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Abstract. To evaluate the acceleration-frequency characteristics of the suspension system of the
heavy vehicles, a nonlinear dynamic model of two-axle heavy vehicles is established. A
calculation method based on the complex domain is applied to solve the vibration equations of the
heavy vehicle in the frequency domain instead of the traditional time domain. Matlab software is
then used to calculate the vibration equations under various operating conditions. The research
results show that the resonant frequency of the suspension system is not affected by the vehicle
speed and the road surface, while it is clearly influenced by the weight of the vehicle and the
stiffness of the suspension system. However, the acceleration-frequency characteristics of the
vertical vehicle body, pitching vehicle body, and vertical front/read axles are greatly influenced
under various operating conditions, especially at the high speed 30 m.s™!, a wavelength of the road
surface 6 m, and 80 % of the vehicle load.

Keywords: heavy vehicles, suspension system, low-frequency vibration.
1. Introduction

The suspension system of the heavy vehicles not only reduces the transmission vibration from
the road surface to the body and cabin of the operator; but also has the effect of reducing the
dynamic load of the wheels on the road surface to increase the road friendliness of the heavy trucks
[1-4]. In the design studies of the suspension system, the ride comfort, suspension deformation,
and road friendliness are three main indexes to evaluate the performance of the suspension system
[5-7]. To achieve the goal of the ride comfort, the optimal design and control of the suspension
system had been researched and developed [4, 8-11]. Besides, to improve the road friendliness,
the air suspension systems had been studied for the heavy trucks [2, 12, 13]. The suspension
systems were also controlled to improve the ride comfort performance of the heavy vehicles [2, 5].
However, in the existed studies, the vibration equations of the vehicle and suspension systems
were mainly simulated and calculated in the time domain.

One of the important factors for vehicle suspension design was to consider the specific
vibration frequency of the suspension system to avoid the resonance of the suspension system
under the excitation frequency of the road surface [6, 7, 10]. Some studies of the ride comfort of
the vehicle in the frequency domain had shown that the ride quality of the vehicle and durability
of the suspension structures were greatly affected in the frequency range below 10 Hz, especially
in the low-frequency range from 0.5-4 Hz [14, 15]. To reduce the impact of the resonant in the
low-frequency region, the specific vibration frequency of the suspension system should be
calculated and designed in a range below 2.5 Hz [16]. However, the specific vibration frequency
of the suspension system depended not only on its stiffness but also on the weight of the vehicle.
In actual operating conditions, the weight of the vehicle could be changed and depended on the
load of the vehicle (half loading, fully loading, or over loading) [5, 17]. Thus, the specific vibration
frequency of the suspension system was also changed. Under the various excitation frequencies
of the road surface, it could lead to vibration resonance for the suspension system, causing
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instability and reducing durability for the system elements. Thus, it is necessary to study the effect
of working conditions on the frequency amplitude characteristics of the suspension system in the
low-frequency region.

In this study, a nonlinear dynamic model of two-axle heavy vehicle with four degrees of
freedom is established to analyze the acceleration-frequency characteristics of the suspension
system in the low-frequency domain. A calculation method based on the complex domain is
applied to solve the vibration equations of the heavy vehicle in the frequency domain instead of
the traditional time domain. The vehicle speed, loading vehicle, wavelength of the road surface,
and stiffness of the suspension system are then simulated to analyze the result.

2. Materials and methods
2.1. Heavy vehicle dynamic model

Based on the actual structure of the heavy vehicles, the front and rear suspension systems of the
vehicle are equipped with the dependent suspension systems. Thus, a nonlinear dynamic model of
two-axle vehicle with four degrees of freedom is established to analyze the low-frequency
characteristic of the suspension system. The vehicle model is plotted as in Fig. 1, where m, m,,
and m, are the lumped mass at the centre of gravity of the vehicle body, front axle, and rear axle;
Z, 71, and z, are the vertical displacements at the centre of gravity of the vehicle body, front axle,
and rear axle, respectively; ¢ is the angular displacement at the centre of gravity of the vehicle
body; ¢y , and ¢, , are the damping parameters of the front/rear suspension systems and front/rear
wheels; k1 ; and k¢, , are also the stiffness parameters of the front/rear suspension systems and
front/rear wheels; [, and [, are the distances from the centre of gravity of the vehicle body to the
contact points of the front/rear wheels in the horizontal direction.

