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Abstract. To evaluate the acceleration-frequency characteristics of the suspension system of the 
heavy vehicles, a nonlinear dynamic model of two-axle heavy vehicles is established. A 
calculation method based on the complex domain is applied to solve the vibration equations of the 
heavy vehicle in the frequency domain instead of the traditional time domain. Matlab software is 
then used to calculate the vibration equations under various operating conditions. The research 
results show that the resonant frequency of the suspension system is not affected by the vehicle 
speed and the road surface, while it is clearly influenced by the weight of the vehicle and the 
stiffness of the suspension system. However, the acceleration-frequency characteristics of the 
vertical vehicle body, pitching vehicle body, and vertical front/read axles are greatly influenced 
under various operating conditions, especially at the high speed 30 m.s-1, a wavelength of the road 
surface 6 m, and 80 % of the vehicle load. 
Keywords: heavy vehicles, suspension system, low-frequency vibration. 

1. Introduction 

The suspension system of the heavy vehicles not only reduces the transmission vibration from 
the road surface to the body and cabin of the operator; but also has the effect of reducing the 
dynamic load of the wheels on the road surface to increase the road friendliness of the heavy trucks 
[1-4]. In the design studies of the suspension system, the ride comfort, suspension deformation, 
and road friendliness are three main indexes to evaluate the performance of the suspension system 
[5-7]. To achieve the goal of the ride comfort, the optimal design and control of the suspension 
system had been researched and developed [4, 8-11]. Besides, to improve the road friendliness, 
the air suspension systems had been studied for the heavy trucks [2, 12, 13]. The suspension 
systems were also controlled to improve the ride comfort performance of the heavy vehicles [2, 5]. 
However, in the existed studies, the vibration equations of the vehicle and suspension systems 
were mainly simulated and calculated in the time domain. 

One of the important factors for vehicle suspension design was to consider the specific 
vibration frequency of the suspension system to avoid the resonance of the suspension system 
under the excitation frequency of the road surface [6, 7, 10]. Some studies of the ride comfort of 
the vehicle in the frequency domain had shown that the ride quality of the vehicle and durability 
of the suspension structures were greatly affected in the frequency range below 10 Hz, especially 
in the low-frequency range from 0.5-4 Hz [14, 15]. To reduce the impact of the resonant in the 
low-frequency region, the specific vibration frequency of the suspension system should be 
calculated and designed in a range below 2.5 Hz [16]. However, the specific vibration frequency 
of the suspension system depended not only on its stiffness but also on the weight of the vehicle. 
In actual operating conditions, the weight of the vehicle could be changed and depended on the 
load of the vehicle (half loading, fully loading, or over loading) [5, 17]. Thus, the specific vibration 
frequency of the suspension system was also changed. Under the various excitation frequencies 
of the road surface, it could lead to vibration resonance for the suspension system, causing 
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instability and reducing durability for the system elements. Thus, it is necessary to study the effect 
of working conditions on the frequency amplitude characteristics of the suspension system in the 
low-frequency region. 

In this study, a nonlinear dynamic model of two-axle heavy vehicle with four degrees of 
freedom is established to analyze the acceleration-frequency characteristics of the suspension 
system in the low-frequency domain. A calculation method based on the complex domain is 
applied to solve the vibration equations of the heavy vehicle in the frequency domain instead of 
the traditional time domain. The vehicle speed, loading vehicle, wavelength of the road surface, 
and stiffness of the suspension system are then simulated to analyze the result. 

