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Abstract. The detection of mechanical fault signals by singular value decomposition is a 
commonly used method in fault diagnosis. The delay time of the fault signal time series and the 
rationality of the value of the phase space embedding dimension, as well as the fluctuation of the 
characteristic parameters of the fault signal, will cause the singular value decomposition method 
to have a greater impact on the accuracy of fault feature identification and diagnosis. In this article, 
the simulation model of the similarity signal is established by the combination of the 
autocorrelation function method and the Cao’s algorithm. Then, the delay time of the signal 
sequence and the optimal value of the embedded dimension are obtained through simulation. Next, 
using this method to study the fluctuation of the characteristic parameters such as the frequency, 
amplitude and initial phase of the signal, the relationship between the characteristic parameters of 
the signal and the singular value of the signal is obtained. Finally, through the experimental study 
of the pitting corrosion of the gear tooth surface, the vibration of the fault feature is obtained. The 
research shows that the combination of autocorrelation function method and Cao's algorithm can 
calculate the optimal characteristic parameters for the singular value decomposition method and 
improve the ability of the method to identify fault features.  
Keywords: characteristic signal, Cao’s algorithm, singular value decomposition, delay time, 
embedding dimension, fault characteristics. 

1. Introduction 

In practical applications, mechanical equipment often suffers from various types of failures 
due to various factors. When the machine equipment fails, it will increase energy consumption 
and reduce production efficiency. In addition, various types of casualties will be caused by 
machine failure [1]. Moreover, the formation and development of early faults of the machine is 
difficult to predict in advance. When the fault causes significant vibration and generates a lot of 
noise, the state of the fault feature has developed to a more serious level [2]. Therefore, online 
monitoring of the healthy operation of mechanical equipment is one of the hotspots of current 
research. Because the on-site environment incorporates the influence of various subjective factors, 
it causes serious interference to the mechanical equipment fault characteristic signal and makes 
the extraction of fault features more difficult [3]. So, before the fault feature is extracted, it is 
necessary to perform noise reduction processing on the fault signal. 

In practical applications, there are many methods for signal noise reduction, such as Empirical 
mode decomposition (EMD) [4, 5], Local mean decomposition (LMD) [6, 7], Singular value 
decomposition (SVD) [8-10], And wavelet de-noising analysis [11-13] and other methods. Among 
these noise reduction methods, the reliability and wideness of their applications are limited 
because some methods have certain defects and their application effects are not good. However, 
the singular value decomposition method has a good nonlinear filtering effect, and it has been 
widely used in the fields of noise reduction processing and fault feature recognition of rotating 
machinery fault signals. For example, Cai J. et al., using the singular value decomposition method 
to analyze the actual bearing fault data, shows that the method can effectively identify the typical 
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faults of rolling bearings and improve the diagnostic effect of rolling bearing faults [14, 15]. In 
the application of gear fault diagnosis, the singular value decomposition method is proposed to 
study the fault type of gears by using the feature extraction method of singular value 
decomposition. The experimental results show that the method can accurately diagnose and 
identify different fault types of gears under variable working conditions [16, 17]. 

The singular value decomposition method is based on the singular value matrix of the 
characteristic signal, and distinguishes the singular value of the effective feature from the singular 
value of the noise feature. It is discarding the characteristic information of the noise signal and 
reconstructing the useful feature signal. The method can be applied to the filtering of nonlinear 
signals, and has good invariance and stability, which can effectively reduce the noise in the signal 
[18]. Moreover, in the application of gear fault characteristic signal de-noising and fault 
identification, it is also proved that the singular value decomposition method (SVD) has strong 
practical value. In addition, the method can also compress the scale of the fault feature matrix, 
reduce the difficulty of calculation, and save the consumption of computing resources. However, 
this method has strong sensitivity to the values of time delay of signal sequence and embedding 
dimension of phase space in terms of signal noise reduction and accuracy of fault identification. 
The method of calculating these parameters has no reliable theoretical support and is highly 
subjective. In response to this problem, scholars generally use the 𝑘-SVD method [19, 20] to 
calculate or optimize the time delay and embedding dimension of the signal sequence, so that the 
accuracy of noise reduction or fault feature recognition can reach a high level. In addition, the 
singular value decomposition method noise reduction effect and fault feature recognition accuracy 
are affected by the characteristic parameters of the own algorithm, and are also affected by the 
characteristic parameters of the external signal, such as the frequency, amplitude and initial phase 
of the signal. It is still rare to study the influence of signal parameter fluctuation on the singular 
value decomposition and noise reduction, as well as the variation law between them. 