Fig. 1. The lumped parameter model of the heavy vehicle

Based on the heavy vehicle dynamic model and by applying Newton’s second law, the
different dynamic equations of the heavy vehicle are given as follows:

(mz + (e + )7 + (ky + k)z + (e1ly + 1)@ + (kily + koly)
—C121 — k12, — 32, — kyz, = 0,
(erly — 2lp)Z + (kily — kaply)z + I‘ﬁ + (i lf + Czl%)d’ + (k] + k15
—ci1 12y — iz + 72, + cylyz, = 0,
—C1Z—kyz — Clll(i) — kil +miz; + (cr + ce)zy + (kg + ke )z = c1Gy + ker gy,
—CZ —kyz + Czlzd’ +kolap + moZy + (€3 + €2) 2y + (Ko + ki2)Z2 = €12G + Ki2qo-

In previous studies on the vehicle vibration, most studies were based on the vehicle dynamic
models and then set the vibration equation in the time domain to study and optimize the vehicle’s
structure and suspension system [2-4, 13]. In this study, the low-frequency characteristic of the
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vehicle suspension system under the various operating conditions is the research goal. Thus, the
vibration equation of the heavy vehicle calculated in the frequency domain is chosen to analyze
the results.

2.2. Solving the vibration equations in the frequency domain

To study the amplitude-frequency characteristic of the vehicle vibration, it is necessary to use
the transfer function. To convert the unknown of the differential equation to the image function, a
variable s = d/dt is used to convert the differential equation to the form of the numerical
equation with the unknown function as the transfer function. The numerical equation is then solved
to find the Laplace transfer function. The frequency transfer function is obtained by replacing s in
the Laplace transfer function with jw. Herein w is the excitation frequency.

Based on the Laplace operator, assuming that f (t) with the variable t is the original function,
and it is continuous on the range of [a, b] with t = 0, then the image of f(t) through the Laplace
transformation is defined as follows:

+0o0

F(O) = LIF(O)} = f et (Dde or f(£) > F(s). @
0

According to the theory of the original function [16], the derivative of f(t) is also the original
function and we have:

f(©) = F(s),
f(©) - sF(s) — F(0),
f(©) > s2F(s) — sF(0) — F(0), 3)

FO () - sTF(s) — s"LF(0)—... F(0).

In this study, it is assumed that the vertical displacements and velocities at the centre of gravity
of the vehicle body, front axle, and rear axle are equal to zero at the time of t = 0. Therefore,
based on Eq. (3), the unknowns of the differential equations in Eq. (1) is written by:

z(t) = Z(s), d) > D(s),  z12(8) = Z15(5), q1,2(t) = Q1,(s),
z(t) = sZ(s),  @(t) > sP(s), Z1,2(t) > 5Z1,5(5), 412() = Q12(5). 4
2(t) > s?Z(s), () - s2D(s), Z12(t) = 52Z15(s),

Therefore, Eq. (1) is described via the Laplace transformation as follows:

[ms? + (¢ + ¢3)s + (ky + kx)1Z(s) + [(cily + co15)s + (kyly + ky1,)]D(s)
+[—c15 = k112, (s) + [—cy5 — k3]Z,(s) = 0,

(c1ly — c1p)s + (kyly — kol)Z(s) + [1s? + (112 + ¢, 13)s + (kylf + kal3) | @(s)
+—c1lis = kil11Z, () + [calas + ky15]Z,(s) = 0,