2. Materials and methods 

2.1. Heavy vehicle dynamic model 

Based on the actual structure of the heavy vehicles, the front and rear suspension systems of the 
vehicle are equipped with the dependent suspension systems. Thus, a nonlinear dynamic model of 
two-axle vehicle with four degrees of freedom is established to analyze the low-frequency 
characteristic of the suspension system. The vehicle model is plotted as in Fig. 1, where 𝑚, 𝑚ଵ, 
and 𝑚ଶ are the lumped mass at the centre of gravity of the vehicle body, front axle, and rear axle; 𝑧, 𝑧ଵ, and 𝑧ଶ are the vertical displacements at the centre of gravity of the vehicle body, front axle, 
and rear axle, respectively; 𝜙 is the angular displacement at the centre of gravity of the vehicle 
body; 𝑐ଵ,ଶ and 𝑐௧ଵ,ଶ are the damping parameters of the front/rear suspension systems and front/rear 
wheels; 𝑘ଵ,ଶ and 𝑘௧ଵ,ଶ are also the stiffness parameters of the front/rear suspension systems and 
front/rear wheels; 𝑙ଵ and 𝑙ଶ are the distances from the centre of gravity of the vehicle body to the 
contact points of the front/rear wheels in the horizontal direction. 

 
Fig. 1. The lumped parameter model of the heavy vehicle 

Based on the heavy vehicle dynamic model and by applying Newton’s second law, the 
different dynamic equations of the heavy vehicle are given as follows: 

⎩⎪⎪⎨
⎪⎪⎧𝑚𝑧ሷ + ሺ𝑐ଵ + 𝑐ଶሻ𝑧ሶ + ሺ𝑘ଵ + 𝑘ଶሻ𝑧 + ሺ𝑐ଵ𝑙ଵ + 𝑐ଶ𝑙ଶሻ𝜙ሶ + ሺ𝑘ଵ𝑙ଵ + 𝑘ଶ𝑙ଶሻ𝜙      −𝑐ଵ𝑧ሶଵ − 𝑘ଵ𝑧ଵ − 𝑐ଶ𝑧ሶଶ − 𝑘ଶ𝑧ଶ = 0,(𝑐ଵ𝑙ଵ − 𝑐ଶ𝑙ଶ)𝑧ሶ + (𝑘ଵ𝑙ଵ − 𝑘ଶ𝑙ଶ)𝑧 + 𝐼𝜙ሷ + (𝑐ଵ𝑙ଵଶ + 𝑐ଶ𝑙ଶଶ)𝜙ሶ + (𝑘ଵ𝑙ଵଶ + 𝑘ଶ𝑙ଶଶ)𝜙      −𝑐ଵ𝑙ଵ𝑧ሶଵ − 𝑐ଵ𝑙ଵ𝑧ଵ + 𝑐ଶ𝑙ଶ𝑧ሶଶ + 𝑐ଶ𝑙ଶ𝑧ଶ = 0,−𝑐ଵ𝑧ሶ − 𝑘ଵ𝑧 − 𝑐ଵ𝑙ଵ𝜙ሶ − 𝑘ଵ𝑙ଵ𝜙 + 𝑚ଵ𝑧ሷଵ + (𝑐ଵ + 𝑐௧ଵ)𝑧ሶଵ + (𝑘ଵ + 𝑘௧ଵ)𝑧ଵ = 𝑐௧ଵ𝑞ሶଵ + 𝑘௧ଵ𝑞ଵ,−𝑐ଶ𝑧ሶ − 𝑘ଶ𝑧 + 𝑐ଶ𝑙ଶ𝜙ሶ + 𝑘ଶ𝑙ଶ𝜙 + 𝑚ଶ𝑧ሷଶ + (𝑐ଶ + 𝑐௧ଶ)𝑧ሶଶ + (𝑘ଶ + 𝑘௧ଶ)𝑧ଶ = 𝑐௧ଶ𝑞ሶଶ + 𝑘௧ଶ𝑞ଶ.

 (1)

In previous studies on the vehicle vibration, most studies were based on the vehicle dynamic 
models and then set the vibration equation in the time domain to study and optimize the vehicle’s 
structure and suspension system [2-4, 13]. In this study, the low-frequency characteristic of the 
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vehicle suspension system under the various operating conditions is the research goal. Thus, the 
vibration equation of the heavy vehicle calculated in the frequency domain is chosen to analyze 
the results. 

