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Abstract. The paper proposes the formulation of problems modeled with the stationary 
Kolmogorov-Feller equations with a nonlinear drift coefficient. Mathematical analysis of the 
model is given. The basis of the proposed method is the application of the Fourier transform to 
obtain analytical solutions to the problems under consideration.  
Keywords: Kolmogorov-Feller equation, nonlinear drift coefficient, constructive method for 
solving. 

1. Introduction 

Kolmogorov-Feller type equations, which are very popular in solving problems from various 
fields of natural science (Markov’s process theory, control theory, astronomy, physical and 
chemical processes), are integro-differential equations with (in general) non-linear coefficients. 
The theory of such equations (from a mathematical point of view) is sufficiently well developed 
only for the case of coefficients that depend linearly on the independent variable. In the general 
case, as far as we know, there are few accurate analytical results, and there are practically no 
strictly grounded constructive methods suitable for applications. In this paper, we propose an 
analytically justified constructive method for constructing solutions of the corresponding 
integro-differential equation of Kolmogorov-Feller type for the case of a quadratic dependence of 
the drift coefficient on the independent variable. The proposed method is very convenient for 
numerical implementation and, as far as we know, is not found in the literature. 

2. Mathematical model of the problem 

Consider a variant of the Kolmogorov-Feller Eq. (1), which occurs in control theory, 
communication theory, stellar dynamics. In the literature devoted to analytic constructions of 
solutions of equations of type Eq. (1), the case of a linear dependence (𝛽 =  0) of the drift 
coefficient on the coordinate is usually considered; see, for example, [1-7]. In this paper, we will 
consider 𝛽 ≠ 0: 𝑑𝑑𝑥 ሾ(𝛼𝑥 + 𝛽𝑥ଶ)𝑊(𝑥)ሿ + 𝜈 න 𝑝(𝐴)ାஶ

ିஶ   𝑊(𝑥 − 𝐴)𝑑𝐴 − 𝜈𝑊(𝑥) = 0,     − ∞ < 𝑥 < +∞, (1)

under natural conditions: 

𝑊(𝑥) → 0௫→േஶ,        න 𝑊(𝑥)𝑑𝑥 = 1ାஶ
ିஶ , (2)𝑝(𝐴) |஺|→ஶሱ⎯⎯⎯ሮ 0,    න 𝑝(𝐴)ାஶ

ିஶ 𝑑𝐴 = 1. (3)
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Additionally, suppose 𝑝(𝐴) – analytical function with |𝐴| < 𝑅 for 𝑅 big enough or at least its 
Fourier transform 𝑝̂(𝑘) = ׬ 𝑝(𝑥)ାஶିஶ 𝑒௜௫௞𝑑𝑥 exists and is an analytical function in a sufficiently 
large interval: 𝑝̂(𝑘) = 𝑝̂଴ + 𝑝̂ଵ𝑘 + 𝑝̂ଶ𝑘+. . . ,    |𝑘| < 𝑘଴,    𝑘଴ ≫ 1. (4)

Note that: 

𝑝̂௦ = 𝑝̂(௦)(0)𝑠! = 1𝑠! (𝑖)௦ න 𝑥௦𝑝(𝑥)ାஶ
ିஶ 𝑑𝑥. (5)

In particular, by virtue of Eqs. (2, 3): 𝑝̂଴ = 𝑝̂(0) = 1. (6)

Also, if 𝑝(𝑥) – even function, then 𝑝̂ଶ௦ିଵ = 0, 𝑠 = 1, 2,... , and 𝑝̂(𝑘) is real. 
We now turn in Eq. (1) to the Fourier transform of the function 𝑊(𝑥): 

𝑊෡ (𝑘) = න 𝑊(𝑥)𝑒௜௫௞𝑑𝑥ାஶ
ିஶ , 𝑘 ൤𝑖𝛽𝑊′′෢ − 𝛼𝑊′෢ + 𝜈 ൬𝑝̂ − 1𝑘 ൰ 𝑊෡ ൨ = 0. 