[—c1s = ki1Z(s) + [—cilys — ki 1] P(s) + [mys? + (¢; + cer)ls
+(ky + k1) Z1(S) + 0 = [ce15 + k1]Q1(5),

[—cys — k31Z(s) + [c3lp8 + kyl, 1 (s) + [mys? + 0 + (cp + ¢2)s
+(ky + k2)1Z5(5) = [c28 + ke2]Q2(5),

)

where s = jw and 52 = (jw)? = —w?.
By replacing s = jw and s? = (jw)? = —w? into Eq. (5), Eq. (5) is then rewritten as follows:
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a1 Z(w) + a1, P(Jw) + a13Z;(jw) + a14Z,(jw) = 0,
a1 Z(jw) + ay,®(w) + ay3Z;(jw) + asZ,(jw) = 0,
az31Z(jw) + az;@(jw) + az3Z;(jw) + 0 = b3Q; (jw),
1 Z(jw) + ap,P(w) + 0+ a44Z,(jw) = b,Q,(jw)

(6)

where:

a;; = —mw® + (c; + cjw + (ki +ky), a3 = azgy; = —ciljjo — kqly,
a;; = (cily + b)jw + (kily + koly), G = aup = G lhjw + kyly,
Q3 = A31 = —Cjw — Ky, azz = —myw® + (¢ + cp)jw + (kg + ki),
Qg = 41 = —Cojw — Ky, Aps = —Muw® + (3 + crp)jw + (ky + kep),
ay1 = (c1ly — cl)jw + (kily — kply), by = ceqjw + kyy,

—Iw? + (112 + c1D)jw + (k12 + ky12), by = crpjw + key.

azz

By dividing the two sides of Eq. (6) by the excitation of the front wheel Q; (jw), Eq. (6) is then
rewritten in the form of a matrix as follows:

. 0
a;n G Qi3 ay4][Hz (]‘U) 0
(y1 Gz Gz Gpa||Hg (w) _ b,

az1 a3 a3 0 [|H, (jw)| '
Ay Ay 0 Q4a IJ-IZ:Zl (]w) [IJEQZT(iS))J
1

. N _ Z(w) LN _ PUw) . N _ Z1(w) c N _ Z2(w)
where H,(jw) = Gy’ Hy(jw) = a0’ H, (jw) = %Um’ and H,,(jw) = T the

transfer functions of the vibrations from the road surface at the front axle to the vertical vehicle,
to the pitching vehicle angle, to the front axle, and to the rear axle of the vehicle, respectively.

The calculated results obtained by H; in Eq. (7) have complex number values as follows,
(i=2z,¢,z,and z,):

, (7

H;=A; +jB;. 3

The absolute value of H; is the expression that expresses the relationship of the amplitude and
excitation frequency w, and it determined by the formula:

|H;] = A} + B} = fi(w). ©)

The relationship between the acceleration amplitude and excitation frequency is determined
by the formula:

|Hi| = w? /A? + B? = w*f(w). (10)

2.3. Vibration excitation of the heavy trucks

The harmonic function of the road profile is usually described by the sine or cosine functions.
The height of the road surface from 10 to 12 mm and the wavelength of the road surface from 5
to 10 m often appear on the asphalt road [16, 18-19]. This type of road profile often causes resonant
vibrations. Therefore, the harmonic function of the road profile has been used for evaluating the
ride comfort [19], researching the structural parameters of the suspension system and tires, and
controlling the vehicle suspension system [10, 20].
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In the actual condition, the excitation of the pavement is diverse such as the random, harmonic,
or step excitations, etc., it does not exist a type of vibration excitation. However, with the goal of
low-frequency vibration analysis of heavy trucks suspension system under various operating
conditions, the harmonic function of the road profile is chosen for simulation and analysis of the
results. The harmonic function of the road surface is performed in the time domain as follows

(Fig. 2(a)):

2
q1(t) = gqosinwt = g,sin (?> t, (11)
where qg, w, and T are the height of the road surface, frequency, and cycle of the vibration
excitation of the road surface, respectively.