2.2. Solving the vibration equations in the frequency domain 

To study the amplitude-frequency characteristic of the vehicle vibration, it is necessary to use 
the transfer function. To convert the unknown of the differential equation to the image function, a 
variable 𝑠 = 𝑑/𝑑𝑡  is used to convert the differential equation to the form of the numerical 
equation with the unknown function as the transfer function. The numerical equation is then solved 
to find the Laplace transfer function. The frequency transfer function is obtained by replacing s in 
the Laplace transfer function with 𝑗𝜔. Herein 𝜔 is the excitation frequency. 

Based on the Laplace operator, assuming that 𝑓(𝑡) with the variable 𝑡 is the original function, 
and it is continuous on the range of [𝑎, 𝑏] with 𝑡 ≥ 0, then the image of 𝑓(𝑡) through the Laplace 
transformation is defined as follows: 

𝐹(𝑡) = 𝐿ሼ𝑓(𝑡)ሽ = න 𝑒ି௦௧𝑓(𝑡)𝑑𝑡ାஶ
଴ or 𝑓(𝑡) → 𝐹(𝑠). (2)

According to the theory of the original function [16], the derivative of 𝑓(𝑡) is also the original 
function and we have: 𝑓(𝑡) → 𝐹(𝑠),𝑓ሶ(𝑡) → 𝑠𝐹(𝑠) − 𝐹(0),𝑓ሷ(𝑡) → 𝑠ଶ𝐹(𝑠) − 𝑠𝐹(0) − 𝐹(0),. . .𝑓(௡)(𝑡) → 𝑠௡𝐹(𝑠) − 𝑠௡ିଵ𝐹(0)−. . .𝐹(0). (3)

In this study, it is assumed that the vertical displacements and velocities at the centre of gravity 
of the vehicle body, front axle, and rear axle are equal to zero at the time of 𝑡 = 0. Therefore, 
based on Eq. (3), the unknowns of the differential equations in Eq. (1) is written by: 𝑧(𝑡) → 𝑍(𝑠),𝑧ሶ(𝑡) → 𝑠𝑍(𝑠),𝑧ሷ(𝑡) → 𝑠ଶ𝑍(𝑠), 𝜙(𝑡) → Φ(𝑠),𝜙ሶ (𝑡) → 𝑠Φ(𝑠),𝜙ሷ (𝑡) → 𝑠ଶΦ(𝑠),

𝑧ଵ,ଶ(𝑡) → 𝑍ଵ,ଶ(𝑠),𝑧ሶଵ,ଶ(𝑡) → 𝑠𝑍ଵ,ଶ(𝑠),𝑧ሷଵ,ଶ(𝑡) → 𝑠ଶ𝑍ଵ,ଶ(𝑠), 𝑞ଵ,ଶ(𝑡) → 𝑄ଵ,ଶ(𝑠),𝑞ሶଵ,ଶ(𝑡) → 𝑄ሶଵ,ଶ(𝑠). (4)

Therefore, Eq. (1) is described via the Laplace transformation as follows: 

