚ଶ,ଶ = 𝑚ଷ,ଷ =𝑚, 𝑚ସ,ସ = 𝑚଴ in kgs2/mm, ℎ = ൣℎ௦,௞൧ in kgs/mm, 𝑐 = ൣ𝑐௦,௞൧, 𝑠, 𝑘 = 1,2,3,4, 𝑐௦,ସ = 𝑐ସ,௦ = 0, 𝑠 =1,2,3, ℎ௦,ସ = ℎସ,௦ = 0, 𝑠 = 1,2,3 in kg/mm – symmetric, positive-definite matrices of inertial, 
speed, and elastic coefficients; stiffness of workpiece 𝑐ସ,ସ = с଴(𝐿ଶ). Projections 𝐅 in a space ℜ (ଷ) 
are determined by coefficients 𝐹௜ = 𝜒௜𝐹଴, 𝑖 = 1, 2, 3 that meet the following conditions ∑ (𝜒௜)ଶ௜ୀଷ௜ୀଵ = 1. The 𝐹ସ = −𝐹ଵ is taken into account. Coefficients 𝜒௜ depend on the geometry of 
the tool and are unchanged, if wear is not taken into account. The coefficients 𝜒௜ and matrices 𝑐 
change depending on the trajectory when processing a part with a complex geometry. The 
possibility to consider workpiece deformations in a scalar form is explained by the round section 
of the workpiece. Then any orthogonal coordinate system normal to the axis of rotation is the 
principal one. 
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One of the provisions of synergetic analysis and synthesis uses the principle of expansion-
contraction of the dimensionality of the state space [3]-[5]. In this case, the introduced system of 
equations reveals the link of the forces 𝐅 with deformation displacements Eq. (4), in which it is 
necessary to express the forces through coordinates of the state and TEE are related to the process 
modes. The following properties of the force generation are taken into account when the 
longitudinal rotation takes place. The force modulus is proportional to the shear area (𝑆 = 𝑡௉(𝑡) ⋅𝑆௉(𝑡)) (Fig. 1), and its changes delay in relation to its variations [22]-[24]. As the cutting speed 
increases in the speed range (0.5-3.0) m/s, its increase causes an exponential decrease in forces 
[32]. The feed rate is the path taken by the tool tip in the longitudinal direction during the 
workpiece rotation. 

The force model is considered. The dependence 𝐅 on the area of the cut layer 𝑆, the cutting 
speed and delayed impact of all forces acting in this model is taken into account. Then: 𝐅(𝑡) = 𝐹(଴)(𝑡){𝜒ଵ,𝜒ଶ,𝜒ଷ,−𝜒ଵ}் , (7)

where: 𝑇(଴)𝑑𝐹(଴)𝑑𝑡 + 𝐹(଴)= 𝜌 ቄ1 + 𝜇exp ቂ−𝜁 ቀ𝑉ଷ − 𝑣௑,ଷ(𝑡)ቁቃቅ ൣ𝑡௉(଴) − 𝑋ଵ − 𝑌൧න ൛𝑉ଶ(𝜉) − 𝑣௑,ଶ(𝜉)ൟ𝑑𝜉௧
௧ି் , (8)

where 𝜌 is the chip pressure[kg/mm2]; 𝜁 is the force steepness parameters [s/mm]; 𝜇 is the 
dimensionless coefficient; 𝑇(଴) is the parameter that determines the delay of forces. Systems 
Eq. (1-5) allow finding out the relationship of the machine TEE with 𝐥(𝑡), and, consequently, 
determining 𝐋(𝑡) and 𝐕(𝑡) providing Eq. (2).  

3. Desired attractor construction 

As noted, the control purpose consists in selecting the optimal TEE 𝐋(𝑡) and 𝐕(𝑡) to minimize 
the cost of a batch production, taking into account the condition of Eq. (2). It is necessary to choose 𝐋(𝑡) and 𝐕(𝑡) satisfying the condition of Eq. (2) to solve this task, first of all. A set of TEE is used 
to form the following equation: 𝐋(𝑡) ∈ 𝚿(଴) ⊂ 𝚿(௅), (9)

where 𝚿(௅) is a set of asymptotically stable trajectories. Then it is necessary to define 𝚿(∗), 
trajectories 𝐋(∗)(𝑡) and 𝐕(∗)(𝑡) from 𝚿(௅) that provide the possibility to reduce the cost of a batch 
production to a minimum. The sequence of solutions to the problem of asymptotical stability is 
considered. 

