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Abstract. In this article, an analytical solution of the problem of bending a round plate with an 
initial curvature is obtained. A round plate with an initial curvature as a structural element is 
widely used, the calculation of which leads to many questions related to the design of round 
Foundation plates, turbine disks, flexible shaft connections and other. The nonlinear theory of 
round flexible plates provides the key to explaining the process of loss of stability, which often 
leads to complete destruction of the structure. Therefore, there is a high need for analytical 
methods for solving problems of calculating the stress-strain state of round flexible plates, taking 
into account the initial curvature. These problems are mathematically reduced to differential 
equations with variable coefficients, the exact solution of which, as a rule, does not exist. 
Therefore, the construction of analytical solutions to these problems is very relevant. 
Keywords: the bending of the plate, stress-strain state, nonlinear differential equations, partial 
discretization method, class of generalized functions. 

1. Introduction 

The problem of bending elastic round plates of initial curvature is one of the actual problems 
of the technical theory of elasticity. A round plate with an initial curvature as a structural element 
is widely used, which is calculated by many questions related to the design of round Foundation 
plates, turbine disks, flexible shaft connections, hydraulic machine blades, disk springs, etc. [1], 
The development of modern practice requires researchers and designers to create methods for 
solving a large number of strength problems related to the variability of thickness, elastic modulus, 
Poisson's ratio, and the presence of initial curvature in aggregates. There is a high need for 
analytical and approximate analytical methods for solving problems of calculating the stress-strain 
state of inhomogeneous plates, taking into account the initial curvature. Existing studies of 
symmetrical bending of round plates with initial curvature are of a particular nature. Asymmetric 
bending of round plates of variable thickness has been studied even less; here, in addition to 
solutions for hyperbolic profile plates, there are practically no solutions for any other profiles of 
practical significance. These problems are mathematically reduced to differential equations with 
variable coefficients, the exact solution of which, as a rule, does not exist. Therefore, the 
construction of analytical solutions to these problems is very relevant [2]. This work substantially 
fulfills the specified gap. Using the method of partial discretization of differential equations, based 
on the theory of generalized functions, an analytical solution to the problem of bending elastic 
round plates with account for the initial curvature is obtained. 
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2. Materials and methods 

Let’s consider a round plate that is fixed along the contour in a certain way. We will assume 
that the plate is ring-shaped with external and internal radii 𝑟, 𝑟 and thickness ℎ. 

 
Fig. 1. Basic designations when considering a round plate 

In this case, the deflections are symmetrical with respect to the axis 𝑧 and the deflection, as 
well as all other values that characterize the stressed and deformed state, will be functions only 𝑟. 
When constructing solutions to the solving equations, we use the partial discretization method, 
which allows us to construct an analytical solution to the problem of bending a round flexible plate 
with an initial deflection, fixed along the contour and subjected to a uniformly distributed 
transverse load of intensity 𝑞 . In this case, the deflection, as well as all other values that 
characterize the stressed and deformed state, will be functions of only 𝑟. 

The basic system of differential equations of the theory of a flexible round plate with initial 
deflection has the following form [3]: 

⎩⎪⎨
⎪⎧𝐷 𝑑𝑑𝑟 ሺ∇ଶ𝜔ሻ = 𝜓 + ℎ𝑟 𝑑Φ𝑑𝑟 ൬𝑑𝜔𝑑𝑟 + 𝑑𝜔𝑑𝑟 ൰ ,𝑑𝑑𝑟 ሺ∇ଶ𝛷ሻ = −Е𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟൰ଶ + 𝑑𝜔𝑑𝑟 𝑑𝜔𝑑𝑟ቇ , (1)

where 𝜓 is the load function equal to 𝜓 = ଵ  𝑞𝑟𝑑𝑟 , Φ is the voltage function entered by the 
formulas: 

𝜎 = 1𝑟 𝑑Φ𝑑𝑟 ,        𝜎ఝ = 𝑑ଶΦ𝑑𝑟ଶ , 
and 𝐸 is the elastic modulus, 𝜔 is the deflection, 𝜎, 𝜎ఝ are radial and tangential stresses. 