⎩⎪⎪⎪
⎨⎪
⎪⎪⎧ሾ𝑚𝑠

ଶ + (𝑐ଵ + 𝑐ଶ)𝑠 + (𝑘ଵ + 𝑘ଶ)ሿ𝑍(𝑠) + ሾ(𝑐ଵ𝑙ଵ + 𝑐ଶ𝑙ଶ)𝑠 + (𝑘ଵ𝑙ଵ + 𝑘ଶ𝑙ଶ)ሿΦ(𝑠)     +ሾ−𝑐ଵ𝑠 − 𝑘ଵሿ𝑍ଵ(𝑠) + ሾ−𝑐ଶ𝑠 − 𝑘ଶሿ𝑍ଶ(𝑠) = 0,(𝑐ଵ𝑙ଵ − 𝑐ଶ𝑙ଶ)𝑠 + (𝑘ଵ𝑙ଵ − 𝑘ଶ𝑙ଶ)𝑍(𝑠) + ൣ𝐼𝑠ଶ + (𝑐ଵ𝑙ଵଶ + 𝑐ଶ𝑙ଶଶ)𝑠 + (𝑘ଵ𝑙ଵଶ + 𝑘ଶ𝑙ଶଶ)൧Φ(𝑠)     +ሾ−𝑐ଵ𝑙ଵ𝑠 − 𝑘ଵ𝑙ଵሿ𝑍ଵ(𝑠) + ሾ𝑐ଶ𝑙ଶ𝑠 + 𝑘ଶ𝑙ଶሿ𝑍ଶ(𝑠) = 0,ሾ−𝑐ଵ𝑠 − 𝑘ଵሿ𝑍(𝑠) + ሾ−𝑐ଵ𝑙ଵ𝑠 − 𝑘ଵ𝑙ଵሿΦ(𝑠) + ሾ𝑚ଵ𝑠ଶ + (𝑐ଵ + 𝑐௧ଵ)ሿ𝑠      +(𝑘ଵ + 𝑘௧ଵ)𝑍ଵ(𝑠) + 0 = ሾ𝑐௧ଵ𝑠 + 𝑘௧ଵሿ𝑄ଵ(𝑠),ሾ−𝑐ଶ𝑠 − 𝑘ଶሿ𝑍(𝑠) + ሾ𝑐ଶ𝑙ଶ𝑠 + 𝑘ଶ𝑙ଶሿΦ(𝑠) + [𝑚ଶ𝑠ଶ + 0 + (𝑐ଶ + 𝑐௧ଶ)𝑠      +(𝑘ଶ + 𝑘௧ଶ)]𝑍ଶ(𝑠) = [𝑐௧ଶ𝑠 + 𝑘௧ଶ]𝑄ଶ(𝑠),
 (5)

where 𝑠 = 𝑗𝜔 and 𝑠ଶ = (𝑗𝜔)ଶ = −𝜔ଶ. 
By replacing 𝑠 = 𝑗𝜔 and 𝑠ଶ = (𝑗𝜔)ଶ = −𝜔ଶ into Eq. (5), Eq. (5) is then rewritten as follows: 
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⎩⎨
⎧𝑎ଵଵ𝑍(𝑗𝜔) + 𝑎ଵଶΦ(𝑗𝜔) + 𝑎ଵଷ𝑍ଵ(𝑗𝜔) + 𝑎ଵସ𝑍ଶ(𝑗𝜔) = 0,𝑎ଶଵ𝑍(𝑗𝜔) + 𝑎ଶଶΦ(𝑗𝜔) + 𝑎ଶଷ𝑍ଵ(𝑗𝜔) + 𝑎ଶସ𝑍ଶ(𝑗𝜔) = 0,𝑎ଷଵ𝑍(𝑗𝜔) + 𝑎ଷଶΦ(𝑗𝜔) + 𝑎ଷଷ𝑍ଵ(𝑗ω) + 0 = 𝑏ଷ𝑄ଵ(𝑗𝜔),𝑎ସଵ𝑍(𝑗𝜔) + 𝑎ସଶΦ(𝑗𝜔) + 0 + 𝑎ସସ𝑍ଶ(𝑗𝜔) = 𝑏ସ𝑄ଶ(𝑗𝜔)  (6)