In the first step, the trajectories 𝐋(𝑡) and 𝐕(𝑡) providing the deviation of the diameter  Δ𝐷 = 2(𝑋ଵ + 𝑌) = 𝑐𝑜𝑛𝑠𝑡 are determined, and the asymptotically stable trajectories are chosen 
from among them. The most rational condition Δ𝐷 = 𝑐𝑜𝑛𝑠𝑡 is used to estimate the feed rate 𝑉ଶ(𝐿ଶ). First, the trajectories of the set 𝚿(଴) are determined. The task of determining 𝑉ଶ is set 
when the diameter deviation Δ𝐷 = 2(𝑋ଵ + 𝑌) = 𝑐𝑜𝑛𝑠𝑡. The function 𝑐଴[𝐿ଶ(𝑡)] is considered 
constant within the impulse response of the system. Then this system can be used to determine the 
connection between Δ𝐷 and 𝑉ଶ: 

𝑋ଵ + 𝑌 = Δ௑భ + Δ௒Δ = 𝑐𝑜𝑛𝑠𝑡, (10)

where: 
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Δ = ⎣⎢⎢
⎡𝑐ଵ,ଵ + 𝜒ଵ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଵ 𝑐ଷ,ଵ 𝜒ଵ𝜌଴𝑉ଶ𝑇𝑐ଵ,ଶ + 𝜒ଶ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଶ 𝑐ଷ,ଶ 𝜒ଶ𝜌଴𝑉ଶ𝑇𝑐ଵ,ଷ + 𝜒ଷ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଷ 𝑐ଷ,ଷ 𝜒ଷ𝜌଴𝑉ଶ𝑇𝜒ଵ𝜌଴𝑉ଶ𝑇 0 0 𝑐଴(𝐿ଶ) + 𝜒ଵ𝜌଴𝑉ଶ𝑇⎦⎥⎥

⎤, 
Δ௒ = 𝜌଴𝑡௉(଴)𝑉ଶ𝑇 ⎣⎢⎢

⎡𝑐ଵ,ଵ + 𝜒ଵ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଵ 𝑐ଷ,ଵ 𝜒ଵ𝑐ଵ,ଶ + 𝜒ଶ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଶ 𝑐ଷ,ଶ 𝜒ଶ𝑐ଵ,ଷ + 𝜒ଷ𝜌଴𝑉ଶ𝑇 𝑐ଶ,ଷ 𝑐ଷ,ଷ 𝜒ଷ𝜒ଵ𝜌଴𝑉ଶ𝑇 0 0 𝜒ଵ⎦⎥⎥
⎤, 

Δ௑భ = 𝜌଴𝑡௉(଴)𝑉ଶ𝑇 ⎣⎢⎢
⎡𝜒ଵ 𝑐ଶ,ଵ 𝑐ଷ,ଵ 𝜒ଵ𝜌଴𝑉ଶ𝑇𝜒ଶ 𝑐ଶ,ଶ 𝑐ଷ,ଶ 𝜒ଶ𝜌଴𝑉ଶ𝑇𝜒ଷ 𝑐ଶ,ଷ 𝑐ଷ,ଷ 𝜒ଷ𝜌଴𝑉ଶ𝑇𝜒ଵ 0 0 𝑐଴(𝑙ଶ) + 𝜒ଵ𝜌଴𝑉ଶ𝑇⎦⎥⎥

⎤, 
𝜌଴ = 𝜌{1 + 𝜇exp[−𝜁(𝑉ଷ]}. 

