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Abstract. In a pair of actual gears alternating meshing process, the transmission system errors and 
thermal elastic deformation of the gear teeth can cause gears in the meshing zone to form high 
contact pairs inconsistently mesh-in and mesh-out points to deviate from the theoretical line, 
which will lead to sudden changes in meshing velocity and an instantaneous meshing effect. 
Offline meshing impact generates large additional loads, and it increases the vibration and noise 
of gear transmission system. Further, the gear teeth mesh-in impact is significantly greater than 
that of gear teeth mesh out. Therefore, to analyze the impact with the minimum value of gear teeth 
mesh in, the initial mesh-in points need to be determined, and the meshing impact velocity and 
impact force of teeth meshing-out need to be calculated. The optimized meshing tooth-pair contact 
interface (CI) anti-impact numerical calculation mode is validated using the loaded teeth contact 
analysis method. 
Keywords: gear teeth modification, meshing impact, minimum impact resistance, optimal design, 
alternating intermeshing. 

1. Introduction 

Gears with teeth meshing are subject to mild to considerably severe meshing effects that 
depend on the extent and distribution of the gear transmission errors. Meshing outside the normal 
path of the gear teeth may lead to meshing impact because of the sudden fluctuation in rotation 
velocity [1-3]. Further, the meshing impact may induce dynamic load, vibration, and noise. Even 
if a meshing gear in the time domain has an accurate involute tooth profile under working 
conditions, the gear teeth will change the base joints of the driving and driven gears to the position 
of the meshing line. This is attributed to the deformation of the gear tooth load and the installation 
error under the initial action of the meshing force which is no longer equal, and therefore, it causes 
gear tooth surface interference that deviates the meshing point from the normal meshing line [4-6].  

Three types of meshing impacts-mesh-in, mesh-out, and node-have been observed in gear 
transmission systems [7-9]. Node impact has the lowest effect, followed by mesh-out impact and 
then by mesh-in impact. Thus, gear transmission errors are considered to analyze the meshing 
impact [10-12].  

The meshing impact is derived based on the mesh-in impact velocity model; simulation results 
of some typical examples with the meshing impact on gear pairs are utilized to validate the model 
[13-15]. Loaded teeth contact analysis (LTCA) is an important numerical method that simulates 
the teeth meshing pattern under loaded conditions [16-18]. An optimum teeth surface modification 
design can be developed by combining LTCA and teeth modification and by studying loaded teeth 
meshing under modifications [19-21]. Modifications to the addendum and dedendum can 
effectively improve teeth meshing performance, decrease meshing impact and noise, and increase 
loading capacity because it helps achieve uniform load distribution on the teeth surface [22-24].  
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Modified parameters can be obtained by applying the complex method [25-27] to minimize 
the meshing impact and uniformly distribute teeth surface load. Subsequently, several typical 
examples were utilized to verify the correctness of this modification method via comparison of 
the loaded transmission error, maximum impact force, and load distribution factor before and after 
modification [28-30].  

The time-domain transmission error and gear tooth deformation in the working condition 
causes the normal joint of the meshing gear pair to be unequal and deviate from the theoretical 
meshing line at the mesh-in and mesh-out points, which results in a transient meshing impact 
because of the abrupt changes in rotational speed. The out-of-line meshing impact generates a 
large additional load, and it increases the vibration and noise of the gear transmission system, 
thereby affecting the comprehensive performance of the gear transmission system. 

This article focuses on mesh-in impact; the initial mesh-in point position is determined and the 
initial mesh-in impact velocity and force are calculated to evaluate the mesh-in impact. 

2. Mechanism of mesh-in impact and calculation model 

The contact process between the edges of two gear teeth is called the interface edge contact. 
In this study, the tangent at the contact point along the toothed edge of the driving gear is assumed 
perpendicular to the normal at the contact point of the teeth surface of the driven gear. Further, the 
study considers the edge contact of the helical gear (including the teeth-side and teeth tip edge 
contacts) as the carrier object during the mesh-in to the mesh-out period. The coordinate 
relationship for a pair of gears that mesh is shown in Fig. 1. 

 
Fig. 1. Coordinate relationship of a pair of gears 

Setting 1 represents the pinion teeth-side edge contact; parameter 𝑙ଵ  is constant. The 
expression of the contact equation of the teeth surface interface is given as: 

ቐ𝑀ଵ(𝜑ଵ)𝑅ଵ(𝑢ଵ, 𝑙ଵ) −𝑀ଶ(𝜑ଶ)𝑀ଶ𝑅ଶ(𝑢ଶ, 𝑙ଶ) = 0,൬𝐿ଵ 𝜕𝑅ଵ𝜕𝑢ଵ ൰ ⋅ (𝐿ଶ(𝜑ଶ)𝐿ଶ𝑛ଶ(𝑢ଶ, 𝑙ଶ)) = 0.  (1)

Setting 2 represents the pinion top-edge contact; the parameter 𝜇ଵ is constant. The contact 
equation of the teeth surface interface is expressed as: 
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ቐ𝑀ଵ(𝜑ଵ)𝑅ଵ(𝑢ଵ, 𝑙ଵ) −𝑀ଶ(𝜑ଶ)𝑀ଶ𝑅ଶ(𝑢ଶ, 𝑙ଶ) = 0,൬𝐿ଶ 𝜕𝑅ଵ𝜕𝑙ଵ ൰ ⋅ (𝐿ଶ(𝜑ଶ)𝐿ଶ𝑛ଶ(𝑢ଶ, 𝑙ଶ)) = 0,  (2)

where, given parameter 𝜑ଵ, the other four unknown parameters can be solved to determine the 
contact point. 𝑀 expresses the conversion matrix of each vector in the fixed coordinate system, 𝑀 represents the rotation sub-matrix, 𝑅 is the component of theoretical teeth surface position 
vector, 𝜑is expressed as an input variable, where the subscripts 1 and 2 represent the driving gear 
and driven gear, respectively. For each instantaneous contact point, the corresponding main 
curvature and direction can be determined separately; thus, the meshing imprint can be  
determined. 