Using the method of partial discretization of differential equation [3], we write the second 
equation of the system Eq. (1) as: 𝑑ଷΦ𝑑𝑟ଷ + 1𝑟 𝑑ଶΦ𝑑𝑟ଶ − 1𝑟ଶ 𝑑Φ𝑑𝑟 = −12ሺ𝑟 + 𝑟ାଵሻ ቆ𝐸𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + 𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇ 𝛿ሺ𝑟 − 𝑟ሻ

ୀଵ  
      − 𝐸𝑟ାଵ ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ + 𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇ 𝛿ሺ𝑟 − 𝑟ାଵሻቍ. (2)
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The general solution of Eq. (2) will be: 𝑑Φ𝑑𝑟 = 𝐶ଵ𝑟 + 𝐶ଶ 1𝑟 − 14ሺ𝑟 + 𝑟ାଵሻ ቆ𝐸𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + 𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇቆ𝑟 − 𝑟ଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ሻ
ୀଵ  

      − 𝐸𝑟ାଵ ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ + 𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ𝑟 − 𝑟ାଵଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ାଵሻቍ. 
Consider a plate with a hole that is pivotally supported along the contour, then the boundary 

conditions are Eq. [4]: 1𝑟 𝑑𝛷𝑑𝑟 ฬୀೌ = 0, (3)𝑀|ୀ್ = 𝐷 ቆ𝑑ଶ𝜔𝑑𝑟ଶ + 𝜇𝑟 𝑑𝜔𝑑𝑟ቇୀ್ = 0, (4)𝜔|ୀ್ = 0. (5)

Due to the fact that the 𝑟 is not subject to a smallness constraint, we will assume an arbitrary 
constant 𝐶ଶ equal to zero. By virtue of condition Eq. (3), the solution of problem Eq. (2, 3) will 
be: 𝑑Φ𝑑𝑟 = −𝐸4 ሺ𝑟 + 𝑟ାଵሻ ቆ1𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + 𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇ

ୀଵ ቆ𝑟 − 𝑟ଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ሻ 
      − 1𝑟ାଵ ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ +𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ𝑟 − 𝑟ାଵଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ାଵሻ൱. (6)

Substitute the resulting expression in the first equation of the system Eq. (1) and we will 
perform further discretization of the multiplier 𝑑𝜔 𝑑𝑟⁄  in the right part of this equation. Then the 
first equation of the system Eq. (1) will take the form: 𝑑ଷ𝜔𝑑𝑟ଷ + 1𝑟 𝑑ଶ𝜔𝑑𝑟ଶ − 1𝑟ଶ 𝑑𝜔𝑑𝑟 = 𝜓𝐷 − 𝐸4 ℎ𝐷 ⋅ 𝑟 ⋅ሺ𝑟 + 𝑟ାଵሻ ቆ1𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ

ୀଵ + 𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇ 
      × ቆ𝑟 − 𝑟ଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ሻ       −ቆ 1𝑟ାଵ ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ + 𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ𝑟 − 𝑟ାଵଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ାଵሻ൱𝑑𝜔𝑑𝑟  
      −𝐸8 ℎ𝐷 ⋅ 𝑟 𝑑𝜔𝑑𝑟 ሺ𝑟 + 𝑟ାଵሻ

ୀଵ ቆ1𝑟 ቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ +𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇቆ𝑟 − 𝑟ଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ሻ 
      − 1𝑟ାଵ ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ +𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ𝑟 − 𝑟ାଵଶ𝑟 ቇ𝐻ሺ𝑟 − 𝑟ାଵሻ൱

⋅ሺ𝑟 + 𝑟ାଵሻሺ𝛿ሺ𝑟 − 𝑟ሻ −
ୀଵ 𝛿ሺ𝑟 − 𝑟ାଵሻ൯. 