In Eq. (10), all parameters are set, including 𝑐଴(𝐿ଶ), and the law of 𝑉ଶ(𝐿ଶ) is determined, which 
is the phase trajectory of the longitudinal movement of the caliper. Defined machine system TEEs 
are hidden in Eq. (10) in the parameters 𝑇, 𝑡௉(଴). Their set determines the set of trajectories 𝑉ଶ(𝐿ଶ). 
From this set, it is necessary to select trajectories that satisfy TEE stability. Then 𝐥(𝑡) is an 
attractor, which is the basis of the synergetic control theory [3]. It is necessary to obtain a 
linearized equation in variations and investigate it by known techniques to analyze the stability 
[33]. Without dwelling on details, please see a linearized equation in the vicinity of equilibrium 
in variations corresponding to Eq. (6) and Eq. (7): 𝐌𝑑ଶ𝐳(𝑡)𝑑𝑡ଶ + 𝐇𝑑𝐳(𝑡)𝑑𝑡 + 𝐂𝐳(𝑡) = 𝟎, (11)

where: 𝐳(𝑡) = {𝑥ଵ(𝑡), 𝑥ଶ(𝑡), 𝑥ଷ(𝑡),𝑦(𝑡), 𝑓(𝑡)}் , 
𝐌 = ⎣⎢⎢⎢

⎡𝑚 0 0 0 00 𝑚 0 0 00 0 𝑚 0 00 0 0 𝑚଴ 00 0 0 0 0⎦⎥⎥
⎥⎤, 

𝐇 =
⎣⎢⎢
⎢⎢⎢
⎡ℎଵ,ଵ ℎଶ,ଵ ℎଷ,ଵ 0 0ℎଵ,ଶ ℎଶ,ଶ ℎଷ,ଶ 0 0ℎଵ,ଷ ℎଶ,ଷ ℎଷ,ଷ 0 00 0 0 ℎ଴ 00 0 −𝜌(𝑡௉(଴) − 𝑋ଵ∗)𝑆௉(଴)𝜍𝜇exp(−𝜍𝑉ଷ) 0 𝑘𝑆௉(଴)(𝑡௉(଴) − 𝑋ଵ∗)𝑉ଷ ⎦⎥⎥

⎥⎥⎥
⎤, 

𝐂 = ⎣⎢⎢
⎢⎢⎡ сଵ,ଵ сଶ,ଵ сଷ,ଵ 0 −𝜒ଵсଵ,ଶ сଶ,ଶ сଷ,ଶ 0 −𝜒ଶсଵ,ଷ сଶ,ଷ сଷ,ଷ 0 −𝜒ଷ0 0 0 с଴(𝐿ଶ) −𝜒ଵ𝜌{1 + 𝜇𝑒ିచ௏య}𝑆௉(଴) 𝜌{1 + 𝜇𝑒ିచ௏య}[𝑡௉(଴) − 𝑋ଵ∗] 0 𝜌{1 + 𝜇𝑒ିచ௏య}𝑆௉(଴) 1 ⎦⎥⎥

⎥⎥⎤. 
The synthesis of control is illustrated by turning the of the fuel system fitting made of steel 

grade C45. Length𝐿ଶ(଴) = 120 mm, 𝐷 = 20 mm, technological modes: 𝑡௉(଴) ≤ 2,0 mm,  𝑉ଷ = 2,0 m/s. The parameters are given in Table 1 and Table 2. The generalized masses:  
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𝑚 = 0,5⋅10-3 kg⋅s2/mm, 𝑚଴(𝐿ଶ), ℎସ,ସ(𝐿ଶ) and сସ,ସ(𝐿ଶ) depend on the movement 𝐿ଶ (Fig. 1). 
In this example, the trajectories of stiffness 𝑐ସ,ସ (𝐿ଶ), deformation displacements Δஊ (𝐿ଶ) and 

velocity 𝑉ଶ (𝐿ଶ) providing Δஊ (𝐿ଶ) = 𝑐𝑜𝑛𝑠𝑡 are given (Fig. 2). 

Table 1. Matrices of velocity coefficients ℎଵ,ଵ ℎଶ,ଶ ℎଷ,ଷ ℎଵ,ଶ = ℎଶ,ଵ ℎଵ,ଷ = ℎଷ,ଵ ℎଶ,ଷ = ℎଷ,ଶ ℎ଴ 
0.25 0.15 0.15 0.1 0.08 0.08 0.18 

Table 2. Matrices of elasticity coefficients  𝑐ଵ,ଵ 𝑐ଶ,ଶ сଷ,ଷ 𝑐ଵ,ଶ = 𝑐ଶ,ଵ 𝑐ଵ,ଷ = 𝑐ଷ,ଵ 𝑐ଶ,ଷ = 𝑐ଷ,ଶ 𝑐଴ 
1000 800 800 200 100 100 200-300 