On this basis, based on the advantages of singular value decomposition de-noising method and 
the principle of noise reduction, the signal's autocorrelation function method and the Cao's 
algorithm are used to calculate the optimal delay time and embedding dimension of the 
characteristic signal parameter value. Then, the characteristic signal containing noise is subjected 
to singular value decomposition to obtain a singular value matrix of the signal. In addition, based 
on the information characteristics of the fault signal, the autocorrelation function simulation model 
of the similarity signal is established, and then the simulation method is used to calculate the 
autocorrelation of the signal sequence over the entire delay time scale, and the optimal delay of 
each type of signal can be obtained. Next, the Cao's algorithm is used to study the distribution of 
the signal in the high embedding dimension phase space, obtaining the value of the optimal 
embedding dimension of the similarity signal. Finally, the effectiveness and practical significance 
of singular value decomposition, combined with autocorrelation function and Cao’s algorithm for 
fault feature diagnosis are verified by the experiment of gear tooth surface pitting fault. 

2. Theoretical background 

2.1. The basic principle of singular value decomposition 

The noise reduction method using singular value decomposition is separable for the vibration 
energy of the effective signal and the noise signal. For a matrix containing noise signals, first 
separate it according to the principle of singular value decomposition. Then, the singular value of 
the effective signal is preserved, and the singular values of the noise signal are all set to 0. Finally 
reconstructed according to the appropriate order, and then the process of obtaining the effective 
signal after noise reduction.  

According to the above research, the singular value decomposition method has a good effect 
in the field of fault characteristic signal de-noising and fault identification. In mathematical theory, 
singular value decomposition [21, 22] (SVD) is a method of orthogonalization calculation of a 
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real matrix 𝐇௠×௡. No matter whether the row and column of the matrix are related, there are two 
matrices 𝐔௠×௠ and matrices 𝐕௡×௡ such that Eq. (1) holds [23]: 𝐇 = 𝐔𝐒𝐕், (1)

where 𝐒 singular value matrix is a real matrix 𝐇, 𝐒 = diag(𝜎ଵ,𝜎ଶ,⋅⋅⋅,𝜎௥), 𝜎௜ is the singular value 
of the real matrix 𝐇, and make 𝜎ଵ ≥ 𝜎ଶ ≥⋅⋅⋅≥ 𝜎௜ ≥ 𝜎௥ ≥ 0, 𝑟 = 𝑟𝑎𝑛𝑘(𝐇). 

Set a set of discrete random time domain signals 𝐗, its signal sequence can be represented by 𝑋 = (𝑥ଵ, 𝑥ଶ,⋅⋅⋅, 𝑥௠). By using the singular value decomposition method, the noise in the signal 𝐗 
can be filtered out. The operation process is as follows: 

1) According to the characteristics of the random signal 𝐗, a real matrix, namely Hankel matrix 𝐇 is constructed: 