 
a) 

 
b) 

Fig. 2. Coordinate relationship between normal teeth profile and extended teeth surface  

Fig. 2 shows the coordinate relationship between the normal teeth profile of the rack-shaped 
cutter and the rack used to form a tooth surface. The related expressions of the theoretical teeth 
surface position vector and normal vector are given as: 

𝑟 = ቐ−𝑦sin𝛼 + (𝜇 − 𝑑𝑝𝑖)cos𝛼,𝑦cos𝛼cos𝛽 + 𝑙sin𝛽 + ሾ(𝜇 − 𝑑𝑝𝑖)sin𝛼 + 𝛼ሿcos𝛽,−𝑦cos𝛼cos𝛽 + 𝑙cos𝛽 − ሾ(𝜇 − 𝑑𝑝𝑖)sin𝛼 + 𝛼ሿsin𝛽, (3)

where 𝑦 (𝑖 = 1,2 represent small and large gears, respectively) is the parabolic equation in the 
tooth profile coordinate system 𝑜𝑥𝑦 and 𝜇 is the interface parameter of the teeth surface on the 
section of the rack cutter; the distance from the point on the teeth profile to the parabolic pole is 
described. Further, 𝑙 denotes a tooth surface interface parameter and indicates the distance of the 
normal section where the points on the teeth profile are located from the coordinate origin 𝑜; 𝑑𝑝𝑖 is the position parameter of the parabolic pole; 𝛼 and 𝛽 are the pressure and spiral angles, 
respectively; and 𝛼  is the normal half-tooth thickness on the rack pitch line. Thus, the unit 
normal of the tooth surface interface can be determined as: 

𝑛పሬሬሬሬሬ⃗ = (𝜕𝑟పሬሬሬሬሬሬ⃗ /𝜕𝜇) × (𝜕𝑟పሬሬሬሬሬሬ⃗ /𝜕𝑙)ห(𝜕𝑟పሬሬሬሬሬሬ⃗ /𝜕𝜇) × (𝜕𝑟పሬሬሬሬሬሬ⃗ /𝜕𝑙)ห. (4)

The tooth surface is depicted in the gear coordinate system 𝑋𝑂𝑌 where ሾ𝑀(𝜃)ሿ,  is the 
transformation matrix from the coordinate system 𝑆 to 𝑆; it is depicted as: 

ቊ𝑟పሬሬ⃗ (𝜇 , 𝑙 ,𝜃) = ሾ𝑀(𝜃)ሿ,𝑟పሬሬሬ⃗ (𝜇 , 𝑙),𝑛పሬሬሬ⃗ (𝜇 , 𝑙 ,𝜃) = ሾ𝐿(𝜃)ሿ,𝑛పሬሬሬሬሬ⃗ (𝜇 , 𝑙), (5)
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where ሾ𝐿(𝜃)ሿ, is the rotator matrix: 𝑓(𝜇 , 𝑙 ,𝜃) = 𝑛పሬሬሬሬሬ⃗ ⋅ 𝜐(ప,ప)ሬሬሬሬሬሬሬሬሬሬ⃗ = 0. (6)

Eq. (6) must be met when machining the teeth surface enveloping the gear interface, where 𝜐(ప,ప)ሬሬሬሬሬሬሬሬሬሬ⃗
 is the relative velocity of the tool and the gear being machined. 

Considering the various operating conditions, the transmission error of gear pair is defined as 
the value of the actual rotation angle of the driving gear that deviates from the theoretical rotation 
angle with the change of the rotation angle of the driven gear expressed as: 𝜓(𝜑ଵ) = (𝜑ଵ − 𝜑ଵ) −𝑁ଵ 𝑁ଶ⁄ (𝜑ଶ − 𝜑ଶ), (7)

where 𝜑ଵ is the initial angle of the pinion, 𝜑ଶ is the initial angle of the large gear, and 𝑁ଵ and 𝑁ଶ 
represent the number of the teeth of the pinion and large gear, respectively. 

 
Fig. 3. Theoretical teeth surfaces of helical gear with rack spread 

The actual tooth surface of the helical gear is different from its theoretical tooth surface when 
considering manufacturing errors; a smooth surface is formed after a certain time of running-in. 
Theoretical teeth surfaces (pinion and large gear) of a helical gear with a rack spread are shown 
in Fig. 3. The precision requirement of a tooth surface less than 1.0 μm is often difficult to achieve 
using NURBS that fits the sampled three-coordinate data directly. Teeth surface errors are 
obtained through three coordinate measurements, and the actual teeth surface are constructed by 
the superposition of the theoretical teeth surface and the normal error surface. Based on the gear 
teeth errors and elastic deformation of the bearing gear, the time domain meshing gear produces 
a “meshing synthetic base node error” that causes the pair of gear teeth to deviate from the 
theoretical mesh-in point on the meshing line when entering the initial mesh-in; then, it causes the 
mesh-in impact. This appearance mechanism is the focus of the research group and the next step 
to study the problem. 

2.1. Mechanism of mesh-in impact considering CI thermoelastic expansion behavior 

In gear transmission system dynamics, the effect caused by the meshing synthetic base node 
error is called referred to as the mesh-in and mesh-out impact of the gear teeth surface meshing 
process. For this study, the core objective is revealing the mechanism of the initial mesh-in impact. 
Considering the equivalent error of the system and the comprehensive deformation of the gear 
teeth, the exact position of the initial mesh-in point 𝐷  out-of-line is calculated based on the 
meshing principle and geometric relationship shown in Figs. 4 and 5, respectively. 