Table 3. Parameters of dynamic link  𝜌, [kg/mm2] 𝜍, m/s 𝑇଴, с 𝜇 
500 0.1 0.001-0.005 0.5 

 

 
a) 

 
b) 

Fig. 2. Change of system properties along the axis 𝐿ଶ: a) trajectory of radial stiffness change 𝑐ସ,ସ  (1)  
and rational feed rate trajectory 𝑉ଶ  (2); b) error caused by elastic deformations Δஊ   

at constant feed (1), at constant force (2), at feed rate control (3) 

Depending on the parameters (Fig. 3), the trajectory 𝑉ଶ (𝐿ଶ) may become unstable. To provide 𝐋(𝑡) ∈ 𝚿(଴), it is necessary to change the parameters of the subsystems by constructive methods 
or to adjust the cutting speed 𝑉௉(଴) = 𝑉ଷ  and the corresponding feed rate 𝑉ଶ . Fig. 3 shows that the 
stability region always expands as the velocity increases. Earlier it was shown that as the velocity 
in the system increases, parametric self-excitation is observed [8]. Therefore, there is a range in 
which the stability margin is maximal. It also characterizes the range of variations 𝑉ଷ in which the 
system always suppresses perturbations [34]. Here is a mutual influence of different physical 
processes that cause minimization of tool wear intensity. 

At the second stage, trajectories 𝚿(∗) are selected from the set 𝚿(௅), which provide a minimum 
of the reduced cost of a batch production [35]. The relationship between the intensity  𝑑𝑤଴/𝑑𝐿ଶ = 𝑣௪(௅) and rate of tool wear 𝑑𝑤଴/𝑑𝑡 = 𝑣௪(௧) and the power of irreversible 
transformations of the energy 𝑁(𝑡) input to the cutting zone is taken into account [29], [30]. From 
the dependence of the dynamic coupling parameters on wear, an evolutionary restructuring of the 
properties is observed. This is a slow process that requires trajectory correction. The wear rate can 
be represented by the integral equation [29], [30]: 

𝑣(௪) = 𝑐௪ ቊ𝑁(𝑡) + 𝑐௪∗ න 𝑊(𝑡 − 𝜉)𝑁(𝜉)𝑑𝜉௧
଴ ቋ, (12)
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where 𝑐௪∗ , 𝑐௪ are coefficients in [s-1] and [kg-1]; 𝑇ଵ, 𝑇ଶ are constants in [s]; 𝑊(𝑡 − 𝜉) is the kernel 
of the integral operator ቀ𝑊(𝑡 − 𝜉) = ቄ−exp ቂ− ଵ்భ (𝑡 − 𝜉)ቃ + 𝜇௩exp ቂ ଵ்మ (𝑡 − 𝜉)ቃቅቁ; 𝑁(𝑡) is power 
of irreversible transformations in [kg⋅m/s]. The kernel 𝑊(𝑡 − 𝜉) includes the process of 
adaptation (the first term) and degradation (the second term). Then: 

𝑤(𝑡) = න 𝑣(௪)(𝜉)𝑑𝜉௧
଴ . (13)

The power 𝑁(𝑡) from Eq. (7) is determined by: 𝑁(𝑡) = 𝜌[−𝜁(𝑉ଷ − 𝑣௑,ଷ(𝑡))]{1 + 𝜇exp[−𝜁(𝑉ଷ − 𝑣௑,ଷ(𝑡))]}[𝑡௉(଴) − 𝑋ଵ − 𝑌]       ∙ න{𝑉ଶ(𝜉) − 𝑣௑,ଶ(𝜉)}𝑑𝜉௧
௧ି் . (14)

Systems of Eq. (6), Eq. (7), and Eq. (11) represent functionally coupled integro-differential 
equations which methods of analysis are described in [29], [30]. Here, the power released in the 
cutting zone is actually a generator for the development of wear, changes in the parameters of the 
dynamic coupling and evolutionary restructuring of the system properties. Moreover, each 
evolutionary diagram, including the diagram of forces, deformation displacements and power of 
irreversible energy transformations is unique. They correspond to skeleton geometric topology 
diagrams, from which one can determine the accepted in engineering practice assessments of a 
quality of the surface being formed. It depends on the initial parameters, modes and perturbations. 
Therefore, even their small variations can correspond to different diagrams of wear and changes 
in the geometric characteristics of the surface formed by cutting. As our studies show, all 
evolutionary diagrams are characterized by the development of chaotic dynamics, so there is a 
limit cutting path after which machining is impossible [35], [36]. Consequently, all the output 
characteristics of the process, including the geometric topology and wear, evolve to their terminal 
state due to the energy of irreversible transformations.  

