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Abstract. Aiming at the attitude control of the spherical underwater robot, the kinematics and
dynamics of the underactuated attitude control adjusting system are analyzed, and its dynamics
model is established. By using the differential homeomorphism transformation, the model was
divided into two subsystems. Based on the advantages of sliding mode variable structure control,
this paper adopts the hierarchical sliding mode variable structure method to design the sliding
mode of different variables respectively, and then designs the sliding mode of the whole system.
The presented control scheme can solve the coupling problem well. The controller has small
overshoot and can well suppress chattering phenomenon. The simulation results show that the
designed control law can make the system converge quickly and control the attitude of the
underwater spherical robot effectively.

Keywords: spherical underwater exploring robot, hierarchical sliding mode, attitude control
underactuated system.

1. Introduction

As a kind of special robots, spherical underwater robots have the following advantages: good
compression performance, uncoupled hydrodynamic calculation, equal hydrodynamic parameters
in each direction. Accordingly, spherical underwater vehicles have a broad prospect of application
in underwater archaeological explorations, sea-floor geomorphic observation, aquaculture, and so
on [1-3].

Underactuated system has many advantages in practical application. Due to the reduction of
the actuators, the weight, cost and volume of the whole control system will be reduced. In a word,
the research on the control method of underactuated system has important theoretical and
application value [4]. For underactuated vehicles, there were fewer independent motion control
actuators than degrees of freedom (DOF) [5]. It has been proven that the underactuated mechanical
systems have second-order nonholonomic constraints [6]. The attitude adjusting problem for
underactuated underwater vehicles is of great challenge. The famous Brockett’s necessary
condition shows that asymptotic stabilization of these underactuated UUVs cannot be achieved
with any smooth or continuous time-invariant feedback controllers [7-9]. The underactuated
control laws can be used to handle actuator failure for fully-actuated underwater vehicles or
over-actuated underwater vehicles [10]. Nowadays, the attitude adjusting problem of underwater
vehicles and other rigid underactuated mechanical systems has made some achievements.
Throughout the existing research results, the design methods of attitude adjusting controllers
include backstepping method [11] and Lyapunov’s direct method [12], sliding mode control [13],
adaptive control [14], saturated-state feedback control and model predictive control control [15].
Among these methods, the sliding mode control (SMC) is one of the most effective means to
handle the problem of motion control for underactuated underwater vehicles with external
disturbance and model uncertainties, because it is natural strong robustness with regard to internal
and external disturbance. Moreover, SMC has also the advantages of reduced order, decoupling,
fast response, good dynamic characteristics and so on. Therefore, SMC can solve the attitude
adjusting problem for underactuated underwater vehicles well.
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The traditional SMC is an effective method for dealing with bounded uncertainty/disturbances
and parasitic dynamics of nonlinear system. In this paper, a hierarchical sliding mode control
method is proposed. The sliding planes of each layer of the method are asymptotically stable,
which can drive the underactuated underwater robot to the desired state. Because the sliding mode
control has the function of anti-interference, the designed controller in this paper has strong
adaptability to all kinds of external disturbances.

2. Physical prototype of BYSQ-2

BYSQ-2 underwater spherical robot mainly consists of spherical catheter 1, Sleeve 2, long axis
motor 3, weight pendulum 4 and short axis motor 5. Two motors placed perpendicular to each
other, which can drive the weight pendulum to rotate to adjust the attitude. Physical prototype of
robot is shown in Fig. 1.

Fig. 1. Physical prototype of the robot

If the components of the underwater spherical robot BYSQ-2 are all regarded as rigid bodies,
then BYSQ-2 is a multirigid body composed of three rigid bodies. The spherical shell, catheter
and propeller are fixedly connected with each other, which is rigid bodies B; with a total mass m;;
the sleeve is rigid body B, with a mass m,; the two weightpendulums are called rigid body B3
with a mass ms.

3. Kinematic analysis of attitude control system

In order to analyze the motion of multi rigid body system of underwater spherical robot, the
following four coordinate systems are established {0}, {1}, {2}, {3}, as shown in Fig. 2.