Conditions Eq. (2) at the same time go to: 

ቐන ห𝑊෡ (𝑘)ห𝑑𝑘 < ∞,ାஶ
ିஶ𝑊෡ (0) = 1.  (7)

Thus, the problem of solving an Eq. (1) with conditions Eq. (2) can be replaced by a solution 
of an equation: 𝑖𝛽𝑊′′෢ (𝑘) − 𝛼𝑊′෢ (𝑘) + 𝜈𝜌(𝑘)𝑊෡ (𝑘) = 0, (8)

satisfying conditions Eq. (7). Denoted here: 

𝜌(𝑘) = 𝑝̂(𝑘) − 1𝑘 . (9)

By virtue of Eq. (6), and the conditions imposed on 𝑝̂(𝑘), we have: 

𝜌(0) = 𝑝̂ଵ = න 𝑥𝑝(𝑥) ାஶ
ିஶ 𝑑𝑥. (10)𝜌(𝑘) = 𝑝̂ଵ + 𝑝̂ଶ𝑘 + 𝑝̂ଷ𝑘ଶ+. . . ,    |𝑘| < 𝑘଴. (11)

Moreover, since 𝑝̂(𝑘) → 0, |𝑘| → ∞ (because 𝑝̂ is a Fourier transform), then: 𝜌(𝑘)~ −1𝑘 ,    (|𝑘| → ∞). (12)
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3. Mathematical model analysis 

Assume: 𝑊෡ (𝑘) = 𝜑(𝑘)𝑒ି ׬ ట(௞)ௗ௞ೖబ . (13)

Notice, that: 𝜑(0) = 𝑊෡ (0) = 1, (14)𝜑(−𝑘) = 𝜑(𝑘). (15)

(The last equality is a consequence of the choice of 𝜓(𝑘), which will be done below – see 
Eq. (16)). Substituting Eq. (12) into Eq. (8), we get: 𝜑′′ + ൬−2𝜓 + 𝑖 𝛼𝛽൰ 𝜑′ + ൬𝜓ଶ − 𝜓′ − 𝑖 𝛼𝛽 𝜓 − 𝑖 𝜈𝛽 𝜌൰ 𝜑 = 0. 

Assuming: 𝜓 = 𝑖 𝛼2𝛽, (16)

yields the following equation for 𝜑(𝑘): 𝜑′′ − 𝑞(𝑘)𝜑 = 0, (17)

where: 𝜑(𝑘) = 𝑊෡ (𝑘)𝑒௜ ఈଶఉ௞, (18)𝑞(𝑘) = − 𝛼ଶ2𝛽ଶ + 𝑖 𝜈𝛽 𝜌(𝑘). (19)

Let us note some elementary properties of 𝑞(𝑘). 
1) By virtue of Eq. (12): 

𝑞(𝑘) + 𝛼ଶ2𝛽ଶ ~ − 𝑖 𝜈𝛽𝑘 ,    (|𝑘| → ∞), (20)

and in particular: 

𝑞(𝑘) → − 𝛼ଶ2𝛽ଶ ,    (|𝑘| → ∞). (21)

      

2) By virtue of Eq. (11): 

𝑞(𝑘) = − 𝛼ଶ2𝛽ଶ + 𝑖 𝜈𝛽 𝑝̂ଵ + 𝑖 𝜈𝛽 (𝑝̂ଶ𝑘 + 𝑝̂ଷ𝑘ଶ+. . . ),    |𝑘| < 𝑘଴, (22)

or 𝑞(𝑘) = 𝑞଴ + 𝑞ଵ𝑘 + 𝑞ଶ𝑘ଶ+. . . ,    |𝑘| < 𝑘଴, (22a)
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where: 