Therefore, trajectory 𝚿(∗)determination is associated with step-by-step correction of the TEE 
(CNC program) of the machine tool during the evolution of the cutting system, so as to provide 
the maximum path to reach the terminal state. 

 
a) 

 
b) 

Fig. 3. Stability areas of “frozen” system at different values  
of wear 𝑤଴: 1 – 𝑤଴ = 0.05; 2 – 𝑤଴ = 0.1; 3 – 𝑤଴ = 0.15 
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4. Dynamic peculiarities and control and dynamics coordination 

Some examples of evolutionary diagrams (Fig. 4) are given, and the identified features of 
evolutionary trajectories are considered. These examples are as follows:  

1) Unchanged machining modes and conditions demonstrate evolutionary changes in the 
properties of deformations, forces and power of irreversible energy transformations, hence tool 
wearability. Each evolutionary trajectory depends on a variety of initial parameters and modes. In 
the trajectories (Fig. 4), there are noticeable differences, at least in the location of the bifurcation 
points (marked "A", "B", ..., "F"). These diagrams have significantly different trajectories of 
power and work of irreversible transformations reduced to the cutting blade length. 

 
Fig. 4. Example of evolution diagrams of tool strain displacements  

in direction 𝑋ଵ at different depths of cutting 

2) In the course of evolution, bifurcations of the attracting sets of strains and a monotonic shift 
of their constant component are observed. Therefore, the diameter deviation is determined, first, 
by an a priori set law 𝑐଴(𝐿ଶ), and, second, by an evolutionary change in the parameters, first of 
all, by 𝜌. The location of bifurcation points and their type depend on the system parameters, first 
of all, on the excitation coefficient determined by 𝜌 and 𝑡௉(଴). Here, the variety of phase-space 
topologies increases together with the increase of 𝑡௉(଴). The cutting system itself, in which the 
forces are represented in the state coordinates and modes, can be interpreted as a dynamic system 
with feedback. Therefore, the first problem of matching the machine tool TEE includes the choice 
of such their trajectories, at which the condition of Eq. (2) is accomplished. This is a synergistic 
paradigm of matching the external (from the CNC system) and internal (from the forces 
represented in the state coordinates) control [3]. 

3) The bifurcations for 𝑡௉(଴) = 3,0 mm are analyzed. At all of them 𝑡௉(଴), the loss of stability and 
the formation of self-oscillations are observed along the cutoff (Fig. 5, curve 1). This is due to the 
change in the parameter 𝑇(଴), which depends on the thickness of the cut layer, when plunging, and 
its influence on the stability. The stable section corresponds to the part of the tool wear curve, on 
which the wear intensity is minimal. Bifurcations become more frequent, when wear approaches 
the values of (0.8-0.9) mm, corresponding to the beginning of catastrophic wear. Depending on 
the parameters, the bifurcation points shift. Transformation of one limit cycle into another (curve 2 
in Fig. 5) is observed, which is further transformed into a torus (curve 4), and then chaotic 
dynamics is formed in the system (curve 6). The transition from a limit cycle to a torus is shown 
by trajectory 3, and from a torus to a chaotic attractor by trajectory 5. This is accompanied by a 
cascade of period-doubling bifurcations. The bifurcation diagrams for varying the cutting speed 
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are also analyzed, and it is shown that the value of cutting speed, at which the intensity of wear is 
minimal, changes in the course of evolution. In contrast to existing ideas about the existence of an 
optimal cutting speed, but unchanged along the trajectory, the performed research shows that it is 
necessary to consider the optimal trajectory along the work done by cutting, that is, along the 
displacement. In addition, tool wear depends on the parameters of the dynamic system and, first 
of all, uncontrolled vibration disturbances [36], [37]. 