E
n

Fig. 2. Coordinate system diagram of multi rigid body system of underwater spherical robot

The coordinate system {0} is an inertial reference system fixed to the earth, with the En axis
pointing north and the Ed axis pointing vertically downward; the coordinate system {1} is a
dynamic reference system fixed to the rigid body B;, with the origin at the center of the ball, the
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0,x, axis along the long axis, initially parallel to the coordinate system {0}, and the 0, x; axis
coincides with the axis; the coordinate system {2} is fixed to the rigid body B,, with the origin at
the center of the ball, the 0,x, axis along the long axis, the coordinate system {3} is fixed to the
rigid body B and the origin is located at the center of the ball. At the beginning, the coordinate
system {3} is parallel to the coordinate system {2} and the O;x5 axis coincides with the axis 0,x;.

Because the Euler angles of the body coordinate system {1} and the relative inertia coordinate
system {0} are respectively ¢, 8 and 1, let:

Zl = d)'
{Zz =0, 6]
Zg =Y.

Then the angular velocity w, and acceleration &, of the coordinate system {1} relative to the
coordinate system {0} are:

(UO = ZIZ ) SO = 22 . (2)

Because the angular velocity of the rigid body around the axis x; is p, the angular velocity in
the axis 0,y direction is q, and the angular velocity in the axis z; direction is 7.
Let:

Zy =D
Zs = (, (3)
Z6 =T.

It can be concluded that the angular velocity w; and acceleration of the rigid body &; in the
body coordinate system {1} are:

Zy Zy

W = [25]: & = IZSI “)
ZG Z.6

The relationship between the angular velocity of the rigid body B; in relative inertial

coordinate system {0} and the body coordinate system {1} is as follows:

¢ = p + gsingtand + rcos¢ptané,

6 = qcos¢p — rsing, (5)
. sing + cos¢
V= cosf | cosh

Let the rotation angle of coordinate system {2} relative to axis 0;x; of coordinate system {1}
be a, The attitude transformation matrix can be obtained as:

1 0 0
0 cosa —sinal. (6)
0 sina cosa

Let the angular velocity of the rigid body B, around the axis 0,x; is z;, then:

@ =2z, + 2,. 7)
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Zg = a. ()

Let the rotation angle of coordinate system {3} relative to axis 0,y, of coordinate system {2}
be S, the angular velocity of the rigid body B3 around the axis y; is zg, then:

B = z5 + zo. )

The attitude transformation matrix can be obtained as:

1 0 tanf

01 0
1 | (10)
cosf

4. Dynamic analysis of attitude control system
According to the dynamic model equation of the underwater spherical robot established by

Fossen [16], the dynamic equation of the rigid body B, when the propeller is not working can be
obtained as follows:

lep + (Ilz - Ily)qr - (T + pq)llxz + (7.2 - qz)llyz + (p?" - Q)ley = Mlﬂ
Ilyq + (le - I1z)7”P - (p + qr)llxy + (pz - rz)llzx + (pq - f')llyz = Méyt (11)
1127:. + (Ily - le)pq - (q + Tp)llyz + (qZ - pz)llxy + (rq - p)llxz = Méz'

where Iy, 11y, I, are the moment of inertia of the rigid body B, around the 0,x, axis, 0,y axis
and 0, z; axis respectively. M3, and M;, are the components of the torque of the short axis motor
acting on the rigid body on the 0,y axis and 0,z; axis. I xy, I1x, and I, are the inertial
products of rigid body B; to plane x,0,y;, x1012; and y, 0,2, respectively and:

Ly = J;Ip(y2 + z?)dxdydz,

Ly = jﬂp(x2 + z%)dxdydz, (12)
L, = fnp(x2 + y?)dxdydz,

Liyy = L pxydxdydz,

Ly, = przdxdydz, (13)
Ly, = L pyzdxdydz.

Due to the symmetry of the structure, we have:

Ly = I, (14)
ley = lez = Ilyz =0.