where: 𝑎ଵଵ = −𝑚𝜔ଶ + (𝑐ଵ + 𝑐ଶ)𝑗𝜔 + (𝑘ଵ + 𝑘ଶ),      𝑎ଶଷ = 𝑎ଷଶ = −𝑐ଵ𝑙ଵ𝑗𝜔 − 𝑘ଵ𝑙ଵ,𝑎ଵଶ = (𝑐ଵ𝑙ଵ + 𝑐ଶ𝑙ଶ)𝑗𝜔 + (𝑘ଵ𝑙ଵ + 𝑘ଶ𝑙ଶ),      𝑎ଶସ = 𝑎ସଶ = 𝑐ଶ𝑙ଶ𝑗𝜔 + 𝑘ଶ𝑙ଶ,𝑎ଵଷ = 𝑎ଷଵ = −𝑐ଵ𝑗𝜔 − 𝑘ଵ,      𝑎ଷଷ = −𝑚ଵ𝜔ଶ + (𝑐ଵ + 𝑐௧ଵ)𝑗𝜔 + (𝑘ଵ + 𝑘௧ଵ),𝑎ଵସ = 𝑎ସଵ = −𝑐ଶ𝑗𝜔 − 𝑘ଶ,      𝑎ସସ = −𝑚ଶ𝜔ଶ + (𝑐ଶ + 𝑐௧ଶ)𝑗𝜔 + (𝑘ଶ + 𝑘௧ଶ),𝑎ଶଵ = (𝑐ଵ𝑙ଵ − 𝑐ଶ𝑙ଶ)𝑗𝜔 + (𝑘ଵ𝑙ଵ − 𝑘ଶ𝑙ଶ),      𝑏ଷ = 𝑐௧ଵ𝑗𝜔 + 𝑘௧ଵ,𝑎ଶଶ = −𝐼𝜔ଶ + (𝑐ଵ𝑙ଵଶ + 𝑐ଶ𝑙ଶଶ)𝑗𝜔 + (𝑘ଵ𝑙ଵଶ + 𝑘ଶ𝑙ଶଶ),      𝑏ସ = 𝑐௧ଶ𝑗𝜔 + 𝑘௧ଶ.
 

By dividing the two sides of Eq. (6) by the excitation of the front wheel 𝑄ଵ(𝑗𝜔), Eq. (6) is then 
rewritten in the form of a matrix as follows: 

൦𝑎ଵଵ 𝑎ଵଶ 𝑎ଵଷ 𝑎ଵସ𝑎ଶଵ 𝑎ଶଶ 𝑎ଶଷ 𝑎ଶସ𝑎ଷଵ 𝑎ଷଶ 𝑎ଷଷ 0𝑎ସଵ 𝑎ସଶ 0 𝑎ସସ൪ ⎣⎢⎢
⎡𝐻௭(𝑗𝜔)𝐻థ(𝑗𝜔)𝐻௭ଵ(𝑗𝜔)𝐻௭ଶ(𝑗𝜔)⎦⎥⎥

⎤ = ⎣⎢⎢
⎢⎡ 00𝑏ଷ𝑏ସ𝑄ଶ(𝑗𝜔)𝑄ଵ(𝑗𝜔) ⎦⎥⎥

⎥⎤, (7)

where 𝐻௭(𝑗𝜔) = ௓(௝ఠ)ொభ(௝ఠ) , 𝐻థ(𝑗𝜔) = ః(௝ఠ)ொభ(௝ఠ) , 𝐻௭ଵ(𝑗𝜔) = ௓భ(௝ఠ)ொభ(௝ఠ) , and 𝐻௭ଶ(𝑗𝜔) = ௓మ(௝ఠ)ொభ(௝ఠ)  are the 
transfer functions of the vibrations from the road surface at the front axle to the vertical vehicle, 
to the pitching vehicle angle, to the front axle, and to the rear axle of the vehicle, respectively. 

The calculated results obtained by 𝐻௜  in Eq. (7) have complex number values as follows,  
(𝑖 = 𝑧, 𝜙, 𝑧ଵ, and 𝑧ଶ): 𝐻௜ = 𝐴௜ + 𝑗𝐵௜ . (8)

The absolute value of 𝐻௜ is the expression that expresses the relationship of the amplitude and 
excitation frequency 𝜔, and it determined by the formula: 

|𝐻௜| = ට𝐴௜ଶ + 𝐵௜ଶ = 𝑓௜(𝜔). (9)

The relationship between the acceleration amplitude and excitation frequency is determined 
by the formula: 

ห𝐻ሷ ௜ห = 𝜔ଶට𝐴௜ଶ + 𝐵௜ଶ = 𝜔ଶ𝑓௜(𝜔). (10)