The actual tooth surface becomes a smooth surface after running-in. The sampled coordinate 
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data is directly fitted to the actual tooth surface through the NURBS surface [31]. It is often 
difficult to meet the high-precision requirements. Moreover, when the digital tooth surface is 
subjected to TCA analysis, it needs to be aligned and installed, and iteratively too many, the 
calculation efficiency is low, because the actual tooth surface can no longer be expressed by the 
theoretical tooth surface equation, and cannot be separated from the theoretical tooth surface, so 
the actual tooth surface can be expressed indirectly through the superposition of the theoretical 
tooth surface and the normal deviation surface. As shown in Figs. 6-7, the blue is the ideal tooth 
surface, and the red is the tooth surface with the inclination deviation of the spiral line, which 
defines the rotation of the inclination deviation. The direction is the forward direction. 

 
Fig. 4. Schematic of out-of-line initial  

mesh-in impact 

 
Fig. 5. Geometric position of any point during  

initial out-of-line mesh-in 
 

 
Fig. 6. CI model with inclination 

deviation 

 
Fig. 7. CI model with helix tilt deviation 

 

The gear system transmits power and the meshing teeth bear load. The thermoelastic 
deformation (TED) of teeth surface causes the distortion of the teeth profile and teeth direction, 
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resulting in impact, vibration and unbalanced load in the process of alternate meshing. Based on 
the mechanism of teeth profile modification and teeth alignment modification of involute gear, 
the time-varying law of TED of alternate meshing contact interface with meshing position is 
considered, the distribution coefficient of transient contact dynamic load is shown in Fig. 8. 

 
Fig. 8. Transient contact dynamic load distribution coefficient of gear pair  

in alternating meshing process with maximum profile modification 

The maximum value of contact dynamic load on the teeth during the alternate meshing process 
of gear pair is placed in the meshing in and meshing out transients in the single teeth meshing area, 
which are also shown in the Fig. 8 𝐶 and 𝐷, the initial point of the gear teeth is deformed greatly 
points 𝐵ଵ and endings 𝐵ଶ, the reason of the meshing is the interference process of gears 𝐶, the 
point is caused by the maximum transient contact dynamic load 𝐵ଶ , if the point meshing 
interference occurs, the top of the driving gear (the position where the gear teeth are engaged) 
must be modified, and the maximum modification amount is set to be 𝛿ଶ, point 𝐷 maximum 
transient contact dynamic load leads to point 𝐵ଵ, in case of meshing interference, the top of driven 
gear teeth (teeth engagement position) must be modified, and the maximum modification amount 
is 𝛿ଵ, considering the influence of gear comprehensive error (base pitch error, teeth profile error, 
etc.) on the transmission system, the teeth profile modification amount of meshing-in and 
meshing-out position is taken into account ∆ and ∆௨௧: Δ = 𝛿ଵ = 𝛿ଵ + 𝛿ଶ ± Δ𝑓,Δ௨௧ = 𝛿ଵ = 𝛿ଵ + 𝛿ଶ ± Δ𝑓, (8)

where, 𝛿ଵ is the TED at point 𝐶 of the driving gear, 𝛿ଶ is the TED of the driven gear at point 𝐶, 𝛿ଵ is the TED at point 𝐷 of the driving gear, 𝛿ଶ is the TED at point 𝐷 of the driven gear, Δ𝑓 is 
the pitch error caused by the comprehensive error of the gear, which is selected as positive or 
negative according to its direction.  

Taking into account the modification of involute teeth profile in the alternate meshing area of 
double teeth, the ideal modification curve is the change law of the modification amount increasing 
to the maximum value. The calculation formula of the modification curve is expressed as follows: 

Δ = Δ୫ୟ୶ ቀ𝑥𝐿ቁఉ, (9)

where, Δ୫ୟ୶ is the maximum modification amount of gear teeth, 𝑥 is the distance between the 
critical point of alternating meshing area of single and double teeth, and is also the distance from 
any position on the segment 𝐵ଵ𝐶 to point 𝐶, 𝐿 is the length from the critical point of single and 
double teeth contact area on the alternate meshing line to the starting point or end point of meshing, 𝛽 is the contact load change index between the pair of meshing teeth, and its value is in the range 
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of 1.0-2.0, in order to reduce the sudden change of contact load and the alternating meshing gear 
interface impact. 

Gear parameters and teeth profile shape are affected by load distribution and contact pressure 
distribution between teeth and relative sliding of contact teeth to meshing teeth surface. Proper 
amount of addendum trimming along normal direction of driving and driven gear profile improves 
load contact pressure distribution between teeth, reduces relative sliding of meshing teeth surface, 
and optimizes contact temperature of teeth surface [11]. Taking into account the thermoelastic 
properties of teeth surface (teeth contact deformation and bending deformation, shear deformation 
and teeth root deformation, etc.), and considering the distribution of instantaneous contact 
dynamic load (teeth meshing stiffness) and the time-varying law of teeth contact dynamic stress 
and teeth root bending dynamic stress, the inaccurate calculation formula of the modified curve is 
as follows: 𝛿 = 𝜔௧𝑐ఊ , (10)

where 𝛿 is the TED of the teeth profile, 𝜔௧ is the instantaneous contact dynamic load per unit 
teeth width (N/mm), 𝜔௧ = 𝐹௧/𝑏, 𝐹௧ is the tangential force on the dividing circle of the gear (𝑁), 
and 𝑐ఊ is the meshing stiffness (N/(mm⋅μm)).  

The structural contact analysis units should be rebuilt after conversion into thermal structure by 
the use of the model [32]. Selection of the structural units’ nodes is done with respect to the same as 
temperature field elements’ nodes. It enabled to define structural material properties and add thermal 
expansion coefficients in this analysis. The thermal expansion stiffness coefficient of the driving gear 
was considered to evaluate the performance of gears teeth surface coupling. The range for the rotation 
angle was from 0 to 35°. Selected values of the angle were employed to follow the gears behavior at 
16 meshing positions. The parameters of spur gears are listed in Table 1.  