(7)

After the corresponding transformations, taking into account the properties of generalized 
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functions and conditions Eq. (4), we get: 𝑑𝜔𝑑𝑟 = 𝑟2𝐷න𝜓𝑑𝑟 − 12𝐷𝑟න𝑟ଶ𝜓𝑑𝑟 − 𝑟2𝐷  න 𝜓𝑑𝑟ୀ್ + 1 − 𝜇1 + 𝜇 ⋅ 1𝑟ଶ න 𝑟ଶ𝜓𝑑𝑟ୀ್  
     +𝐸ℎ𝑟8𝐷 ሺ𝑟 + 𝑟ାଵሻ

ୀଵ ቈቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + 𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇቆ 1𝑟ଶ නቆ𝑟ଶ𝑟 − 𝑟ቇ 𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ሻ𝑑𝑟 
     −න൬1𝑟 − 𝑟𝑟ଶ൰ 𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ሻ𝑑𝑟 − 𝜇 − 1𝑟ଶሺ1 + 𝜇ሻ න ቆ𝑟ଶ𝑟 − 𝑟ቇ𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ሻ𝑑𝑟ୀ್  
     + න ൬1𝑟 − 𝑟𝑟ଶ൰ 𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ሻ𝑑𝑟ୀ್ ቍ − ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ + 𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇ 
     × ቆ 1𝑟ଶ නቆ 𝑟ଶ𝑟ାଵ − 𝑟ାଵቇ𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ାଵሻ𝑑𝑟 − න൬ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ൰ 𝑑𝜔𝑑𝑟 𝐻ሺ𝑟 − 𝑟ାଵሻ𝑑𝑟      − 𝜇 − 1𝑟ଶሺ1 + 𝜇ሻ න ቆ 𝑟ଶ𝑟ାଵ − 𝑟ାଵቇ𝑑𝜔𝑑𝑟ୀ್ 𝐻ሺ𝑟 − 𝑟ାଵሻ𝑑𝑟 + න ൬ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ൰ 𝑑𝜔𝑑𝑟ୀ್  
     × 𝐻(𝑟 − 𝑟ାଵሻሿ + 𝐸ℎ𝑟16𝐷(1 + 𝜇ሻ(𝑟ାଵ − 𝑟ିଵሻ ቆ1 + 𝑟ଶ𝑟ଶ + 𝜇 ቆ1 − 𝑟ଶ𝑟ଶቇ

ୀଶ  
     −(1 + 𝜇ሻ ቆ1 − 𝑟ଶ𝑟ଶቇ𝐻(𝑟 − 𝑟ሻ൱ቌ(𝑟 + 𝑟ାଵሻ ቌቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + 𝑑𝜔𝑑𝑟 𝑑𝜔𝑑𝑟 ቇିଵ

ୀଵ ቆ1𝑟 − 𝑟 𝑟ଶቇ 
     −ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ +𝑑𝜔శభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ 1𝑟ାଵ − 𝑟ାଵ 𝑟ଶ ቇ൱ቍ𝑑𝜔𝑑𝑟 − 𝐸ℎ𝑟16𝐷(1 + 𝜇ሻ (𝑟 − 𝑟ାଵሻ 
     × ቆ1 + 𝑟ାଵଶ𝑟ଶ +𝜇 ቆ1 − 𝑟ାଵଶ𝑟ଶ ቇ − (1 + 𝜇ሻ ቆ1 − 𝑟ାଵଶ𝑟 ଶ ቇ𝐻(𝑟 − 𝑟ାଵሻ൱ 
     ∙ ൭(𝑟 + 𝑟ାଵሻ

ୀଵ ቌቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ + + 𝑑𝜔𝑑𝑟 𝑑𝜔𝑑𝑟 ቇቆ1𝑟 − 𝑟 𝑟ାଵଶ ቇ 
     −ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ + 𝑑𝜔శభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆ 1𝑟ାଵ − 𝑟ାଵ 𝑟ାଵଶ ቇ൱ቍ𝑑𝜔ାଵ𝑑𝑟 . 