Assuming that the wavelength and frequency of the road surface are S and (), the harmonic
function is performed according to the length of the road x as (Fig. 2(b)):

2
q1(.x) = qosinQx = gysin (?> x. (12)

When the vehicle travels on the road with a constant speed v, we have x = vt. Therefore, the
relationship between the time t and length of the road x of the road profile is g, (t) = q,(x) and
wt = Qx. The excitation frequency in Eq. (11) is calculated by w = Qv = 2nv/S, and the
harmonic function of the road profile is rewritten as follows:

2mv
q1(t) = qosinwt = gsin <L> t. (13)

S
The distance between the front and rear wheels is L = [; + [,, thus, the excitation of the rear
wheel g, (t) performed via the front wheel g, (t) is:

2nv L
q,(t) = q1(t — 1) = qosinw(t — 1) = qosinT(t - ;) (14)
Egs. (13) and (14) are the vibration excitation of the front and rear wheels.
Based on the ratio of q,(t)/q,(t), and its Laplace transformation, the ratio of the vibration
excitation in Eq. (7) written in complex number domain as follows:
Q(jw) (
= cos

0.0@) 27'[%) — jsin (2n§). (15)

Based on the ratio of the vibration excitation in Eq. (15) and the heavy truck’s parameters, as
listed in Table 1, Eqs. (7) and (10) are then calculated in the complex number domain to evaluate
the acceleration-frequency response of the vehicle suspension system.

ql ql
q q
) o, 4,
-0.01
T=27xlw S =27/ 0 2 4 6 8 10
S (m)
a) On the time b) On the length of the road c¢) Three types of wavelength of road

Fig. 2. The harmonic profile of the road surface excitation
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3. Result and discussion
3.1. Influence of the vehicle velocity

Based on the parameters of the heavy vehicle, as listed in Table 1, the different equations
described in the complex number domain are calculated based on Matlab R2010a software under
a road surface excitation of harmonic function with § = 8 m and g, = 0.01 m. To evaluate the
acceleration-frequency response of vehicle under various speeds, the vehicle speed of
v = {10, 15, 20, 25, 30} m.s! is then chosen. The simulation results are shown in Fig. 3.

The results show that the resonant frequencies appear at low frequencies of 1.592 and
2.228 Hz; and at the high frequency of 8.754 Hz of the suspension system. These resonant
frequencies are virtually unchanged under different vehicle speeds of the vehicle. However, the
acceleration-frequency characteristics at these resonant frequencies are greatly affected by the
vehicle speed. The acceleration-frequency values of the vertical vehicle body, pitching vehicle
body, and vertical front/read axles are quickly enhanced by increasing the vehicle speed. This
means when the vehicle travels at a high speed on this road surface, the vehicle ride comfort and
safety of suspension structure are significantly reduced.

Table 1. The simulation parameters of the heavy vehicle
Parameter | Value | Parameter Value Parameter Value
m/kg 22150 | k; /N.m'! 745 000 ¢y /Nsm! | 5100
m, / kg 480 k, /N.m! | 2247500 | ¢,/ Ns.m’! 1 000
m,/ kg 1820 | kyy/Nam! | 680000 | ¢y /Nsm! | 4000
I/kgm? | 18761 | kyp/Nm! | 3200000 | ¢;p/ Ns.m! | 20 000

L, /m 2.89 I, /m 0.96 qo /m 0.01
—v=10
—v=15
==y =20
ey =05
"""" v=30
X: 8.754
Y:6.712
—_ .
8 16 32
Frequency (Hz) Frequency (Hz)
a) Vertical vehicle body b) Pitching vehicle body
1501 —v=10 —v=10
X:1.592 ! X:2.228 —v=15 —_v=15
Y1342 % y:04.17 ==y =20 ———y =20
1001 I om

—————y =25

‘x: 8754 mmiey =25
Y:40.47
| V=

-2
azz/q1 (1.s™)

Frequency (Hz) Frequency (Hz)
¢) Vertical front axle d) Vertical rear axle
Fig. 3. Result of the acceleration-frequency responses under the various vehicle velocities.