4) Each type of phase space topology corresponds to its own skeleton geometric surface 
topology (Fig. 6). Studies have shown that when analyzing the representation of vibration 
processes in the geometrical topology, it is necessary to take into account the following features: 
vibrations cause a dynamic shift of the balance point, changing the current diameter value; an 
increase in the intensity of vibrations in the high frequency region causes vibration linearization 
of the dynamic relationship formed by cutting, and in most cases the vibration suppression in the 
low frequency region; the geometrical topology is affected not only by the orientation of vibrations 
in space, but also by the ratio of frequency; there are directions in which vibrations, changing the 
overall dynamics, do not affect the geometric topology formed by cutting. 

 
Fig. 5. Examples of fragments of projections of phase trajectories  

on plane 𝑋ଵ − 𝑑𝑋ଵ/𝑑𝑡 in course of evolutionary restructuring 

The efficiency of matching the machine TEE and changing cutting dynamics has been tested 
in a factory when machining parts which stiffness changes along the tool travel. Reference points 
were selected on the workpiece, between which a linear interpolation of the feed rate and its 
corresponding sets of speeds 𝑉ଶ and 𝑉ଷ. 
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The set is divided into three groups according to the values of optimum cutting speed on the 
sections. Experimentally it is possible to reduce machine time by almost 2.5 times due to reducing 
the number of passes and increasing the integral value of tool wear resistance. Performed digital 
experiments showed that with continuous alignment of speeds 𝑉ଶ and 𝑉ଷ and with evolution of the 
system the machine time for part machining is reduced up to three times due to the selection of 
the optimal cutting speed along the trajectory. It is important to emphasize that the increase in 
process efficiency is achieved solely by software methods. 

 
a) 

 
b) 

Fig. 6. Example of skeleton geometrical topology when machining a shaft with diameter 𝐷 = 20.0 mm:  
a) path of deformation displacements 𝑋ଵ; b) net of geometrical topology 

5. Result analysis  

The results obtained in the framework of the study showed that the cutting system as a control 
object is a complex interrelated nonlinear system, which is represented as cutting forces in the 
state coordinates but these forces actually include the forces as an internal regulator of the 
trajectories of shape-forming movements and machining properties. The results of the study 
allowed us to formulate some significant principles of control alignment.  

Firstly, since the evolutionary properties of the system depend on the parameters of the 
dynamic system and disturbances, the matching process is performed for a specific machine and 
process. Rational directions for matching the machine tool TEE with the evolutionary properties 
of the cutting process depend on the features of the workpiece and the terminal target. To ensure 
the constancy of the diameter of the workpiece, which stiffness parameters along its axis are set a 
priori, it is also reasonable to ensure the constancy of the elastic deformation displacements of the 
tool relative to the workpiece on the basis of variations in the feed rate and the corresponding 
cutting speeds and feed rates. 

Thirdly, in its turn, the cutting speed is selected from the conditions of tool wear intensity 
minimization that correspond to the trajectories with the largest stability margin of the system. As 
evolutionary change of parameters is observed due to the energy release in the cutting zone, each 
stage of evolution determined by the produced force work corresponds to its optimal cutting speed 
value, and these properties can be transferred to other equipment with great caution. 

Finally, cutting forces which disclose the dependence between elastic deformations and 
process modes extremely affect the deformation process. In this case, the stabilization of cutting 
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forces leads to even greater diameter error than machining without control at constant modes 
(Fig. 3). This is due to the properties of self-regulation of the cutting process. If, on the other hand, 
the allowance variation is the main variable parameter, then forces stabilization through feed 
variation can fully compensate for the effect of allowance variation on the diameter accuracy. In 
all cases, it is necessary not to stabilize the cutting forces, but to ensure the constancy of the elastic 
deformations on the basis of their coordination with the law of change in the cutting properties 
and a priori specified disturbance. 

6. Conclusion 

The cutting process that takes place on metal-cutting machines is a complex nonlinear 
hierarchically interconnected system in which the properties of machining and its output 
characteristics change in the course of machining, firstly, as a result of a priori set laws of change 
in the interacting subsystems along the cutting path. Secondly, the system parameters depend on 
the energy released in the cutting zone and, as a consequence, these system properties are 
evolutionarily restructured. The above example of such alignment for machining parts which 
stiffness varies along the tool path can be extended to other cases and motion control processes of 
mechanical systems interacting with different environments. 
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