Table 1. The parameters of spur gear pairs 
Teeth number driving gear Teeth number driven gear Pressure angle Modulus (mm) 

33 151 20 9.5 
Tooth width (mm) Power(kw) Input speed (rpm) Initial oil temperature  

330 1500 2900 65 

The values of contact thermal stress of the double teeth surfaces meshing coupled were 
increasing rapidly and achieved the alternating meshing steady state of mutual conversion. In the 
initial stage of gears meshed in. The thermal stress values at position 1 were greater than for the 
other cases considered. Therefore, the influence of meshed during impact at the position 1 for the 
thermo mechanical coupled contact is most obvious in Fig. 9(a).  

 
a) 
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b) 

 
c) 

 
d) 

 
e) 

Fig. 9. a) Position 1 meshed-in impact point, rotation angle is 1, b) position 2 double tooth meshing 
transition to single tooth C point, c) position 3 single tooth meshing area, rotation angle is 18.5,  
d) position 4 single tooth meshing transition to double teeth D point, e) position 5 meshed-out  

impact point, rotation angle is 35 
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The elastic deformation and damping coefficients of the gears meshing conversion progress of 
double teeth to single tooth are considered in Fig. 9(b). The values of contact thermal stress of the 
alternating meshing steady state of mutual conversion are presented. These magnitudes values at 
position 2 were smaller than for another one. 

The values of contact thermal stress of the single tooth meshing steady state are analyzed. The 
results at position 3 were bigger than the values for position 2. As shown in Fig. 9(c). 

The values of contact thermal stress of the double teeth and above alternating meshing area 
are presented in Fig. 9(d). The data position 3 reached higher values than for the position 4. 
However, the effect of TED of the position 4 is more prominent.  

As shown in Fig. 9(e), the values of contact thermal stress of the position 5 are greater than it 
was noticed for the 2 and 4 positions. The effect of TED of the position 4 is also more prominent. 

 
a) 

 
b) 

 
c) 

 
d) 

Fig. 10. a), b) TED and elastic contact stress, c) driven gear thermal expansion deformation,  
d) driving gear thermal expansion elastic deformation 

Meshed-in and meshed-in impacts and thermal expansion deformations are modern approach 
for the problem considered. For the key point 𝐷, where the meshing area of single tooth converts 
into that of double teeth and above, this position is analyzed in detail in the following manner. As 
illustrated in Fig. 10, the value of thermal contact stress changes significantly and has the 
maximum amount value of 761.6 MPa. 

When the single tooth is just converted into the double teeth meshing, the calculation of 
thermal expansion deformation of driven gear is proposed Fig. 10(a). When a pair of single teeth 
is ready to end the meshed-out, the calculation of thermal expansion elastic deformation of driving 
gear creates Fig. 10(b). It is more clearly seen on Fig. 10(c) and Fig. 10(d), the thermal expansion 
elastic deformation is enlarged along the tooth height values and reached maximum value of 
51.3 μm.  

When the gear teeth are affected by load deformation, a system error generates offline  
meshing. This can lead to a contact-teeth relative velocity difference where the actual meshing 
point 𝐷 is along the teeth profile normal line direction. The mesh-in impact instantaneous velocity 
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𝑣௦  is shown in Fig. 11. The deformation of the gear tooth and system error cause out-of-line 
meshing, which leads to a relative velocity difference of the contact tooth pair along the common 
normal direction of the tooth profile at the actual mesh-in point. 

For Δ𝑂ଵ𝐷𝑂ଶ and Δ𝑃𝐷𝑂ଶ: 𝑟ைభ = ඥ𝑎ଶ + 𝑟ଶଶ − 2𝑎𝑟ଶcos(∠𝑃𝑂ଶ𝐷), (11)

𝑟ைభ = ඩ𝑎ଶ + 𝑟ଶଶ − 2𝑎𝑟ଶcosቌ𝜋2 − 𝛼 − arcsin 𝑟ଶsin ቀ𝜋2 + 𝛼ቁ𝑟ଶ + 𝜑 + Δ𝜑ଶቍ, (12)

where 𝛼 represents the center distance between two gears, 𝑟ଶ is the radius of the tooth top circle 
of the driven gear, and 𝑟ଶ is the pitch circle radius of the driven gear; 𝑟ଵ is the base circle radius 
of the driving gear; and 𝛼 is the pressure angle of the index circle.  

The circumferential velocity 𝑣ଵ and 𝑣ଶ of the gear pair at the 𝐷 point are decomposed into two 
components (𝑣ଵ, 𝑣௦ଵ) and (𝑣ଶ, 𝑣௦ଶ) along the instantaneous meshing line and its perpendicular 
line, respectively. The velocity of the two teeth profiles along the direction (𝑁ሬሬ⃗ ଵ𝑁ሬሬ⃗ ଶ ) of the 
instantaneous meshing line at point 𝐷 can be obtained from the geometric relationship. In practice, 
the meshing process of the mesh-in impact mechanism occurs as follows: the driven gear engages 
in advance from point 𝐷 and the mesh-in impact occurs; then, the driven gear scratches along the 
flank of the driving gear until the gears mesh along the line of action. 

 
Fig. 11. Schematic of initial mesh-in impact 

instantaneous velocity 

 
Fig. 12. Dynamic model of initial mesh-in impact 

 

2.2. Calculation model of initial mesh-in impact considering manufacturing errors 

In heavy-duty and high-line speed gear transmission systems, the main effect of the load 
distribution coefficient and dynamic impact force is the load transmission error. Based on the 
mechanism of mesh-in impact, the main sources are the load distribution coefficient and meshing 
impact. Further, the load distribution coefficient originates from the manufacturing and pitch error, 
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and the meshing impact is caused by the assembling error and normal backlash. The effect of the 
meshing impact is larger than that of the uneven load distribution, and therefore, the minimum 
value of the meshing impact is considered in this study. 

