Solving the problem of moving a solid body around a
fixed point in a resisting medium

G. U. Mamatova', B. Hamzina?, A. O. Kabdoldina?, A. K. Sugirbekova?,

R. A. Berkutbaeva®

1.2, 3Department of chemical physics and materials science, Al-Farabi Kazakh National University,
Almaty, 050040, Kazakhstan

4 SDepartment of General scientific disciplines, Academy of Civil Aviation, Almaty, 050039, Kazakhstan
!Corresponding author

E-mail: 'mamatovagl969@gmail.com, *sapi.bolash@gmail.com, *kao_assem@mail.ru,

dcugir. 72@mail.ru, *barr_0609@mail.ru

Received 3 May 2020; accepted 1 June 2020 W) Check for updates
DOI https.//doi.org/10.21595/vp.2020.21453

Copyright © 2020 G. U. Mamatova, et al. This is an open access article distributed under the Creative Commons Attribution License,
which permits unrestricted use, distribution, and reproduction in any medium, provided the original work is properly cited.

Abstract. In this paper, we consider the problem of motion of an axisymmetric solid around a
fixed point in a resistive medium, described by nonlinear dynamic Euler equations. An analytical
solution to the problem when the moments of external resistance forces are proportional to the
corresponding projections of the angular velocity of the body is obtained by partial discretization
of nonlinear differential equations based on the theory of generalized functions. Curves of angular
velocity change are constructed and graphs of comparison of these curves with previously known
exact solutions are given.
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1. Introduction

The problem of motion of a solid body with a fixed point is one of the remarkable problems
of classical mechanics. The peculiarity of this problem is that, despite the important results
obtained by the largest mathematicians over the past two centuries, there is still no complete
solution [1-4]. Mathematically, these problems are reduced to the study of a system of nonlinear
differential equations and differential equations with variable coefficients, obtaining analytical
solutions to which is extremely difficult and is possible in a relatively small number of cases.
Therefore, the construction of analytical solutions for a wide class of such problems is very
relevant.

In this paper, an analytical solution of the problem is obtained by a new method called the
partial discretization method. The method is based on generalized functions [5]. Using the partial
discretization method, it is easy to obtain an analytical solution of nonlinear differential equations
or differential equations with variable coefficients. One of these equations is the dynamic Euler
equations, which describes the movement of a solid body around a fixed point in a resisting
medium.

Using the method of partial discretization of nonlinear differential equations based on the
theory of generalized functions, an analytical solution to the problem of the movement of a solid
body around a fixed point in a resisting medium is obtained, which is described by the nonlinear
dynamic equations of L. Euler.

2. Materials and methods

Consider the nonlinear dynamic equations of L. Euler [6], which describe the movement of a
solid body around a fixed point in a resisting medium:
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dp
AE‘F (C —B)qr = Mx'
dq
BE-F(A—C)T[):MJ,, (1)

hm+w Apg =M
dt pq - z

where A, B, C — moments of inertia of the body relative to the axes x, y, z associated with the
body; p, q,  — projections of the angular velocity vector of a body on these axes; M, M,,, M, —
moments of external resistance forces relative to the axes x, y, z.

The system of differential Eq. (1) is considered together with the initial conditions:

t=0: p(0) =py, q(0)=qo 71(0)=r1y pP0)=p, ¢(0)=gqo 7(0)=r,. (2)
Without limiting the generality of the problem, we will assume that:
p(0) =0, ¢(0)=0, 7(0)=0. A3)

Let the moments of external forces are created only by forces of some resistance and are
linearly proportional to the corresponding projections of the angular velocity of the body:

M, = —A1p, My =-Aq, M,=-1;r, “4)

where 1;, 4,, A3 — custom parameters that depend on the environment properties. We turn to the
case of a symmetric solid when A = B. Then the system of nonlinear differential Eq. (1) taking
into account the initial conditions Egs. (2), (3) will take the form:

p+purq+k,p =0,

g —urp+kyq=0, ()
r =ryekst,

where:

C - A /’{1 AZ /13
A ‘U, A kl: A kz, C k3 ( )

From system Eq. (5) to determine the projection p(t) of the angular velocity of a body, we
have the following differential equation with variable coefficients:

p+ (ke +ky+ k3)p + [#ng€_2k3t +ki(ky + k3)]p = 0. (7N

To solve the problem Eq. (7) — Eq. (2), Eq. (3), applying the method of partial discretization
of nonlinear differential equations [7], we obtain:

1 n
P+ (kg +ky+k3)p = _EZ(Q’ + tiq) {([WPrde kst 4 ky (ky + k3)Ip(t)8(t — t;)
i=1
—[u?rde ?kstivs + ky (ky + k3)p(ti41)8(t — tiy1)},

®)

where 6(t) — delta function of Dirac.
The General solution of Eq. (8) has the expression:
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n
C, 1
=C, ————  p(katka+k3)t —Z t: +t:
PO =G, ¥ iy © MRSV
x {(eWatkatka)timt) — 1) [u2rge~2kati + ke, (ky + k3)Ip(t)H(t — t;) ©)

— (elatharkatina=0) — )[upge 2Ktins 4+ ke (ey + Ies)Ip 6y )H (= 1)),

where H(t) — the function of Heaviside; C; and C, — arbitrary constant of integration.
Using the initial conditions Egs. (2) and (3), we have:

n
1
) = +—Z(t. +t,0) {(etariarka)- _ 1
p Po 2(k1 +k2 +k3) - i i+1 {( )
[uPrge 2t + key (g + )] X p(E)H(E — 1) — (elesthatka)tina=0) 1) (19
- [uPrge2stinn + ky (ky + k) Ip (£ JH(E — t0)

According to Eq. (10), expressions of the function p(t) at points t; (i = 1,_n) are written as
follows:

p(t) = po,

p(t) =p (t + t) (etathati)tm — 1)

ot Sk + e, + )

i-1
1 (11)
[rge 0 4 ks + kIP(t) + 55y DG — )
=2

. (e(k1+kz+k3)(tj—fi) - 1) [u?r¢e ™35 + ky (ks + k3)|p(t).

Fig. 1 show graphs of problem solving for various parameter values. In some cases, the
solutions are compared with previously obtained literary solutions, which show a complete
coincidence of the integral curves.

3. Results and discussion

The General solution of Eq. (7), expressed in terms of Bessel functions, is obtained by
V. N. Koshlyakov [6, p. 72] as:

1 7 iy
p(6) = exp | =5 (ks + ko + ko)t oy (e ™) + ol (e )| (12)
where v = — 24 L4
2 24 A3

Figs. 1, 2 shows graphs comparing curves for the case A; = 1, with the solution obtained by
corresponding member of the USSR Academy of Sciences V. N. Koshlyakov in Bessel functions.
Solid lines show curves drawn in accordance with the solution Eq. (10), and dotted lines Eq. (12).
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Fig. 1. Graph velocity projection p(t) change curves for parameter values:
A =10kgm? C =20kgm? p, =10sec!, 7y = 1sec!, 1, =1, =0,2.
—————— the solution obtained By V. N. Koshlyakov, the solution received by the author

ple)e™
10

py | | |
Fig. 2. Graph velocity projection p(t) change curves for parameter values:
A =10kgm? C =20kgm? py =10sec’, 7y = 1sec!, 1, =1, =0,2.
------ the solution obtained By V. N. Koshlyakov, the solution received by the author

4. Conclusions

Analysis of the results showed that a significant resistance of the medium (Fig. 2) encourages
the gyroscope to smooth unidirectional movement with slow attenuation, while relatively small
resistances (Fig. 1) do not interfere with the oscillatory process, causing alternating movements
of the object under consideration. The results of this work are a great contribution to the theory of
gyroscopes and gyroscopic systems and can be used in the development of new stabilizing
elements of various inertial navigation systems on ships, aircraft, missiles, satellites and
spacecraft [8].
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