𝐇 = ൦𝑥ଵ 𝑥ଶ ⋯ 𝑥௡𝑥ଶ 𝑥ଷ ⋯ 𝑥௡ାଵ⋮ ⋮ ⋱ ⋮𝑥௠ 𝑥௠ାଵ ⋯ 𝑥௠ା௡ିଵ൪, (2)

where, 𝑚 is dimension of the matrix 𝐇. 
2) Singular value decomposition of matrices 𝐇  according to Eq. (2). Orthogonal matrix  𝐒 = diag(𝜎ଵ,𝜎ଶ,⋅⋅⋅,𝜎௥), 𝐒 is the singular value matrix of the matrix 𝐇. 
3) Since the Hankel matrix is full rank matrix, the elements 𝜎ଵ, 𝜎ଶ,⋅⋅⋅, 𝜎௥ of the singular value 

matrix 𝐒 are sorted. Satisfy the condition: 𝜎ଵ ≥ 𝜎ଶ ≥⋅⋅⋅≥ 𝜎௞ ≫ 𝜎௞ାଵ ≥ 𝜎௞ାଶ ≥⋅⋅⋅≥ 𝜎௥ > 0. 
4) Find the mutation point 𝑘  of the singular value in step (3), reserved point 𝑘  previous 

singular value (𝜎ଵ,𝜎ଶ,⋅⋅⋅,𝜎௞) , and set all the singular values after the point 𝑘  to 0, such as (𝜎௞ାଵ,𝜎௞ାଶ,⋅⋅⋅,𝜎௥) = (0,0,⋅⋅⋅ ,0). 
5) According to formula 𝑑௜ = 𝜎௜ − 𝜎௜ାଵ, the difference spectrum of singular values in step (4) 

is calculated, and the order 𝑖 corresponding to the maximum value is found from the difference 
spectrum of singular values. Then, the singular value is reconstructed according to the order 𝑖, that 
is, the signal obtained after the reconstruction is the characteristic signal after noise reduction. 

2.2. Determine the time delay of the signal sequence 

In the process of signal reconstruction, the selection of the delay time parameter 𝜏 is very 
critical. When the value of 𝜏 is small, it will cause a serious correlation between the elements in 
the delay time series. It also leads to no difference between the elements, and the trajectory of the 
phase space is compressed to the main diagonal, so that the noise dominates the phase space of 
the reconstructed characteristic signal [24, 25]. When 𝜏 value is large, the correlation between 
elements in the phase space of the reconstructed feature signal is reduced, resulting in serious loss 
of reconstruction information. Therefore, when reconstructing the effective feature signal, a 
reasonable delay time value must be selected to ensure the validity of the reconstructed signal. 

Suppose a measured time series is 𝑥(𝑡), and the autocorrelation function of the sequence after 
normalization is shown in Eq. (3): 

𝐶(𝜏) = ∑ ሾ𝑥(𝑚 + 𝜏) − 𝑥ሿሾ𝑥(𝑚) − 𝑥ሿே௠ୀଵ ∑ [𝑥(𝑚) − 𝑥]ଶே௠ୀଵ , (3)

where 𝑁 is the length of the sample; 𝜏 is the delay time; 𝑥 is the average value of the sample,  𝑥 = ଵே ∑ 𝑥(𝑚)ே௠ୀଵ . 
The research shows that the autocorrelation function is used to select the delay time to make 

the autocorrelation function value exactly attenuate to the time corresponding to 1 𝑒⁄ , which is the 
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optimal value of the effective phase space eigenvector delay time. 

2.3. Determine the embedding dimension of the signal sequence 

The Cao’s algorithm, which is the Improved False Nearest Neighbors (IFNN) method, it is 
used to calculate the embedding dimension of the characteristic signal. The calculation principle 
as follows [26, 27]: 

1) Assume that in an 𝑚 dimension ‘Embedding Space’, the vector 𝑋⃗௠ (𝑖) time series at the 𝑖 
phase point is shown in Eq. (4): 𝑋⃗௠(𝑖) = [𝑥(𝑖), 𝑥(𝑖 + 𝜏), 𝑥(𝑖 + 2𝜏),⋯ , 𝑥(𝑖 + (𝑚 − 1)𝜏)]் , (4)