2.3. Vibration excitation of the heavy trucks 

The harmonic function of the road profile is usually described by the sine or cosine functions. 
The height of the road surface from 10 to 12 mm and the wavelength of the road surface from 5 
to 10 m often appear on the asphalt road [16, 18-19]. This type of road profile often causes resonant 
vibrations. Therefore, the harmonic function of the road profile has been used for evaluating the 
ride comfort [19], researching the structural parameters of the suspension system and tires, and 
controlling the vehicle suspension system [10, 20]. 
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In the actual condition, the excitation of the pavement is diverse such as the random, harmonic, 
or step excitations, etc., it does not exist a type of vibration excitation. However, with the goal of 
low-frequency vibration analysis of heavy trucks suspension system under various operating 
conditions, the harmonic function of the road profile is chosen for simulation and analysis of the 
results. The harmonic function of the road surface is performed in the time domain as follows 
(Fig. 2(a)): 𝑞ଵ(𝑡) = 𝑞଴sin𝜔𝑡 = 𝑞଴sin ൬2𝜋𝑇 ൰ 𝑡, (11)

where 𝑞଴ , 𝜔 , and 𝑇  are the height of the road surface, frequency, and cycle of the vibration 
excitation of the road surface, respectively. 

Assuming that the wavelength and frequency of the road surface are 𝑆 and Ω, the harmonic 
function is performed according to the length of the road 𝑥 as (Fig. 2(b)): 

𝑞ଵ(. 𝑥) = 𝑞଴sinΩ𝑥 = 𝑞଴sin ൬2𝜋𝑆 ൰𝑥. (12)

When the vehicle travels on the road with a constant speed 𝑣, we have 𝑥 = 𝑣𝑡. Therefore, the 
relationship between the time 𝑡 and length of the road 𝑥 of the road profile is 𝑞ଵ(𝑡) = 𝑞ଵ(𝑥) and ω𝑡 = Ω𝑥 . The excitation frequency in Eq. (11) is calculated by 𝜔 = Ω𝑣 = 2𝜋𝑣/𝑆 , and the 
harmonic function of the road profile is rewritten as follows: 𝑞ଵ(𝑡) = 𝑞଴sin𝜔𝑡 = 𝑞଴sin ൬2𝜋𝑣𝑆 ൰ 𝑡. (13)

The distance between the front and rear wheels is 𝐿 = 𝑙ଵ + 𝑙ଶ, thus, the excitation of the rear 
wheel 𝑞ଶ(𝑡) performed via the front wheel 𝑞ଵ(𝑡) is: 

𝑞ଶ(𝑡) = 𝑞ଵ(𝑡 − 𝜏) = 𝑞଴sin𝜔(𝑡 − 𝜏) = 𝑞଴sin 2𝜋𝑣𝑆 ൬𝑡 − 𝐿𝑣൰. (14)

Eqs. (13) and (14) are the vibration excitation of the front and rear wheels. 
Based on the ratio of 𝑞ଶ(𝑡) 𝑞ଵ(𝑡)⁄ , and its Laplace transformation, the ratio of the vibration 

excitation in Eq. (7) written in complex number domain as follows: 𝑄ଶ(𝑗𝜔)𝑄ଵ(𝑗𝜔) = cos ൬2𝜋 𝐿𝑆൰ − 𝑗sin ൬2𝜋 𝐿𝑆൰. (15)

Based on the ratio of the vibration excitation in Eq. (15) and the heavy truck’s parameters, as 
listed in Table 1, Eqs. (7) and (10) are then calculated in the complex number domain to evaluate 
the acceleration-frequency response of the vehicle suspension system. 

 
a) On the time 

 
b) On the length of the road 

 
c) Three types of wavelength of road 

Fig. 2. The harmonic profile of the road surface excitation  
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3. Result and discussion 

3.1. Influence of the vehicle velocity 

Based on the parameters of the heavy vehicle, as listed in Table 1, the different equations 
described in the complex number domain are calculated based on Matlab R2010a software under 
a road surface excitation of harmonic function with 𝑆 = 8 m and 𝑞଴ = 0.01 m. To evaluate the 
acceleration-frequency response of vehicle under various speeds, the vehicle speed of  𝑣 = {10, 15, 20, 25, 30} m.s-1 is then chosen. The simulation results are shown in Fig. 3. 