Since the values of I, are similar to those of I,, and I, it is considered that:
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Ly = Ily =i, (15)
So Eq. (11) can be reduced to:
Iixp =M,
Ly = My, (16)
1127;' = Méz'

where I, and I,, are the moment of inertia of the sleeve (rigid body B,) around the 0,Yy, axis and
0,z, axis respectively.
Due to the regular shape of the sleeve, it can be approximately considered that:

IZy = IZZ = IZyz: (17)

where I, is the moment of inertia of the sleeve (rigid body B) about any axis in the plane.
And we have:

lep = M1;
(Liy + Iy2)q = Méy' (18)
(Iz + Ly, )T = M},
Let:
1% = Iy + Iy, 19)
IZ = IlZ + 122.
Since:
Ly, = I, (20)
We have:
L, =1, (21)
Then the system model Eq. (16) can be rewritten as:
Iixp = M,
L,q = My, (22)
L7 = Mj,.
In the coordinate system {3}, the torque of short axis motor can be expressed as:
0
M, |. (23)
0

M3,, and M3, can be expressed as:

0 L tan,B
My | = [O cosa —smal I IMZI [Mzcosal (24)
cosp.

M, 0 sina cosa M,sina
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Then Eq. (22) can be reduced to:
.M,
pP="
le
. M,cosa
q = 7}
Ily + Izy
. M,sina
F=—".
Ilz + 122
Let:
ki = ! k, = ! ks =k, = ! = !
1_le, 2_[1y+IZyl 3T _[1Z+IZZ, 4_12x'|_[3x'
Then make the input transformation, let:
Tl = Mli
T, = Mz.

Then the state equation of the spherical shell attitude control system is:

Zy = Z4 + ZsSinz tanz, + zgcosz;tanz,,
Z5C0SZy — ZgSinz,,
sinz, C0SZ,

N-
N
Il

Z3 =12
3 cosz, °cosz,’

Zy = kqTq,

Zg = k,T,Cc0szg,
Zg = ksT,sinzg,
Z; = —2ky14,
Zg = Z4 + Z7.

Further simplifying Egs. (6-28), we can get:

7y — Z3sinz, — Z,75€052, = ky 74,

7,052, + Z3Sinz;c0Sz, + Z,23C082,C0SZ, — Z1Z,Sinz; — Z,Z;3sinz;sinz, = k,t,c0szg,
—Z,sinz; + 73C082,€0SZ, — Z;735INZ,€0SZ, — Z1Z,C0SZ; — Z,23C0SZ,Sinz, = k3T,sinzg,
Zg = (ky — 2k,)14.

Let:
€11 Z
&1| _ |22
£31 zZ3|
€41 Zg

Considering modeling error and external interference, from Eq. (29), we can obtain:

€11 = €12, &2 = f1(&) + F1(&)T, + Kyt + dy,
&1 = &3, & = f(€) + Fr(8)1, + dy,

€31 = €33, &3z = f3(€) + F5(e)1, + d3,

Ea1 = Eapy Eap = (ky — 2k4)Ty,
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where d;, d, and d; are modeling errors and external disturbances, and

f1(e) = g6 tane, + €,,65,5Ine,tane,, + €5,63,C08€54,

fo(g) = —g1,€5,sine fz(e) = F12622
2 12¢€32 21 3 COSEyq
F;(g) = kytane,, (sing;;cose,; + cose;;sing,;),

F,(&) = k,(cose; 1€0SEy4, — Sing;;Sing,,),

F3(e) =

+ &5,83,tang,,,

2
COSEyy

(sing;;cose,, + cose;qSing,; ).

Since the values of €4, and €4, are only two state variables needed in the design of control
system, and there is no expected value, Egs. (6-31) can be simplified to:

&1 = &2,

&, = f1(e) + Fi(e)1, + ky7y + d4,

&1 = &2,

. 32
€ = f2(8) + F,(e)T, + dy, (32)
€31 = €33,

f3(e) + F3(e)1, + ds.