where 𝑥(𝑖)  is the signal corresponding to the 𝑖  time series; 𝑖  is the time series number,  𝑖 = 1,2,3,⋯ ,𝑁 − (𝑚− 1)𝜏; 𝜏 is the delay time. Calculate the Euclidean distance 𝑅௠(𝑖) from the 
sequence to the nearest neighbor 𝑋⃗௠ேே(𝑖), as shown in Eq. (5): 𝑅௠(𝑖) = ฮ𝑋⃗௠(𝑖) − 𝑋⃗௠ேே(𝑖)ฮ, (5)

where ‖•‖ is the ∞-norm of the signal sequence. 
2) When the 𝑚 dimensional phase space is extended to the 𝑚 + 1 dimension, the same vector 

sequence at the 𝑖  phase point is 𝑋⃗௠ାଵ(𝑖). Calculate the Euclidean distance 𝑅௠ାଵ(𝑖) from the 
sequence to the nearest neighbor 𝑋⃗௠ାଵேே (𝑖), as in Eq. (6): 𝑅௠ାଵ(𝑖) = ฮ𝑋⃗௠ାଵ(𝑖) − 𝑋⃗௠ାଵேே (𝑖)ฮ. (6)

3) Note that 𝑋⃗௠ (𝑖) means the 𝑖th reconstructed vector with embedding dimension 𝑚 from 
Eq. (4). Similar to the idea of the false neighbor method, and we define 𝑎(𝑖,𝑚) = 𝑅௠ାଵ(𝑖) 𝑅௠(𝑖)⁄ . 
From the definition of 𝑎(𝑖,𝑚), one can see that the threshold value should be determined by the 
derivative of the underlying signal, therefore, for different phase points 𝑖, 𝑎(𝑖,𝑚) should have 
different threshold values at least in principle. Furthermore, different time series data may have 
different threshold values. These imply that it is very difficult and even impossible to give an 
appropriate and reasonable threshold value which is independent of the dimension 𝑚 and each 
trajectory’s point, as well as the considered time series data. To avoid the above problem, we 
instead define the relationship between 𝐸(𝑚) and 𝑚, as shown in Eqs. (7) and (8): 

𝐸(𝑚) = 1𝑁 −𝑚𝜏 ෍ 𝑎(𝑖,𝑚)ேି௠ఛ
௜ୀଵ = 1𝑁 −𝑚𝜏 ෍ ฮ𝑋⃗௠ାଵ(𝑖) − 𝑋⃗௠ାଵேே (𝑖)ฮฮ𝑋⃗௠(𝑖) − 𝑋⃗௠ேே(𝑖)ฮேି௠ఛ

௜ୀଵ , (7)

𝐸ଵ(𝑚) = 𝐸(𝑚 + 1)𝐸(𝑚) . (8)

4) Continue to increase the dimension 𝑚ଵ of the phase space, and make 𝑚ଵ > 𝑚, and repeat 
the calculation of the first three steps. According to the result of each calculation, draw a diagram 
of the relationship between 𝐸ଵ(𝑚௜) and 𝑚௜. When a value in the graph tends to be stable within 𝐸ଵ(𝑚௜) certain threshold, the 𝑚௜ corresponding to the value is the optimal embedding dimension 
of the feature signal. 

5) However, in the finite sequence of practical applications, it is difficult to discriminate 
whether the change in 𝐸ଵ(𝑚௜) value is stable as 𝑚௜ increases. Therefore, it is necessary to add a 
criterion, as shown in Eqs. (9) and (10): 
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𝐸∗(𝑚) = 1𝑁 −𝑚𝜏 ෍ ฮ𝑋⃗௠ାଵ(𝑖) − 𝑋⃗௠ାଵேே (𝑖)ฮேି௠ఛ
௜ୀଵ , (9)

𝐸ଶ(𝑚) = 𝐸∗(𝑚 + 1)𝐸∗(𝑚) . (10)

Studies have shown that for a random time series, the value of 𝐸ଶ(𝑚) is always equal to 1; For 
a deterministic time series, the value of 𝐸ଶ(𝑚) is not equal to 1 within a certain threshold. 