(8)

In this case 𝑞 = 𝑐𝑜𝑛𝑠𝑡, the analytical expression of the rotation angle at points 𝑟 for has the 
expression: 𝑑𝜔ଵ𝑑𝑟 = 𝑞𝑟ଵଷ16𝐷 − 𝑞𝑐ଶ(3 + 𝜇ሻ𝑟ଵ16𝐷(1 + 𝜇ሻ , (9)

𝑑𝜔ଶ𝑑𝑟 = 𝑞𝑟ଶ16𝐷 ൬𝑟ଶଶ − 𝑐ଶ(3 + 𝜇ሻ(1 + 𝜇ሻ ൰1 − 𝐸ℎ𝑟ଶ(𝑟ଷ − 𝑟ଵሻ32𝐷(1 + 𝜇ሻ 1 + 𝑟ଶଶ𝑐ଶ + 𝜇 ൬1 − 𝑟ଶଶ𝑐ଶ൰൨ ቊ(𝑟ଵ + 𝑟ଶሻ ቀ𝑑𝜔ଵ𝑑𝑟 ቁଶ 1𝑟ଵ ൬1 − 𝑟ଵଶ𝑟ଶଶ൰ቋ, (10)

for 𝑗 = 3,𝑛. 
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𝑑𝜔𝑑𝑟 = ൽ 𝑞𝑟16𝐷 ቆ𝑟ଶ − 𝑐ଶ(3 + 𝜇ሻ1 + 𝜇 ቇ + 𝐸ℎ𝑟32𝐷(1 + 𝜇ሻቐ(𝑟ାଵ − 𝑟ିଵሻ ቈ1 + 𝑟ଶ𝑐ଶ + 𝜇 ቆ1 − 𝑟ଶ𝑐ଶቇିଵ
ୀଶ  

  − (1 + 𝜇ሻ ቆ1 − 𝑟ଶ𝑟ଶቇ(𝑟 + 𝑟ାଵሻ ቈ൬𝑑𝜔𝑑𝑟 ൰ଶ ቆ1𝑟 − 𝑟𝑟ଶቇ − ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ ቆ 1𝑟ାଵ − 𝑟ାଵ 𝑟ଶ ቇ 𝑑𝜔𝑑𝑟 ቋඁିଵ
ୀଵ  

   / ቈ1 − 𝐸ℎ𝑟32𝐷(1 + 𝜇ሻ ൫𝑟ାଵ − 𝑟ିଵ൯ ቈ1 + 𝑟ଶ𝑐ଶ + 𝜇 ቆ1 − 𝑟ଶ𝑐ଶቇ   × (𝑟 + 𝑟ାଵሻିଵ
ୀଵ ቈ൬𝑑𝜔𝑑𝑟 ൰ଶ ቆ1𝑟 − 𝑟𝑟ଶ ቇ − ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ ቆ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ቇ. 

(11)

Integrating Eq. (8) and taking into account condition Eq. (5), we write the solution of the first 
differential equation of the system Eq. (1) as: 

𝜔 = 𝑞64𝐷 (𝑟ସ − 𝑟ସሻ + 𝑞𝑟ଶ(3 + 𝜇ሻ32𝐷(1 + 𝜇ሻ ൫𝑟ଶ − 𝑟ଶ൯ + 𝐸ℎ8𝐷(𝑟 + 𝑟ାଵሻ
ୀଵ ቈቆ12 ൬𝑑𝜔𝑑𝑟 ൰ଶ 

