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Abstract. The classical equations of plate bending in various fastenings along the contour and 
various loads are considered. Using the decomposition method, three auxiliary problems are 
formulated to determine the deflection of the plate. The task is to determine the individual terms 
of the decomposition coefficients 𝑎௡௠ሺ௜ሻ  from the individual terms of the load series. Then the 
system of algebraic equations is obtained to determine 𝑎௡௠ሺ௜ሻ . If the plate contour is pivotally fixed 
along the contour, then the system of equations takes a known form and the expression for the 
deflection function is explicitly found. Approximate analytical solutions are obtained for the 
functions of deflections, internal force factors and stresses under various boundary conditions of 
the plate.  
Keywords: mathematical modeling, high-strength, composite material, contour, solving problems. 

1. Introduction 

In our century, with the increasing complexity of the forms of building structures, the 
emergence of aircraft manufacturing, and the diverse demands of mechanical engineering, the role 
of elasticity theory methods has changed dramatically [1]. Now they form the basis for 
constructing practical methods for calculating deformable bodies and systems of bodies of various 
shapes [2]. At the same time, modern calculations take into account not only the complexity of 
the body shape and the variety of effects (power, temperature, etc.), but also the specificity of the 
physical properties of the materials from which the bodies are made [3]. The fact is that in modern 
designs along with traditional materials (steel, wood, concrete, etc.), new materials are widely 
used, in particular composites with a number of specific properties [4]. Thus, reinforcing polymers 
with fibers from high-strength materials makes it possible to obtain new lightweight structural 
material having high strength properties that exceed even the strength of modern steels [5]. But 
the presence of a polymer base gives such a composite material, viscous properties in addition to 
elasticity, which must be taken into account in the calculations [6]. Exact solutions in the analytical 
form of the equations of the elasticity theory subject to boundary conditions, which constitutes the 
so-called boundary value problem, are possible only in some special cases of loading bodies and 
the conditions for their fastening [7]. Therefore, for engineering practice, approximate, but fairly 
general methods for solving problems of the applied theory of elasticity are especially 
important [8]. 
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2. Materials and methods 

Consider a rectangular plate of constant thickness, having geometric dimensions in plan  0 ≤ 𝑥 ≤ 𝑙ଵ, 0 ≤ 𝑦 ≤ 𝑙ଶ. We assume that the plate along the contour in the general case is fixed 
elastically. To determine the bends, we have the differential equation describing the deformations: 

𝐷 ቆ∂ସ𝑊∂𝑥ସ + 2 ∂ସ𝑊∂𝑥ଶ ∂𝑦ଶ + ∂ସ𝑊∂𝑦ଶ ቇ = 𝑞ሺ𝑥,𝑦ሻ, (1)

where 𝐷 = ாభఋయଵଶ = ாఋయଵଶሺଵିఓమሻ  bending stiffness, 𝑞ሺ𝑥,𝑦ሻ  external load. Boundary conditions at 
elastic fastening of the plate along the contour: 

𝑊 = 0,      𝑙ଵ𝑘 ∂ଶ𝑊∂𝑥ଶ + ሺ1 − 𝑘ሻ ∂𝑊∂𝑥 = 0,      𝑥 = 0,      𝑥 = 𝑙ଵ,𝑊 = 0,      𝑙ଶ𝑘 ∂ଶ𝑊∂𝑦ଶ + ሺ1 − 𝑘ሻ ∂𝑊∂𝑦 = 0,      𝑦 = 0,      𝑦 = 𝑙ଶ. (2)

Then boundary value problem Eq. (1) and Eq. (2) transform to the form (𝜆 = 𝑙ଵ 𝑙ଶ⁄ ): 𝜕ସ𝜈𝜕𝛼ସ + 2𝜆ଶ 𝜕ସ𝜈𝜕𝛼ଶ𝜕𝛽ଶ + 𝜆ସ 𝜕ସ𝜈𝜕𝛽ସ = 𝑞𝐷. (3)

The purpose of the work is to determine the bending of the plate. In accordance with the 
decomposition method Eq. (3), we formulate three auxiliary problems: 

Problem 1: 𝜕ସ𝜈ሺଵሻ𝜕𝛼ସ = 𝑓ሺଵሻሺ𝛼,𝛽ሻ,      𝜈ሺଵሻ = 0,      𝜋𝑘 𝜕ଶ𝜈ሺଵሻ𝜕𝛼ଶ + ሺ1 − 𝑘ሻ𝜕𝜈ሺଵሻ𝜕𝛼 = 0,      𝛼 = 0,      𝛼 = 𝜋. (4)