3. Simulation analysis 

3.1. Relationship between SVD and signal frequency 

According to the above analysis of the singular value of the analog signal, it is found that there 
is a certain correlation between the signal frequency and the singular value. In this section, the 
coupled signals formed by different frequency segment signals and combined in different ways 
are simulated and calculated to study the variation law between signal frequency and singular 
value. 

3.1.1. Sampling summation of signal frequencies 

The simulated signal 𝑓(ଵ,௜)(𝑡) of the sampled signal frequency is composed of two sets of 
sinusoidal signals of different frequencies and a random noise signal 𝜉ீି௡௢௜௦௘(𝑡) , shown in 
Eq. (11). There are five groups of frequency 𝜔௜ = {𝑖 = 1~5|5.6𝜋, 8𝜋, 12𝜋, 18𝜋, 28𝜋}, and some 
simulation parameters are set to, 𝐴 = 1, 𝜑 = 0; The simulation parameters of the random white 
noise signal 𝜉ீି௡௢௜௦௘(𝑡): the mean is 0, and the variance is 0.7: 𝑓(ଵ,௜)(𝑡) = ൤෍ 𝐴sin(𝜔௜𝑡 + 𝜙)௡௜ୀଵ ൨ + 𝜉ீି௡௢௜௦௘(𝑡). (11)

1) Relationship between autocorrelation function and delay time. 
According to the calculation principle of the autocorrelation function method, the five sets of 

similarity signals of Eq. (11) are respectively subjected to autocorrelation simulation calculation, 
and the results shown in Fig. 1 are obtained. From the relationship between the autocorrelation 
function of each signal and the maximum delay time in the figure, it is concluded that the more 
the number of frequencies including the sub-signal in the analog signal, the attenuation of the 
white noise signal is more significant with the delay time delay. In addition, the delay time values 
of the five sets of analog signals are large from the figure. 
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Fig. 1. Relationship between autocorrelation function and delay time 
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2) Relationship between 𝐸(𝑚) and embedded dimension 𝑚. 
According to the analysis results of Fig. 1, the modified Cao’s algorithm is used to simulate 

the relationship between the 𝐸(𝑚) values of the five sets of analog signals and the embedded 
dimension 𝑚, and the results are shown in Fig. 2. It can be seen from the figure that when the 
number of sub-signals containing different frequencies in the analog signal is increasing, the 
frequency of 𝐸ଶ(𝑚) fluctuates up and down in 1, and the embedding dimension 𝑚 corresponding 
to the wobble region also becomes larger. The values of 𝐸ଶ(𝑚) are not always 1, indicating that 
these five sets of analog signals have a certain and unique mode of motion. In addition, the number 
of sub-signals of different frequencies superimposed on the analog signal has little effect on the 
value of 𝐸ଵ(𝑚). Therefore, the optimal embedding dimension of the five sets of analog signals is 
roughly reasonable between 10 and 15. 
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Fig. 2. Relationship between 𝐸(𝑚) and embedded dimension 𝑚 

The singular value of the analog signal increases as the number of frequency signals 
superimposed in the signal increases, and it is also proportional to the frequency value in Fig. 3. 
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In addition, the fluctuation of the number of frequencies or the magnitude of the frequency has a 
great influence on the singular value of the effective characteristic signal, and has no influence on 
the phase space of the noise signal. 

0 10 20 30 40 50 60 70 80 90

79

158

237

316

395

474

553

f(1,1)

f(1,2)

f(1,3)

f(1,4)

f(1,5)

Embedded dimension

Si
ng

ul
ar

 v
al

ue

 
Fig. 3. The singular values of different frequency signals 

In order to more clearly reflect the difference of the singular values of each signal, the cloud 
diagram shown in Fig. 4 is used to illustrate the distribution of singular values in its space. As the 
number of sub-signal products in the analog signal increases, the distribution of the largest singular 
values is concentrated on the left most top of the graph. The trend of the distribution gradient from 
the upper right to the lower left gradually decreases, and the width of each gradient gradually 
increases from large to small. In addition, in the distribution space of the entire singular value, the 
singular value of 99 % or more is below 54.88. 
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Fig. 4. Distribution of singular value space of analog signal 