      +𝑑𝜔ೖ𝑑𝑟 𝑑𝜔𝑑𝑟 ቇቆනቆ1𝑟 නቆ𝑟ଶ𝑟 − 𝑟ቇ𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟       −𝑟න൬1𝑟 − 𝑟𝑟ଶ൰ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟൰𝑑𝑟       − න ቆ1𝑟 නቆ𝑟ଶ𝑟 − 𝑟ቇ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟 − 𝑟න൬1𝑟 − 𝑟𝑟ଶ൰ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟൰𝑑𝑟ୀ್  
      + 1 − 𝜇2(1 + 𝜇ሻ ቆ𝑟ଶ𝑟ଶ − 1ቇ න ቆ𝑟ଶ𝑟 − 𝑟ቇ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟 + ቆ𝑟ଶ2 − 𝑟ଶ2 ቇ න ൬1𝑟 − 𝑟𝑟ଶ൰ୀ್ୀ್  
      × 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ሻ𝑑𝑟൰ − ቆ12 ൬𝑑𝜔ାଵ𝑑𝑟 ൰ଶ +𝑑𝜔ೖశభ𝑑𝑟 𝑑𝜔ାଵ𝑑𝑟 ቇቆනቆ1𝑟 නቆ 𝑟ଶ𝑟ାଵ − 𝑟ାଵቇ       × 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟 − 𝑟න൬ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ൰ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟൰ 𝑑𝑟       − න ቆ1𝑟 නቆ 𝑟ଶ𝑟ାଵ − 𝑟ାଵቇୀ್ × 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟 
      −𝑟න൬ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ൰ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟൰𝑑𝑟 + 1 − 𝜇2(1 + 𝜇ሻ ቆ𝑟ଶ𝑟ଶ − 1ቇ       × න ቆ 𝑟ଶ𝑟ାଵ − 𝑟ାଵቇ𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟ୀ್  
      +ቆ𝑟ଶ2 − 𝑟ଶ2 ቇ න ൬ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ൰ 𝑑𝜔𝑑𝑟 𝐻(𝑟 − 𝑟ାଵሻ𝑑𝑟൰ୀ್  
      + 𝐸ℎ16𝐷ቊ(𝑟ାଵ − 𝑟ିଵሻ ቈቆ1 + 1 − 𝜇1 + 𝜇 ⋅ 𝑟ଶ𝑐ଶቇ 𝑟ଶ2 − 𝑟ଶ1 + 𝜇 − 1 + 𝑟ଶ𝑐ଶ

ୀଶ− ቆ𝑟ଶ2 − 1ቇቆ1 − 𝑟ଶ𝑟ଶቇ𝐻(𝑟 − 𝑟ሻ + ൝(𝑟 + 𝑟ାଵሻ ቈ൬12𝑉ଶ + 𝑉𝑉൰ ቆ1𝑟 − 𝑟𝑟ଶቇିଵ
ୀଵ  
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      −൬12𝑉ାଵଶ + 𝑉శభ𝑉ାଵ൰ ቆ 1𝑟ାଵ − 𝑟ାଵ𝑟ଶ ቇቋ𝑉ቋ. 
Fig. 2 shows graphs of deflection changes for a flexible round plate with different initial 

deflections. 

3. Results and discussion 

To obtain a solution of the system of resolving differential equations of the problem under 
consideration, A. S. Volmir sets the deflection form and then uses the method of  
Bubnov-Galerkin. A system of equations is often solved by a small parameter method, when the 
multiplier before the nonlinear terms is small. If there is no such restriction on this multiplier, then 
getting a solution is problematic. Therefore, we can use the method of partial discretization of 
differential equations, the accuracy of the resulting solution for which has been repeatedly checked 
when solving problems related to obtaining plate bends. 

The Fig. 2 shows the bending curve of the flexible plate for 𝜔 = 𝑓(1 − 𝑟ଶ 𝑟ଶ⁄ ሻଶ individual 
initial values of the deflection boom 𝑓. 

 
Fig. 2. Deflection change curves for: 𝑓 = 0,2ℎ; 𝑓 = 0,5ℎ; 𝑓 = 0,8ℎ;  ℎ = 0,02 m; 𝑞 = 104 N/m2; 𝐸 = 2⋅1011 N/m2; 𝜇 = 0,3. 

4. Conclusions 

The existing method of finding solutions to the nonlinear differential equations of 
Bubnov-Galerkin [5], although it is very useful, but in the General formulation of the problem and 
the tendency of the number of linear combinations of a given linear independent system to infinity, 
cannot guarantee even a weak convergence of the approximate solution to the exact one. In this 
regard, the application of the partial discretization method to the system of nonlinear equations 
under consideration is very appropriate. 
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