Problem 2: 

𝜆ସ 𝜕ସ𝜈ሺଶሻ𝜕𝛽ସ = 𝑓ሺଶሻሺ𝛼,𝛽ሻ,      𝜈ሺଶሻ = 0,      𝜋𝑘 𝜕ଶ𝜈ሺଶሻ𝜕𝛽ଶ + ሺ1 − 𝑘ሻ𝜕𝜈ሺଶሻ𝜕𝛽 = 0,      𝛽 = 0,      𝛽 = 𝜋. (5)

Problem 3: 

2𝜆ଶ 𝜕ସ𝜈ሺଷሻ𝜕𝛼ଶ𝜕𝛽ଶ = 𝑞𝐷 − 𝑓ሺଵሻሺ𝛼,𝛽ሻ − 𝑓ሺଶሻሺ𝛼,𝛽ሻ. (6)

Conditions: 𝜈ሺଵሻ = 𝜈ሺଶሻ = 𝜈ሺଷሻ = 𝜈, (7)

needs to perform approximately. Let’s decompose RHS of Eqs. (4-6) to the Fourier series: 

𝑓ሺ௜ሻሺ𝛼,𝛽ሻ = ෍ ෍ 𝑎௡௠ሺ௜ሻ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻஶ
௠ୀଵ

ஶ
௡ୀଵ ,     ሺ𝑖 = 1,2ሻ, (8)

where 𝑎௡௠ሺ௜ሻ  unknown constants, approximating unknown functions of the decomposition method. 
Let’s decompose the load function 𝑞 to the Fourier series: 
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𝑞ሺ𝛼,𝛽ሻ = ෍ ෍ 𝑞௡௠sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻஶ
௠ୀଵ

ஶ
௡ୀଵ , (9)

where 𝑞௡௠ are coefficients of the load decomposition, and are determined using formula: 

𝑞௡௠ = 4𝜋ଶ නන𝑞ሺ𝛼,𝛽ሻగ
଴

గ
଴ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ𝑑𝛼𝑑𝛽. (10)

Then the auxiliary problems Eqs. (6-8) are written as follows. 
Problem 1: 𝜕ସ𝜈ሺଵሻ𝜕𝛼ସ = ෍ ෍ 𝑎௡௠ሺଵሻஶ

௠ୀଵ
ஶ
௡ୀଵ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ,      𝜈ሺଵሻ = 0,      𝜋𝑘 𝜕ଶ𝜈ሺଵሻ𝜕𝛼ଶ + ሺ1 − 𝑘ሻ𝜕𝜈ሺଵሻ𝜕𝛼 = 0, 𝛼 = 0,      𝛼 = 𝜋. (11)

Problem 2: 

𝜆ସ 𝜕ସ𝜈ሺଶሻ𝜕𝛽ସ = ෍ ෍ 𝑎௡௠ሺଶሻஶ
௠ୀଵ

ஶ
௡ୀଵ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ,      𝜈ሺଶሻ = 0,      𝜋𝑘 𝜕ଶ𝜈ሺଶሻ𝜕𝛽ଶ + ሺ1 − 𝑘ሻ𝜕𝜈ሺଶሻ𝜕𝛽 = 0, 𝛽 = 0,      𝛽 = 𝜋. (12)

Problem 3: 

2𝜆ଶ 𝜕ସ𝜈ሺଷሻ𝜕𝛼ଶ𝜕𝛽ଶ = 1𝐷෍ ෍ 𝑞௡௠ஶ
௠ୀଵ

ஶ
௡ୀଵ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ 

      −෍ ෍ 𝑎௡௠ሺଵሻஶ
௠ୀଵ

ஶ
௡ୀଵ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ −෍ ෍ 𝑎௡௠ሺଶሻஶ

௠ୀଵ
ஶ
௡ୀଵ sinሺ𝑛𝛼ሻsinሺ𝑚𝛽ሻ. (13)

And meeting the boundary conditions Eq. (11), we find: 

𝜈ሺଵሻ = ෍ ෍ 𝑎௡௠ሺଵሻ𝑛ଷஶ
௠ୀଵ

ஶ
௡ୀଵ ቈ1𝑛 sinሺ𝑛𝛼ሻ + 4𝛼ଷ𝑘ሺ𝑘 − 1ሻ𝜋ଶሺ1 − 2𝑘 − 11𝑘ଶሻ + 𝛼ଶሺ4𝑘 − 5𝑘ଶ + 1ሻ𝜋ሺ1 − 2𝑘 − 11𝑘ଶሻ       + 𝛼ሺ𝑘ଶ − 1ሻሺ1 − 2𝑘 − 11𝑘ଶሻ቉ sinሺ𝑚𝛽ሻ, (14)

and solution of the boundary value problem Eq. (12) will be similar: 