Modification involving the clockwise diagonal trimming and teeth profile is considered. The 
load distribution coefficient and meshing impact are random variables, and they follow a standard 
normal distribution. The effects of meshing impact value, load distribution coefficient, and 
optimized modification on the transmission precision and load-carrying properties are associated 
with each other. The contact teeth relative velocity difference where the actual meshing point 𝐷 
is along the teeth profile normal line direction, i.e., the mesh-in impact instantaneous velocity 𝑣௦ 
and relative velocity along the common tangent direction are given as: 

𝑣௦ = 𝑣ଵ − 𝑣ଶ = 𝜔ଵ𝑟ଵ ൬1 + 1𝑖 ൰ ቆ1 − cos(𝜆ଵ + 𝛾ଵ)cos𝛼 ቇ, (13)

൝𝑣ଵ = 𝜈ଵcos∠𝐷𝑂ଵ𝑁ଵ = 𝑟ଵ𝜔ଵ,𝑣ଶ = 𝜈ଶcos∠𝐷𝑂ଶ𝑁ଶ = 𝑟ଶᇱ𝜔ଶ𝑖 , (14)

where 𝑣ଵ and 𝑣ଶ are the mesh-in impact real-time velocity of driving gear (active gear) and 
driven gear (passive gear), respectively; further, 𝜔ଵ  and 𝜔ଶ  are the angular velocities of the 
driving and driven gears, respectively.  

The mesh-in impact velocity and impact force are always present from the beginning to the 
end, when a pair of gears are intermeshing alternately along the normal contact path. The load 
distribution coefficient is defined as the ratio of the tangential impulse and normal impulse, and it 
is obtained and approved with the presented reference. Considering gear teeth elasticity and its 
own mass and inertia, out-of-line meshing leads to an increase in impact velocity, and the impact 
is inevitable at the meshing point 𝐷. The magnitude and variation in the meshing impact force are 
closely related to the impact velocity, gear teeth meshing stiffness, and load. The mesh-in impact 
transient dynamics model is shown in Fig. 12. The moment of inertia of the two meshing gears is 
transformed into the induced mass of the unit teeth width on the instantaneous meshing line as: 

⎩⎪⎨
⎪⎧𝑚ௗଵ = 𝐽ଵ𝑟ଵଶ ,𝑚ᇱௗଶ = 𝐽ଶ𝑟ᇱଶଶ , (15)

൞𝐽ଵ = 𝜋𝜌𝑏2 (𝑟ଵସ − 𝑟ସ),𝐽ଶ = 𝜋𝜌𝑏2 ൫𝑟ᇱଶସ − 𝑟ସ൯, (16)

where 𝐽ଵ is the moment of inertia of the driving gear, 𝐽ଶ is the moment of inertia of the driven gear, 𝑚ௗଵ is the induced mass of unit tooth width on the instantaneous meshing line of the driving 
gear, and 𝑚ᇱௗଶ is the induced mass of the unit tooth width on the instantaneous meshing line of 
the driven gear; 𝑟ଵ is the instantaneous base circle radius corresponding to the instantaneous 
meshing line of the driving gear and 𝑟ᇱଶ is the instantaneous base circle radius corresponding to 
the instantaneous meshing line of the driven gear; 𝜌 is density; and 𝑟 is inner hole radius of gear 
hub. 

The impact force is closely related to mesh-in impact velocity, impact duration, mesh stiffness, 
and load. The impact kinetic energy is given as: 𝐸 = 12 𝐽ଵ𝐽ଶ𝑏(𝐽ଵ𝑟ᇱଶଶ + 𝐽ଶ𝑟ଵଶ)𝑣௦ଶ. (17)
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The maximum impact force is: 

𝐹௦ = 𝜈௦ඨ 𝑏𝐽ଵ𝐽ଶ(𝐽ଵ𝑟ᇱଶଶ + 𝐽ଶ𝑟ଵଶ)𝑞௦. (18)

According to the impact mechanics theory, the maximum deformation 𝛿௦  and maximum 
impact force 𝐹௦ relative to energy is equated as: 

𝐸 = 12 𝐽ଵ𝐽ଶ𝑏(𝐽ଵ𝑟ᇱଶଶ + 𝐽ଶ𝑟ଵଶ)𝑣௦ଶ = 12𝑞௦ 𝛿௦ଶ, (19)

where 𝐸 the impact kinetic energy of the meshing gear is, 𝛿௦ is the maximum deformation, and 𝐹௦ is the maximum impact force. Further, 𝑞௦ is the comprehensive performance of the mesh-in 
impact meshing point 𝐷 (not including Hertz contact), 𝑏 is the teeth surface width, and 𝑟 is the 
radius of the internal cycle of the gear, 𝑖 = 1,2; further, 𝑟ଵ and 𝑟ଶ are the base cycle radii of the 
driving and driven gears, respectively.  

The optimization of modified teeth surface is an iterative process of solving nonlinear contact 
problem, which is also called the process of changing the state of modified teeth surface to 
improve the contact condition of gear meshing surface. Set the gear pair modification optimization 
variable as its curve parameter, the LTCA numerical analysis result is the optimization objective 
function. This topic is based on genetic algorithms (GA) to simulate the genetic and evolutionary 
processes of organisms in the natural environment, and then searches for adaptive global 
optimization probabilities, reproduces and optimizes populations and converges to the most 
suitable environmental individuals. The GA process is shown in Fig. 13, and its steps can be 
described. Step 1. Select the objective function and determine the variable domain and coding 
accuracy to form the code. Step 2. Perform crossover operations on individuals selected to enter 
the matching pool to form a new population. Step 3. Select population individuals with a small 
probability to perform mutation operations to form a new population. Step4. Calculate individual 
fitness based on fitness function and select probability to form a new population of individuals. 
Step 5. If the check conditions are met, the GA ends, and the individual with the highest current 
population fitness is the expected solution. 