3.2. Influence of the wavelength of the road surface

Three types of the wavelength of the road surface of § = {6, 8§, 10} m with the high road
surface of g, = 0.01 m plotted in Fig. 2(c) are chosen to simulate under the vehicle speed of
v = 20 m.s". The simulation results are plotted in Fig. 4.

Observing Fig. 4, it can see that the resonant frequencies of the vertical vehicle body, pitching
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vehicle body, and vertical front/read axles are unchanged in comparison with the case of the
influence of the various vehicle speeds, these resonant frequencies also appear at low frequencies
of 1.592 and 2.228 Hz; and at high frequency of 8.754 Hz of the suspension system. Therefore,
the wavelength excitation of the road surface also does not affect the resonant frequency of the
vehicle suspension system. However, the acceleration-frequency values of all the vertical vehicle
body, pitching vehicle body, and vertical front/read axles are remarkably changed by the
wavelength of the road surface of S. When the wavelength of the road surface is increased,
especially the results of the acceleration-frequency responses with S = 10 m, it means that the
road surface becomes smoother. Therefore, acceleration-frequency values are reduced. The
vehicle ride comfort and safety of suspension structure are improved.

50

) ©w N
= =3 =3

12
a‘b/q1 (rad.m™.s™)

=3

=}

Frequency (Hz)
a) Vertical vehicle body

Frequency (Hz)
b) Pitching vehicle body

X:8.754| —==-S=38
Y:51.65| =——g =10
L

2
azl/q1 (1.s™)

Frequency (Hz) Frequency (Hz)
¢) Vertical front axle d) Vertical rear axle
Fig. 4. Result of the acceleration-frequency responses under the various wavelengths of the road surface.

150p

—a=0.6 501 —a=0.6
===a=0.8 & 40
& S K
2 ....... a=12 '5 o o=EFy L
~ =l
— <
= £ 20
Th o
;e 10
P — ‘ ‘ ‘ ‘ ‘
8 16 32 025 05 1 2 4 8 16 32
Frequency (Hz) Frequency (Hz)
a) Vertical vehicle body b) Pitching vehicle body
1201 —_ = 1001 —_—o=
X: 1592 & =06 =06
100 ) =0 =038 -=="a=0.8

. 1
Y:89.49 qI‘

azl/qI (l.s'z)

80

1 2
Frequency (Hz)

¢) Vertical front axle

Frequency (Hz)
d) Vertical rear axle

Fig. 5. Result of the acceleration-frequency responses under the various vehicle loads
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3.3. Influence of the loading vehicle conditions

The resonant frequency of the suspension system is determined by the formula of f = /k/m.
Therefore, the weight of the vehicle and the stiffness of the suspension system are two important
indexes when calculating and designing the suspension system of the vehicle. Under input
simulation parameters of S = 8 m, gy = 0.01 m, and v = 20 m/s, the loading vehicle conditions
chosen by a = {60 %, 80 %, 100 %, 120 %} of the fully loading vehicle are simulated, and their
results are shown in Fig. 5.

The results show that the weight of the vehicle clearly affects the resonant frequency of the
suspension system in the low-frequency region. All the resonant frequencies of the vertical vehicle
body, pitching vehicle body, and vertical front/read axles appear at 2.069 Hz with a = 0.6, at
1.751 Hz with @ = 0.8, at 1.592 Hz with @ = 1.0, and at 1.432 Hz with « = 1.2. It means that
when increasing the loading vehicle, the resonant frequency of the suspension system is reduced.
At the high-frequency region, the resonant frequency is insignificantly affected by the loading
vehicle, it only appears at 8.754 Hz.