𝜈ሺଶሻ = ෍ ෍ 𝑎௡௠ሺଶሻ𝜆ସ𝑚ଷஶ
௠ୀଵ

ஶ
௡ୀଵ ቈ1𝑚 sinሺ𝑚𝛼ሻ + 4𝛽ଷ𝑘ሺ𝑘 − 1ሻ𝜋ଶሺ1 − 2𝑘 − 11𝑘ଶሻ + 𝛽ଶሺ4𝑘 − 5𝑘ଶ + 1ሻ𝜋ሺ1 − 2𝑘 − 11𝑘ଶሻ       + 𝛽ሺ𝑘ଶ − 1ሻሺ1 − 2𝑘 − 11𝑘ଶሻ቉ sinሺ𝑛𝛼ሻ, (15)

where 𝑎௡௠ሺ௜ሻ  bend surface decomposition coefficients to be determined. For this, the term of the 
series of 𝑛, 𝑚 number for the load Eqs. (9) and the same term of the series of bend Eqs. (14-15). 
According to Eqs. (7) assume: 
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𝜈ሺଷሻ ቀ𝜋2 ,𝜋2ቁ = 12 ቂ𝜈ሺଵሻ ቀ𝜋2 ,𝜋2ቁ + 𝜈ሺଶሻ ቀ𝜋2 ,𝜋2ቁቃ ,      𝜈ሺଵሻ ቀ𝜋2 ,𝜋2ቁ = 𝜈ሺଶሻ ቀ𝜋2 ,𝜋2ቁ. (16)

Now the problem is to determine individual terms of decomposition coefficients 𝑎௡௠ሺ௜ሻ  from 
individual terms of load series Eq. (9). Then to determine 𝑎௡௠ሺ௜ሻ  from Eq. (13) and Eq. (16) we will 
derive a system of algebraic equations. So, functions Eqs. (14-15) are the solution to the problem 
posed, since they meet the conditions on the plate contour and, when choosing the coefficients, 
derived by solving the system of algebraic equations. We introduce the notations: 

3. Results and discussion 

   

   

Fig. 1. Computed plot of the coordinates 𝛼 and 𝛽 

Under the action of a uniform load of the entire area we have: 𝐺௡௠ = 16𝑞𝐷௡௠𝜋ଶ sin ቀ𝑛𝜋2 ቁ sin ቀ𝑚𝜋2 ቁ. 
 

   

 

Fig. 2. Computed plot of the evenly distributed load 

Under the action of a load changing along a parabola in the directions of the axis 𝛼 of the entire 



MATHEMATICAL MODELING OF THE SOLUTION TO THE PROBLEM OF PLATE BENDING GIVEN VARIOUS FASTENINGS ALONG THE CONTOUR AND 
VARIOUS LOADS. SERIKBAY TOIBAYEV, ASSEMGUL UDERBAYEVA, ZHANAR BIDAKHMET, AYAULYM RAKHMATULINA, ALGAZY ZHAUYT 

56 VIBROENGINEERING PROCEDIA. NOVEMBER 2020, VOLUME 35  

area we have: 𝐺௡௠ = 32𝑞𝐷௡௠ଷ 𝜋ସ ሾ1 − ሺ−1ሻ௡ሿsin ቀ𝑛𝜋2 ቁ sin ቀ𝑚𝜋2 ቁ. 
 

   

   
Fig. 3. Computed plot of the changing parabola 

When the action is changing along an isosceles triangle in the directions of the axis 𝛼 of the 
entire area we have: 𝐺௡௠ = 16𝑞𝐷௡௠ଶ 𝜋ଷ sinଶ ቀ𝑛𝜋2 ቁ sin ቀ𝑚𝜋2 ቁ. 
 

   

   
Fig. 4. Computed plot of the isosceles triangle 

4. Conclusions 

The paper obtained equations of plate bending, internal force factors and stresses, and the 
following new scientific results: 

1) approximate analytical solutions were obtained for the functions of bends, the formulas of 
internal force factors and stresses given various boundary conditions of the plate and load; 
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2) the results of a numerical experiment for the plate were obtained given various fastenings 
of the edges and load; 

3) mechanical effects, conditions of fastening along the contour and load were revealed. 
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