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Abstract. The paper proposes a constructive method for solving the stationary Kolmogorov-Feller
equation with a nonlinear drift coefficient. The corresponding algorithms are constructed and their
convergence is justified. The basis of the proposed method is the application of the Fourier
transform.
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1. Introduction

This paper proposes an approach to constructing solutions of differential equations of
fractional order of the Kolmogorov-Feller type. We consider equations with nonlinear
coefficients, namely the case of a quadratic dependence of the drift coefficient on the independent
variable. As far as we know, this method of construction is not presented in the literature. The
advantage of the method is its effectiveness in numerical implementation.

2. Mathematical model of the problem

Let’s consider the form of the Kolmogorov-Feller Eq. (1) with the drift coefficient § # 0,
which depends nonlinearly on the coordinate:

:—x[(ax + BxHW (x)] + vj+wp(A) Wkx—A)dA—-vW(x) =0, —owo<x<-+oo, (1

In the literature, it is customary to consider the simplified case f = 0. In our case for normal
form we have:

W(x) x:)-l—(c))o , f ooW(x)dx =1, 2)
T
P =0 [ paa=t )

We assume p(A) — analytical function and p(k) = f:: p(x) e**dx —it’s Fourier transform,
where |A| < R or:

Insofar as Egs. (2-3), we have:
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Po =p(0) = 1. )

In case p(x) — even function, we have p,;_; = 0,s =1, 2,..., and p(k) — is real analytical
function. From Eq. (2) we have:

+00
f |W (k)| dk < oo,

(6)
wW(0) = 1.
Obviously, we can go from solving the Eq. (1) with Eq. (2), to the equation:
iBW" (k) — aW' (k) + vp(k)W (k) = 0. (7)
From Eq. (6) we have:
+oo
p(0) =p; = j xp(x) dx, (®)
p(k) = Py + Dok + Dsk?+..., [kl < k. )
Again, since p(k) — 0, |k| - oo, we get:
-1
pU)~—=, (k] = o). (10)
3. Mathematical model analysis
For:
W) = p(i)elo Ve, (1)
we get:
H_I_( 21,[)‘}‘“) ,+(1/)2 l/)’ 'alp .V ) 0
- i— -y —-i-yY—-i= =0.
% B @ B ﬁP ¢
Putting:
p— a
Y= lZB. (12)
we’ll get for ¢ (k) following equation:
" —ql)e =0, (13)
where:
~ ik
(k) = W(k)e 2F", (14)
() =~ + i p(h) (15)
q = o lﬁp .

For g (k) we can highlight some properties.
1) From Eq. (10) it follows:
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2

a
—2—[),2, |k| = oo. (16)

q(k) -»

2) From Eq. (19) we have:

2

Q) = gz + 1Py i (o + ok ), Ikl < ko, (17)
or
q(k) = qo + 1k + qok*+..., k| < kq, (18a)
where:
do = — « + izﬁp
25k (18b)
an = iﬁﬁnﬂ-
3) Also:
q(k) = =6(k) + i%Rep(k)- (19)
Lemma 1. For \/m:
—1/2\\1/2
(Va®), = VTG {%(1 # (14 B0 / )}
1\ 1/2 (20)
/a5 1- (14 B2 )
is C2 by k € (0,+o0) and Re(\/m)1 > 0 for k, which are large enough.
4. Construction of the solution of the transfer theory problem
We will use the well-known asymptotic theorem for solving the equation:
u’"(x) — q()u(x) =0, 2

when x = o0,
Theorem 1. Let in the Eq. (21) g(x) € €?(0, ), q(x) # 0 for sufficiently large x and let

there exist a branch /q(x) of class C?(b, ) such that Re\/q(x) > 0, x > b > 0. Let further

" 2 *© .
a,(x) = %# — %% and [ |a;(x)|dx < . Then Eq. (21) has a solution:

100 = ¢ 1 @)e VDU 1 (0], &) 0, (x - o).