Considering that the B-spline surface uses non-parametric implicit representation of the smooth 
connection of multiple surfaces, the relationship between variables in the defined domain is 
described. If the slope of a point in the point set tends to be parallel to the axis of coordinates, the 
slope at this point is close to infinity. In view of the fact that curves and surfaces in a non-identical 
plane are mathematically expressed by parametric equation. In the LTCA equation, the parameter 𝑢𝑎, 𝑢𝑏, 𝐿𝑎, 𝐿𝑏, 𝜑ଶ, the gear parameter 𝑢𝑎, the tool parameter 𝐿𝑎, the gear parameter 𝑢𝑎 and the 
tool parameter𝐿𝑎 are mapped to the point (𝑥,𝑦) on the rotating projection surface, and then the 
space (𝑥,𝑦) is mapped to the spline surface parameter space (𝑢,𝑣), the three-coordinate modified 
surface mesh data are all within the actual teeth surface. With the help of Matlab to solve the 
nonlinear equations, the iterative analysis gear parameter 𝑢𝑎 and tool parameter 𝐿𝑎 exceed the 
boundary of the teeth surface, and the modified surface must be extrapolated. Based on the data 
of the rectangular grid, the control vertices are inversely calculated and kept unchanged. The four 
boundaries of the space (𝑥,𝑦)  rectangular grid are naturally extended to the left and right 
boundaries of the teeth tip, teeth root, and teeth side, and then mapped to the parameter space 
domain (𝑢, 𝑣) of the spline surface. The optimization analysis process of LTCA for tooth surface 
modification is shown in Fig. 14. 

In gear transmission, when the load transmission error is constant, the gear does not vibrate. 
The goal of shape modification is to try to control the amount of change in operation to a minimum 
[33]. Gear pairs usually work under multiple working conditions, for which the objective function 
is expressed as the smallest fluctuation of the transmission error amplitude within a certain load 
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range. This topic analyzes the transmission process of gear system vibration to box vibration: the 
dynamic load of the gear system vibration of cylindrical gears (straight teeth, helical teeth, 
herringbone teeth) is distributed from the meshing part of the gear pair to the inner ring of the 
supporting bearing at both ends through the transmission shaft, which is transmitted to the inner 
wall of the bearing hole of the box body, and then stimulates the vibration response of the box 
body. Since geometric transmission error (inter-tooth gap) and tooth surface normal gap are 
important factors that affect the actual coincidence of gear teeth, for involute cylindrical gears, 
since they are in line contact with the tooth surface, the size of the geometric transmission shape 
error is relative to the gear teeth. The bearing transmission error has a greater impact, especially 
for gear pairs with a high degree of coincidence. In order to more effectively reduce the gear tooth 
load transmission error, it is necessary to change the instantaneous contact gap (inter-tooth gap 
and normal gap), and the change of the inter-tooth gap requires the design of the high-order 
geometric transmission error tooth surface, the normal gap The change requires changing the size 
of the major axis of the contact ellipse. 

 
Fig. 13. Heavy-duty/high-line speed transmission 

system gear pair mesh-in impact optimization 

 
Fig. 14. Analytical LTCA optimization  

of modified CI 

There will inevitably be errors in the machining and installation of gears, which will cause the 
tooth profile to deviate from the theoretical position [34]. Due to the time-varying error, this 
deviation forms a displacement-type excitation in the gear meshing process. In the study of the 
dynamic characteristics of gears, the manufacturing error of gears can essentially be regarded as 
the displacement-type excitation of gear tooth meshing caused by the deviation of the tooth profile 
surface from the ideal tooth profile. The deviation of the actual tooth profile from the ideal tooth 
profile is regarded as a combination of two types of offsets, the first type of offset is the base pitch 
error Δ𝑝, and the second type of offset is the tooth profile error Δ𝑓. These two kinds of errors 
are measured in the normal direction of the ideal tooth profile, and the positive direction is 
consistent with the error direction caused by the tooth deformation. When studying the dynamic 
excitation of manufacturing error, the specific accuracy measurement error in the gear accuracy 
standard is often bypassed, and the offset of the actual tooth profile surface relative to the ideal 
tooth profile surface is directly defined. The various errors of gears affect the gear transmission 
performance through the form of meshing line increments, and the base pitch error and tooth 
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profile error are just the direct forms of meshing line increments. Fig 15 shows the manufacturing 
error of the gear pair at a point on the meshing plane. From the figure, the manufacturing error 𝑒(𝑀) of the gear pair at point 𝑀 on a pair of meshing gear teeth is: 𝑒(𝑀) = 𝑒ଵ(𝑀) + 𝑒ଶ(𝑀), (20)

where, 𝑒ଵ(𝑀) is the manufacturing error of pinion, including base pitch error and tooth profile 
error, 𝑒ଶ(𝑀) is the manufacturing error of large gear, including base pitch error and tooth profile 
error. 