The results show that the resonant frequencies appear at low frequencies of 1.592 and  
2.228 Hz; and at the high frequency of 8.754 Hz of the suspension system. These resonant 
frequencies are virtually unchanged under different vehicle speeds of the vehicle. However, the 
acceleration-frequency characteristics at these resonant frequencies are greatly affected by the 
vehicle speed. The acceleration-frequency values of the vertical vehicle body, pitching vehicle 
body, and vertical front/read axles are quickly enhanced by increasing the vehicle speed. This 
means when the vehicle travels at a high speed on this road surface, the vehicle ride comfort and 
safety of suspension structure are significantly reduced. 

Table 1. The simulation parameters of the heavy vehicle 
Parameter Value Parameter Value Parameter Value 𝑚 / kg 22 150 𝑘ଵ / N.m-1 745 000 𝑐ଵ / N s.m-1 5 100 𝑚ଵ / kg 480 𝑘ଶ / N.m-1 2 247 500 𝑐ଶ / N s.m-1 1 000 𝑚ଶ / kg 1 820 𝑘௧ଵ / N.m-1 680 000 𝑐௧ଵ / N s.m-1 4 000 𝐼 / kg.m2 18 761 𝑘௧ଶ / N.m-1 3 200 000 𝑐௧ଶ / N s.m-1 20 000 𝑙ଵ / m 2.89 𝑙ଶ /m 0.96 𝑞଴ /m 0.01 

 

 
a) Vertical vehicle body 

 
b) Pitching vehicle body 

 
c) Vertical front axle 

 
d) Vertical rear axle 

Fig. 3. Result of the acceleration-frequency responses under the various vehicle velocities. 

3.2. Influence of the wavelength of the road surface 

Three types of the wavelength of the road surface of 𝑆 = {6, 8, 10} m with the high road 
surface of 𝑞଴ = 0.01 m plotted in Fig. 2(c) are chosen to simulate under the vehicle speed of  𝑣 = 20 m.s-1. The simulation results are plotted in Fig. 4. 

Observing Fig. 4, it can see that the resonant frequencies of the vertical vehicle body, pitching 
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vehicle body, and vertical front/read axles are unchanged in comparison with the case of the 
influence of the various vehicle speeds, these resonant frequencies also appear at low frequencies 
of 1.592 and 2.228 Hz; and at high frequency of 8.754 Hz of the suspension system. Therefore, 
the wavelength excitation of the road surface also does not affect the resonant frequency of the 
vehicle suspension system. However, the acceleration-frequency values of all the vertical vehicle 
body, pitching vehicle body, and vertical front/read axles are remarkably changed by the 
wavelength of the road surface of 𝑆 . When the wavelength of the road surface is increased, 
especially the results of the acceleration-frequency responses with 𝑆 = 10 m, it means that the 
road surface becomes smoother. Therefore, acceleration-frequency values are reduced. The 
vehicle ride comfort and safety of suspension structure are improved. 

a) Vertical vehicle body b) Pitching vehicle body 

c) Vertical front axle d) Vertical rear axle 
Fig. 4. Result of the acceleration-frequency responses under the various wavelengths of the road surface. 

 
a) Vertical vehicle body 

 
b) Pitching vehicle body 

 
c) Vertical front axle 

 
d) Vertical rear axle 

Fig. 5. Result of the acceleration-frequency responses under the various vehicle loads 
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3.3. Influence of the loading vehicle conditions 

The resonant frequency of the suspension system is determined by the formula of 𝑓 = ඥ𝑘/𝑚. 
Therefore, the weight of the vehicle and the stiffness of the suspension system are two important 
indexes when calculating and designing the suspension system of the vehicle. Under input 
simulation parameters of 𝑆 = 8 m, 𝑞଴ = 0.01 m, and 𝑣 = 20 m/s, the loading vehicle conditions 
chosen by 𝛼 = {60 %, 80 %, 100 %, 120 %} of the fully loading vehicle are simulated, and their 
results are shown in Fig. 5. 