€32
5. Control design
To design the control law conveniently, the system Eq. (32) is divided into two subsystems:

€21 = &22,

Z 02 = f2(€) + Fr(e)T, + dy,
1) €31 = €32,

€32 = f3(e) + F3(e)T, + d3,

™
N
N

I

(33)

Z {511 = &1,
2 = fi(e) + Fi ()1, + KTy + dy.

Then the back stepping sliding mode control law is designed for the two subsystems
respectively.
Firstly, for the system )}, , the position error of the system is:

€2 = &1~ &1a)
34
{93 = €31~ &314- 34
The sliding mode function can be designed as:
Sy, = Cr€y + éz,
{53 = cze3 + &3, (35)
where ¢, and c3 are positive constants.
From Eq. (31), we have:
€y = &1 — €210 = €22,
€, = &1 — &na = f2(8) + Fo(e)T, + dy, (36)

€3 = €31 — €314 = €32,
€3 = &1 — &319 = f3(e) + F3(8)T, + d3,

and
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Sy = C3(&21 — €210) + €22,
$p = (€21 — €21a) F €22 = o8 + f2(€) + F2 (&)1, + dy,

37
S3 = c3(€31 — €31a) + €32, 37
$3 = c3(€31 — €31a) + €22 = C3855 + f3(e) + F3(e)7, + ds.
If the following control laws are designed:
1
Ty1 = —(_02522 - f2(e) — D25gn(52)).
F,(e) (38)

1
T2 = m(_%%z —f3(e) — D3sgn(s3)),

where D, is the upper bound of d,, D5 is the upper bound of d5, sgn represented symbolic function,
its definition is given by:

{sgn(s) =41, s>0, (39)

sgn(s) =-1, s<0.
Substituting Egs. (38) and (39) into Eq. (37),we have:

$, = —D,sgn(s;) +d,,

$3 = —D3sgn(s;) +ds, (40)

and

{5232 = 5,(—D;sgn(s;) +d;) = —Dy|s,| + dys, <0, (41)

5383 = s3(—Dssgn(s3) + d3) = —Dslss| + dzs3 < 0.
Due to the coupling effect between the two subsystems in the system, it is not reasonable to
add the two control laws easily, and we need to introduce the control law corresponding to the
coupling effect.
The total desired control law is set to:

Ty = Tp1 + Toz + Top (42)

where 7, is the coupled switching control law of the system in approach stage.
Now we construct the second sliding plane:

S = CSZ + 53, (43)

where C is a positive constant.
To get the coupled switching control law, the CLF is chosen as:

1

v, =552, (44)
2

the first-order time-derivative of the CLF V; renders to:

V, = 8§ = S(Cs, + $3), (45)

substituting Eqs. (37) into Eq. (45), we have:
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Vi = S ((CR(&)tz, + F3(e)T20) + (CFo(8) + F3(2))Tan)

(46)

If the exponential approach law is taken for the system from the initial state to the switching

surface, then:
(CF (&)t + F3(e)T21) + (CFz(S) + F3(5))72h = —p;5gn(S) — p,S,
where p; and p, are positive constants.

From Eq. (47), we have:

Ton = _m (CF(&)Ty; + F3(e)T21 + py5gn(S) + p,S),

and

V1 = —p1lS| _PZSZ <0,

Ty =Ty T Top + T = (F5(&)T22 + CF,(€)T21 — p15gN(S) — p2S)

CF,(g) + F5(¢)
(c3e32 + f3(€) + D3sgn(s3) + Ccyep; + Cfr(€) + CD,ysgn(sy)

T CFR(e) + F5(e)
+ plsgn(S) + pZS).