⎩⎨
⎧𝑞଴ = − 𝛼ଶ2𝛽ଶ + 𝑖 𝜈𝛽 𝑝̂ଵ,𝑞௡ = 𝑖 𝜈𝛽 𝑝̂௡ାଵ.  (22b)

3) Let: 

𝛿 = 𝛿(𝑘) + 𝛼ଶ2𝛽ଶ + 𝜈𝛽 Im𝜌(𝑘). (23)

Then: 𝑞(𝑘) = −𝛿(𝑘) + 𝑖 𝜈𝛽 Re𝜌(𝑘). (24)

At the same time: 
– if 𝜌(𝑘) is real (which will take place, if, for example, 𝑝(𝑥) – is an even function), then: 

𝛿 = 𝑐𝑜𝑛𝑠𝑡 = 𝛼ଶ2𝛽ଶ > 0. (25)

– if Im𝜌(𝑘) ≠ 0, then by Eq. (12), for sufficiently large |𝑘|: 
𝛿(𝑘) = 𝛼ଶ4𝛽ଶ + 𝜈𝛽 Im𝜌(𝑘) > 0. (26)

Lemma 1. The branch ofඥ𝑞(𝑘): 
ቀඥ𝑞(𝑘)ቁଵ = ඥ|𝑞(𝑘)| ቐ12 ቌ1 + ቆ1 + ሾRe𝜌(𝑘)ሿଶ𝜈ଶ𝛿ଶ𝛽ଶ ቇିଵଶቍቑଵ ଶ⁄  
      −𝑖ඥ|𝑞(𝑘)| ቐ12 ቌ1 − ቆ1 + ሾRe𝜌(𝑘)ሿଶ𝜈ଶ𝛿ଶ𝛽ଶ ቇିଵଶቍቑଵ ଶ⁄ , (27)

is twice continuously differentiable by 𝑘 ∈ (0, +∞) and Re൫ඥ𝑞(𝑘)൯ଵ > 0 for 𝑘, which are large 
enough. 

Remarks: 

1) ඥ|𝑞(𝑘)| = ቀ𝛿ଶ + ఔమఉమ ሾRe𝜌(𝑘)ሿଶቁଵ ସ⁄
. 

2) If 𝜌(𝑘) - is real, then Re൫ඥ𝑞(𝑘)൯ଵ > 0 for all 𝑘 > 0. 
3) By virtue of property Eq. (15), it suffices to construct a solution to Eq. (17) only for 𝑘 ≥ 0 

[6-11]. 

4. Results and conclusions 

An algorithm for the analytical solution of the Kolmogorov-Feller Eq. (1) is constructed and 
substantiated. This algorithm is as follows. 
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1) Enter the function 𝜑(𝑘) = 𝑊෡ (𝑘)𝑒௜మഀഁ௞, where 𝑊෡ (𝑘) is a Fourier transform of the desired 
function 𝑊(𝑥). 

2) For function 𝜑(𝑘) the equation holds: 𝜑′′(𝑘) − 𝑞(𝑘)𝜑(𝑘) = 0,    𝑘 > 0, 
under conditions: ൜𝜑(0) = 1,𝜑(𝑘) → 0,    𝑘 → +∞, 𝑞(𝑘) = 𝑞଴ + 𝑞ଵ𝑘 + 𝑞ଶ𝑘ଶ+. . . ,    |𝑘| < 𝑘଴. 

3) The coefficients 𝑞௝ are from the relations: 

⎩⎨
⎧𝑞଴ = − 𝛼ଶ2𝛽ଶ + 𝑖 𝜈𝛽 𝑝̂ଵ,𝑞௡ = 𝑖 𝜈𝛽 𝑝̂௡ାଵ,  
where 𝑝̂௝  are from decomposition coefficients of the Fourier transform  𝑝̂(𝑘) = න 𝑝(𝑥)ାஶ

ିஶ 𝑒௜௫௞𝑑𝑥. 
4) The sought solution 𝜑(𝑘) can be determined from a system of linear algebraic equations, 

which will be given in further work. 
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