The results show that the weight of the vehicle clearly affects the resonant frequency of the 
suspension system in the low-frequency region. All the resonant frequencies of the vertical vehicle 
body, pitching vehicle body, and vertical front/read axles appear at 2.069 Hz with 𝛼 = 0.6, at 
1.751 Hz with 𝛼 = 0.8, at 1.592 Hz with 𝛼 = 1.0, and at 1.432 Hz with 𝛼 = 1.2. It means that 
when increasing the loading vehicle, the resonant frequency of the suspension system is reduced. 
At the high-frequency region, the resonant frequency is insignificantly affected by the loading 
vehicle, it only appears at 8.754 Hz. 

Also, in the low-frequency region, the results in Fig. 5 show that the acceleration-frequency 
characteristics of the vertical vehicle body, pitching vehicle body, and vertical front/read axles are 
greatly influenced by the loading vehicle conditions. The acceleration-frequency values are 
greatly enhanced at 𝛼 = 0.8. Therefore, this load should be avoided to reduce the amplitude of the 
acceleration-frequency responses to improve the vehicle ride comfort. 

 
a) Vertical vehicle body 

 
b) Pitching vehicle body 

 
c) Vertical front axle 

 
d) Vertical rear axle 

Fig. 6. Result of the acceleration-frequency responses under the various stiffness coefficient 

3.4. Influence of the stiffness coefficient of the suspension system 

Similarly, under input simulation parameters of 𝑆 = 8 m, 𝑞଴ = 0.01 m, and 𝑣 = 20 m/s, the 
stiffness of the suspension system is chosen by 𝛽 = {60 %, 80 %, 100 %, 120 %} of the actual 
stiffness to evaluate the acceleration-frequency characteristics of the vehicle suspension system. 
The simulation results are plotted in Fig. 6. 
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high-frequency domains are influenced by the stiffness of the suspension system. Especially at the 
low-frequency domain, all the resonant frequencies of the vertical vehicle body, pitching vehicle 
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at 1.592 Hz with 𝛽 = 1.0, and at 1.751 Hz with 𝛽 = 1.2. It means that the resonant frequency is 
enhanced by increasing the stiffness of the suspension system. Besides, the amplitude of the 
acceleration-frequency responses is increased when increasing the stiffness of the suspensions. 
Thus, it is concluded that the stiffness of the suspension system affects not only the resonant 
frequency but also the amplitude of the acceleration-frequency characteristic of the system. 

4. Conclusions 

In this study, a nonlinear dynamic model of heavy vehicles is established to analyze the 
acceleration-frequency characteristics of the vehicle suspension system under various operating 
conditions. The research results can be summarized as follows: 

1) A calculation method based on the complex domain is applied to solve the vibration 
equations of the heavy vehicle in the frequency domain instead of the traditional time domain to 
analyze the acceleration-frequency characteristic of the vehicle suspension system. 

2) The resonant frequencies of the suspension system are not affected by the vehicle speed and 
the wavelength of the road surface. However, the amplitude of the acceleration-frequency 
characteristic is increased with increasing the vehicle speed and reducing the wavelength of the 
road surface, thus the vehicle ride comfort and safety of the suspension system are reduced. To 
solve this issue, road surface quality has been researched to enhance the pavement smoothness 
[21-23]. 

3) Both the resonant frequency and amplitude of the acceleration-frequency characteristic are 
strongly influenced by the weight of the vehicle and the stiffness of the suspension system. In the 
design of the vehicle suspension system, the resonance frequency has been concerned. However, 
in actual working conditions, the load of heavy vehicles is always changed. Thus, the resonant 
frequency is also changed. To enhance the vehicle ride comfort and safety of the suspension 
system, the suspension system of the heavy vehicles are being replaced by using the pneumatic 
suspension system [2, 6] or the semi-active suspension system [5, 7] to control the resonant 
frequency and reduce the amplitude of the acceleration-frequency response. 
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