Secondly, for system )., , the position error of the system is:
€1 = €11 — €114-

The sliding mode function is chosen by the following equation:
Sy =cieq +éq,

where c; is a positive constant.
From Eq. (31), we have:

€1 = €11 — €114 = €125
é =& — E1q = f1(e) + F1()1, + Ky 14,

and

{51 =c¢1(e11 — €110) + €120
$1 = c1(€11 — €11a) + €12 = C1&12 + f1(€) + Fi(&)T, + g1y

Let us definite the following Lyapunov function:

1
VZ = Vl +§Slz

(47)

(48)

(49)

(50)

(51)

(52)

(53)

(54)

(55)

If the exponential approach law is taken for the system from the initial state to the switching

surface, then:
c1&12 + f1(e) + F1(&)T, + kit = —pisgn(s;) — p3sy,

where p; and pj are positive constants.
From Eq. (56), the control input 7, can be obtained as:
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1 I !
Ty = ——(p15gn(sy) + P25y + 1€z + f1(€) + Fi(&)Ty), (57)
1
and
Vo =Vi + 58 = Vi — pilsi| — pgsi? <0. (58)

According to the aforementioned discussion, it is known that the control law Eqgs. (50), (57)
can drive arbitrary tracking errors to converge to the origin.

6. Simulation

According to the designed hierarchical sliding mode control law, we carry out some computer
simulations by using the Simulink box to demonstrate the performance of the designed controller.
The initial attitude value (¢, 8,1) of the rigid body B; is (m/2, /4, m/4). The desired attitude
value (¢4, 04, Y 4) of the rigid bodyB; is (/6,1 /3, /2). The parameters are selected as follows:
¢, =48,¢c, =60,c5=80,C=96,p, =8, p, =9,p1 =7,p; = 12.

The modeling errors and interferences are selected as follows: D; = 0.2, D, = 0.1, D; = 0.3.

15
s g U m————————
2 2]
= 05 % 05
0 0
0 02 0.4 06 08 1 0 02 0.4 06 08 1
T (s) T ()
Fig. 3. Change of roll angle Fig. 4. Change of pitch angle
15
N ]
e
505
H
-
0
0 0.2 04 06 08 1
T (s)
Fig. 5. Change of yaw angle
20
2 0 2
€ €10
: 20f :
=] 1=}
=0
B
-40 b =
-10 . . - -
0 0.2 0.4 06 08 1 0 0.2 0.4 0.6 08 1
T(s) T ()
Fig. 6. Input torque change of long axis motor Fig. 7. Input torque change of short axis motor

According to Figs. 3-5, the response curves of roll angle, pitch angle and yaw angle have no
oscillation, the rise time is less than 0.6 s, the transition time is less than 1 s, and the system has
good dynamic performance.

According to Fig. 6, the input torque of the long axis motor has a small chattering, but does
not affect the output of the system.

According to Fig. 7, the input torque of the short axis motor have no chatter.
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In order to further test the performance of the controller, we carried out a circular experiment.
The expected trajectory of the underwater spherical robot is an arc with a radius of 0.5 m, that is
xqg = 0.5 m,y, = 0.5 m, the initial value of (x, y, 0) is (0, 0.5, 0). The value of 8 is from 0 to
1/ 2. The disturbance of the current can be expressed as 7, = 0.6 + 0.8sin(0.8t + 7 /4).

The simulation results are shown in Figs. 8-11.

15

&

K] 1

DE-D — EXp

E L] . sim

S

% 05 1 15 2 A2k 05 1 15 3
(s) I(s)
Fig. 8. Change of the yaw angle Fig. 9. Change of y

0 0s 1 15 2 0 01 02 831 04 05
I(s) x4(m)
Fig. 10. Change of x Fig. 11. Trajectory of the robot

According to Figs. 8-9, the absolute value of heading angle error is less than 0.2 rad, the
absolute value of horizontal position error is less than 0.10 m, and the absolute value of vertical
position error is less than 0.08 m.

According to Figs. 10-11, the trajectory of the underwater spherical robot is an arc with an
approximate radius of 0.5 m.

Therefore, the experimental results show that the established dynamic control law based on
this model are effective, which can realize the tracking of the motion track in the vertical plane,
The controller has small overshoot and can well suppress chattering phnomenon and the control
accuracy is ideal.

The above simulation results show the feasibility of the hierarchical sliding mode control law
in the attitude adjusting control of the underwater spherical robot.
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