Also, in the low-frequency region, the results in Fig. 5 show that the acceleration-frequency
characteristics of the vertical vehicle body, pitching vehicle body, and vertical front/read axles are
greatly influenced by the loading vehicle conditions. The acceleration-frequency values are
greatly enhanced at @ = 0.8. Therefore, this load should be avoided to reduce the amplitude of the
acceleration-frequency responses to improve the vehicle ride comfort.

120r —B=06 Sor X191 | —B=0.6
o Y:40.15 g & ———f=
h'.ve 40 M p=038
- 5 =1.0
30
=} =1.2
<]
= 20
5
<10
P — .
025 05 1 2 4 8 16 32
Frequency (Hz) Frequency (Hz)
a) Vertical vehicle body b) Pitching vehicle body
1oor —B=06 60r i x: 1751 —B=06
g0l Y:89.49 |k, --=B=0.8 Ny 57.92 -==$=0.8

2
azz/q1 (1.s™)

Frequency (Hz) Frequency (Hz)
¢) Vertical front axle d) Vertical rear axle
Fig. 6. Result of the acceleration-frequency responses under the various stiffness coefficient

3.4. Influence of the stiffness coefficient of the suspension system

Similarly, under input simulation parameters of S = 8 m, g, = 0.01 m, and v = 20 m/s, the
stiffness of the suspension system is chosen by § = {60 %, 80 %, 100 %, 120 %} of the actual
stiffness to evaluate the acceleration-frequency characteristics of the vehicle suspension system.
The simulation results are plotted in Fig. 6.

Observing the results in Fig. 6, it can see that the resonant frequencies in both low- and
high-frequency domains are influenced by the stiffness of the suspension system. Especially at the
low-frequency domain, all the resonant frequencies of the vertical vehicle body, pitching vehicle
body, and vertical front/read axles also appear at 1.273 Hz with § = 0.6, at 1.91 Hz with § = 0.8,
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at 1.592 Hz with § = 1.0, and at 1.751 Hz with § = 1.2. It means that the resonant frequency is
enhanced by increasing the stiffness of the suspension system. Besides, the amplitude of the
acceleration-frequency responses is increased when increasing the stiffness of the suspensions.
Thus, it is concluded that the stiffness of the suspension system affects not only the resonant
frequency but also the amplitude of the acceleration-frequency characteristic of the system.

4. Conclusions

In this study, a nonlinear dynamic model of heavy vehicles is established to analyze the
acceleration-frequency characteristics of the vehicle suspension system under various operating
conditions. The research results can be summarized as follows:

1) A calculation method based on the complex domain is applied to solve the vibration
equations of the heavy vehicle in the frequency domain instead of the traditional time domain to
analyze the acceleration-frequency characteristic of the vehicle suspension system.

2) The resonant frequencies of the suspension system are not affected by the vehicle speed and
the wavelength of the road surface. However, the amplitude of the acceleration-frequency
characteristic is increased with increasing the vehicle speed and reducing the wavelength of the
road surface, thus the vehicle ride comfort and safety of the suspension system are reduced. To
solve this issue, road surface quality has been researched to enhance the pavement smoothness
[21-23].

3) Both the resonant frequency and amplitude of the acceleration-frequency characteristic are
strongly influenced by the weight of the vehicle and the stiffness of the suspension system. In the
design of the vehicle suspension system, the resonance frequency has been concerned. However,
in actual working conditions, the load of heavy vehicles is always changed. Thus, the resonant
frequency is also changed. To enhance the vehicle ride comfort and safety of the suspension
system, the suspension system of the heavy vehicles are being replaced by using the pneumatic
suspension system [2, 6] or the semi-active suspension system [5, 7] to control the resonant
frequency and reduce the amplitude of the acceleration-frequency response.
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