Moreover, for x > 0:
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u(x) o0
—~ _1l <2 fo lag(B)|dt _ 1
aG) | T (e )
! 1 ! 1 ! 0
L{) + | < Z qg(x) +4l1+ Z qS(x) X (ezfx lag(O)lat _ 1)_
Y, q()ti(x) q2(x) qz(x)
If@ - 0, (x > ), then u'(x) = q"*(x)e _fx‘/q(t)dt(l + &), &(x) > 0,x > +oo.
q2(x)
Lemma 2. If |};'(k)| <0 (%) and |;7’(k)| <0 (i) , then for Eq. (12) the previous theorem is
valid.
Thus, further we solve the following problem:
(p”ék))— qk)p(k) =0, k>0, (22)
@(0) =1,
{q)(k) -0, k— +oo. (23)

Here q(k) is given by Eq. (15). Further, we assume that the assumptions of Theorem 1 are
fulfilled. In particular, the function q(k) is analytic when |k| < kg, kg > 1 (see Eq. (18a)).

From the theory of differential equations, we obtain for the coefficients a,, following infinite
system of equations:

n
m+1DMn+2)ay, — ZS_Oasqn_S =0, n=012,... (24)

a0=1.

For a, we immediately get at n = 0:

2

a2=§%=_f_‘82+iﬁﬁ1- (25)
In case of even p(x): p; = 0,a, = — :C—BZZ. The determinant of the matrix Ay of this system is:

Ay=detAy =(2-3)(3:-4)...(N+ 1)(N+2)
=%(N+1)!(N+2)! =NT+2[(N+1)!]2 > 0. (26)
In these designations for @ (k) we have the expression:

@(k) = 1+ aik + azk® + h(k) + a;g(k) = a; (k + g(k)) + 1 + ayk* + h(k) 27)

= a,9,(k) + hy(k),

where k + g(k) = g,(k), 1 + a,k? + h(k) = h (k).
To find the coefficient a,, we use the asymptotic solution @(k) (k - +o0), given by
Theorem 1. Let k; < k. Then by Theorem 1 we get:

{a191(k1) +hy(ky) = Cq™* (k) (1 + &2 (ky)), (28)

a1g’1(k1) +h'y(ky) = —Cq1/4(k1)(1 + 51(k1))-

Ifky » 1, then |&; (k)| < 1, |e5(k,)| « 1[7, 8]. Therefore, Eq. (28) can be approximately
replaced by the system:
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{5191(’(1) + hy(ky) = C'q_l/4(k1), (29)
a19'1(ky) + 'y (ky) = —Cq*/*(ky),
where @, and C are approximate values for a; and C. From Eq. (29) we find:
[ hiq'/? + R,
M=
{ o o (30)
A _ 4 9 1h —gih'y
C=q"* =,
9:9"* + g4

where all functions are calculated when k = k,. For an approximate value @(k) of ¢(k) we
therefore have:

(G191(k) + hy(k), 0<k<k,

"thy — g.h' 1 1 ik
@k) = w Gl g 3 (k)e VIO s

9:42+39% /|_,. (1)
ly > 1, ky < ko,

o(=k)=¢k), k=0.
5. Results and conclusions

For construction of the analytical solution of the Kolmogorov-Feller Eq. (1) one can use the
following algorithm.

1) Take the desired function ¢ (k) = W(k)eiﬁk.

2) For ¢ (k) we have ¢"'(k) — q(k)@(k) = 0, k > 0 under:

{(p(O) =1,
(k) =0, k— +oo,
q(k) = qo + g1k + qk*+..., k| < k.

3) We can get q; from:

a . v A
qo = — 257 + lﬁpy
. V A
an l[_gpn+1;
5(S) 0 S .
where p; — are from p; = ps_l(o) = %(i)s f_+m xSp(x) dx, or from p(k) = f_+m p(x) e**dx with

p(k) = Po + Dok + Pok+.., [k| < ko, ko > 1.
4) Then we have solution in form ¢(k) = 1 + a;k + ayk*+.., 0 < k < ko, where a;, j > 2
are determined from equations:

n

n+1D(n+2)ap, — z asqn_s =0,n=0,12,..., a;,=1,

s=0

and:
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M@ + R ()
lim T )
o U0 g2 (k) + g7, (k)

where h, (k), g, (k) are determined from Egs. (30), (31).

a]_:_
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