 
Fig. 15. Manufacturing error of gear pair at point 𝑀 of meshing surface 

When analyzing the dynamic characteristics of gears, generally the above-mentioned errors 
are projected along the meshing line to obtain the meshing comprehensive error, and this 
comprehensive error is used to express the static transmission error of the gear transmission. The 
variation law of the error is expressed in the form of Fourier series, the fundamental frequency is 
the meshing frequency, and then the static transmission error of each meshing pair in the second 
stage is: 

⎩⎨
⎧𝑒௦ (𝑡) =  �̂�௦ sin(𝑙𝜔ෝଵ𝑡 + 𝑙𝑍௦𝜓 + 𝜙௦),ୀଵ𝑒 (𝑡) =  �̂� sin(𝑙𝜔ෝଵ𝑡 + 𝑙𝑍𝜓 + 𝜙 + 𝑙𝜙௦),ୀଵ

 (21)

⎩⎨
⎧𝑒௦ (𝑡) =  �̂�௦sin(𝑙𝜔ෝଶ𝑡 + 𝑙𝑍௦𝜓 + 𝜑௦),ୀଵ𝑒 (𝑡) =  �̂�sin(𝑙𝜔ෝଶ𝑡 + 𝑙𝑍𝜓 + 𝜑 + 𝑙𝜑௦),ୀଵ

 (22)

where, �̂�௦  is the comprehensive transmission error amplitude of sun gear-star gear meshing, �̂�௦ is 
the comprehensive transmission error amplitude of sun gear- planetary gear meshing, �̂�  is the 
comprehensive transmission error amplitude of internal gear ring-star gear meshing, �̂�  is the 
comprehensive transmission error amplitude of internal gear ring- planetary gear meshing, 𝜔ෝଵ is 
the meshing frequency of the star gear train, 𝜔ෝଶ is the meshing frequency of the PGT, 𝑙𝑍௦𝜓 is 
the 𝑙 order phase difference of the meshing error between the sun gear and the star gear, 𝑙𝑍௦𝜓 is 
the 𝑙 order phase difference of the meshing error between the sun gear and the planetary gear, 𝑙𝑍𝜓 is the 𝑙 order phase difference of the meshing error between the internal gear ring-star gear, 𝑙𝑍𝜓 is the 𝑙 order phase difference of the meshing error between the internal gear ring-planetary 
gear, 𝜙௦  is the initial phase of 𝑙 order of the 𝑒௦ (𝑡), 𝜑௦  is the initial phase of 𝑙 order of the  𝑒௦ (𝑡), 𝜙 is the initial phase of 𝑙 order of the 𝑒 (𝑡), 𝜑 is the initial phase of 𝑙 order of the 
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𝑒 (𝑡), 𝑙𝜙௦ is the initial phase of 𝑙order of the 𝑒௦ (𝑡) and 𝑒 (𝑡), 𝑙𝜑௦ is the initial phase of 𝑙 
order of the 𝑒௦ (𝑡) and 𝑒 (𝑡). In this chapter, the influence of meshing composite error excitation 
on the amplitude-frequency characteristics of the system is considered, and the 
amplitude-frequency characteristic curve of the system is obtained. 

3. Example verification and analysis 

3.1. Optimization analysis for herringbone gear 

A principal method is used to modify the gear for improve meshing performance. The 
modification is not considered and the gear and pinion are installed right. Further, the deformations 
of the shaft, bearing, and gearbox are not considered. The no-load teeth surface imprinting and 
geometric transmission errors are shown in Fig. 16; the bar graph of the mesh-in impact load for 
the herringbone gear is shown in Fig. 17; the load distribution curve of the herringbone gear is 
shown in Fig. 18; and the optimized clockwise diagonal modification curve and surface is shown 
in Fig. 19. The herringbone gear parameters and material parameters used in this study are listed 
in Table 2. The material grade of the gear studied in this subject is 17CrNiMo6 carburized steel, 
the elastic modulus (E) is 206 GPa, the Poisson’s ratio (Nu) is 0.25-0.30, and the high-pair friction 
coefficient (𝜇 ) is 0.10-0.12 under TEL conditions. Low carbon alloy steel is carburized and 
quenched, the core strength after carburizing and quenching is 𝜎 = 1100-1300 MN/m2, and the 
impact toughness is 𝜎 = 80-100 J/cm2.  

Table 2. Parameters of herringbone gear pairs 
Gear geometric parameter Pinion gear Large gear 
Normal modulus 𝑚 (mm) 8 8 

Tooth number 17 44 
Tooth width (mm) 168 168 
Shaft length(mm)  300 300 
Shaft radius (mm) 45 55 
pressure angle (°) 20 20 

Helix angle (°) 24.45 24.45 
Weight (kg) 17.8 101.2 

Moment of inertia (kg⋅m2) 0.0157 0.586 
Density (kg/m3) 7850 

Damping ratio coefficient (𝜉) 0.10 

 
Fig. 16. No-load teeth surface imprinting and geometric transmission errors 
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Fig. 17. Bar graph of meshing-in impact load  

of herringbone gear 

 
Fig. 18. Load distribution curve  

of herringbone gear 
 

 
a) Modification curve 

 
b) Modification surface 

Fig. 19. Optimized clockwise diagonal modification curve and surface 

The following contributions can be drawn from the optimized results of the clockwise diagonal 
modification method shown in Figs. 16-19 and in Table 2. 

(1) The gear meshing impact combined with the mesh-in impact velocity model is proposed to 
analyze the teeth surface optimized modification. The gear meshing impact is synthesized using a 
no-load motion error, load distribution coefficient, and the maximum impact force in the actual 
meshing point 𝐷 along the normal line of action of the teeth profile. 

(2) The desired results are obtained by optimizing the modification. That is, the minimum 
value of the meshing-in impact is reduced by 97 %. 

(3) In the process of modification optimization analysis, there is no edge contact with 
engagement by the gear teeth clockwise diagonal modification. It appears as the most interesting 
fraction because the minimum value of the mesh-in impact can be significantly decreased without 
increasing the mean value. 

3.2. Optimization analysis for helical gear  

The clockwise diagonal method is proposed to optimize teeth profile modification. The helical 
gear parameters and material parameters used in the present paper are listed in Table 3. The 
no-load teeth surface imprinting and geometric transmission errors are shown in Fig. 20; the bar 
diagram of the mesh-in impact load of the helical gear is shown in Fig. 21; the load distribution 
curve of the helical gear is shown in Fig. 22; and the optimized clockwise diagonal modification 
curve and surface is shown in Fig. 23. 

The following contributions can be obtained based on Figs. 20-23 and Table 3. 
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Table 3. Parameters of helical gear pairs 
Gear geometric parameter Pinion gear Large gear 
Normal modulus 𝑚 (mm) 8 8 

Tooth number 19 47 
Tooth width (mm) 75 75 
Shaft length (mm) 200 200 
Shaft radius (mm) 45 55 
Pressure angle (°) 20 20 

Helix angle (°) 9.92 9.92 
Weight (kg) 7.8 40.2 

Moment of inertia (kg⋅m2) 0.018 0.387 
Density (kg/m3) 7850 

Damping ratio coefficient (𝜉) 0.10 

 
Fig. 20. No-load teeth surface imprinting and geometric transmission errors 

 
Fig. 21. Bar diagram of meshing-in impact  

load of helical gear 

 
Fig. 22. Load distribution curves  
of helical gear teeth (1000 Nm) 

(1) For minimizing the mesh-in impact and improving working efficiency, all modifications 
are placed in the meshing gear pair. The large gear pinion errors occurs when no-load is detected 
by changing the minimum value of the mesh-in impact; then, the contact points trace of the tooth 
surface of the helical gear small wheel is obtained with the optimized modification. 

(2) The tooth clockwise diagonal modification has an important influence on tooth surface 
load distribution, which can improve the offset load caused by the installation error and increase 
the bearing load capability of the tooth. 



OPTIMAL ANALYSIS OF GEAR MODIFICATION FITTING IN ALTERNATING TIME DOMAIN AIMING AT MINIMIZING MESHING-IN IMPACT OF TEETH-PAIR 
CONTACT INTERFACE. XIGUI WANG, SIYUAN AN, YONGMEI WANG, JIE TANG, JIAFU RUAN 

1310 JOURNAL OF VIBROENGINEERING. AUGUST 2021, VOLUME 23, ISSUE 5  

(3) The modified parameters can be obtained by applying the clockwise diagonal modification 
method. 

(4) After optimizing the modification, a single tooth meshing area is generated on the tooth 
surface, and the meshing gear pair longer bears the load when meshing in and out; the minimum 
value of mesh-in impact is reduced by 93 %. 

 
a) Modification curve 

 
b) Modification surface 

Fig. 23. Optimized clockwise diagonal modification curve and surface 

3.3. Optimization analysis for spur gear 

No-load teeth surface imprinting and geometric transmission errors are shown in Fig. 24; the 
bar graph of the mesh-in impact load of the spur gear is shown in Fig. 25; the load distribution 
curve of the spur gear is shown in Fig. 26; and the optimized clockwise diagonal modification 
curve and surface is shown in Fig. 27. The spur gear parameters and material parameters used in 
this study are listed in Table 4. 

 
Fig. 24. No-load teeth surface imprinting and geometric transmission errors 

Based on the results shown in Figs. 24-27 and Table 4, the following conclusions can be drawn. 
(1) Mesh-in impact load after modification is obviously reduced compared with the previous 

modification. 
(2) The results show that the minimum value of mesh-in impact after modification decreased 

by 10 %, i.e., the minimum value of mesh-in impact reduced by 90 %;  
(3) After optimizing the modification, a single tooth meshing area is generated on the tooth 

surface; this area is expanded further than that using the no modifications. 
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Fig. 25. Bar graph of meshing-in impact  

load of spur gear 

 
Fig. 26. Load distribution curves  

of spur gear teeth (1000 Nm) 
 

 
a) Profile modification curve 

 
b) Profile Modification surface 

Fig. 27. Optimized tooth profile modification curve and surface 

Table 4. Parameters of spur gear pairs 
Gear geometric parameter Pinion gear Large gear 

Modulus 𝑚 (mm) 6 6 
Tooth number 19 48 

Tooth width (mm) 75 75 
Shaft length (mm) 200 200 
Shaft radius (mm) 45 55 
Pressure angle (°) 20 20 

Helix angle (°) 7.5 38.6 
Weight (kg) 0.016 0.35 

Moment of inertia (kg⋅m2) 7850  
Density (kg/m3) 0.10 

Damping ratio coefficient (𝜉) 6 

4. Conclusions 

In this study, the gear meshing impact combined with the mesh-in impact velocity model was 
proposed to analyze the teeth surface optimized modification. The gear meshing impact was 
synthesized using no-load motion error, load distribution coefficient, and maximum impact force 
in the actual meshing point 𝐷 along the teeth profile normal line of action. The engagement gear 
pairs with the mesh-in impact load lead to modifications of contact path and transmission errors, 
which affects the marine ship power rear drive gears under load. The following conclusions are 
obtained: 
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1) Uniform gear contact surface pressure suppresses the TED of tooth profile, reduces 
vibration and noise, and weakens initial mesh-in impact. 

2) Optimal tooth surface modification can improve the effect of thermal elastic deformation of 
tooth surface on gear transmission performance, and improve tooth surface scratch resistance load 
capacity. Real-time lubrication conditions cannot be ignored when analyzing gear vibration and 
noise and describing instantaneous impact of mesh tooth surfaces. 

3) Gear tooth thermal elastic deformation in initial meshing is the largest and instantaneous 
impact velocity reaches the peak value, and then impact force of mesh-in is the maximum. 

After optimizing the modification, the mesh-in impact load after modification was reduced 
compared with that before modification. Further, a single tooth meshing area was generated on 
the tooth surface, and the area was expanded to more than that of the nonmodified spur gear. The 
results show that the minimum values of the meshing-in impact after the modification are reduced 
considerably.  
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