3.1.2. Sample product of signal frequency 

This simulation signal contains the product of a plurality of sinusoidal signals of different 
frequencies, and a certain amount of random noise signals 𝑓(ଶ,௜)(𝑡) are combined to form an analog 
signal 𝜉ீି௡௢௜௦௘(𝑡). The expression of the analog signal is shown in Eq. (12): This frequency  𝜔௜ = {𝑖 = 1~5|5.6𝜋, 8𝜋, 12𝜋, 18𝜋, 28𝜋} is five groups, the other parameters are the same as 
above: 𝑓(ଶ,௜)(𝑡) = ൤ෑ 𝐴sin(𝜔௜𝑡 + 𝜙)௡௡ୀଵ ൨ + 𝜉ீି௡௢௜௦௘(𝑡). (12)
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Fig. 5. Relationship between autocorrelation function and delay time 
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Fig. 6. Relationship between 𝐸(𝑚) and embedded dimension 𝑚 
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1) Relationship between autocorrelation function and delay time. 
In the same way, the analog signal composed of the products of different frequency sub-signals 

is used in the same way, and the relationship between the analog signal and the delay time is 
calculated by the autocorrelation function method, and the result is shown in Fig. 5. From this 
figure, the more the number of sub-signals of different frequencies in the analog signal, the lower 
the autocorrelation of the signal. In addition, the number of products of different frequency 
sub-signals has little effect on the attenuation amplitude of the noise signal over the entire delay 
time scale. 

2) Relationship between 𝐸(𝑚) and embedded dimension 𝑚. 
In the same way, the Cao’s algorithm is used to calculate embedded dimension the analog 

signals of Eq. (16) respectively, and the calculation results are obtained in Fig. 6. 
As the number of sub-signals constituting the analog signal increases, the value of 𝐸ଶ(𝑚) 

fluctuates slightly above and below 1, and the fluctuation trend of the value of 𝐸ଶ(𝑚) remains 
stable on the scale of the embedding dimension 𝑚. At the same time, it is explained that each 
analog signal has a certain motion characteristic. In addition, the value of 𝐸ଵ(𝑚) is basically 1 in 
the dimension with the embedding dimension of 10-15, which also shows that the optimal 
embedding dimension of this set of analog signals can be more reasonable in the dimension value 
of 10-15. 

The sampling product of a plurality of frequency signals, the singular value of the analog signal 
decreases as the number of frequencies increases is shown in Fig. 7. The fluctuation of the number 
of frequencies or the frequency value has a great influence on the singular value of the effective 
signal, and the influence on the noise signal is small. 
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Fig. 7. The singular values of different frequency signals 

The larger value group of the singular value of the analog signal is mainly concentrated before 
the embedding dimension is 5 in Fig. 8, and each gradient stripe line approximate to the vertical 
line is sequentially expanded to the right side. In addition, the singular value is 26.3-33.8, which 
accounts for about half of the entire singular value space. Therefore, when the feature signal is 
composed of a plurality of sets of sub-signals of different frequencies, the more the number of 
sub-signals, the more severe the interference of the effective characteristic information. 

3.2. Relationship between SVD and signal amplitude 

In this section, the influence of the change of signal amplitude on the singular value of the 
signal is studied by using the method of simulation. The simulation signal 𝑓(ଷ,௜)(𝑡) consists of a 
sinusoidal signal and a random white noise signal 𝜉ீି௡௢௜௦௘(𝑡). The expression of this signal is 
shown in Eq. (13). The parameter is set to: the values of the amplitude 𝐴௜  are  
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𝐴௜ = {𝑖 = 1~5|0.45,0.86,1,2.3,6}, the values of the frequency are 𝜔௜ = {𝑖 = 1,2|28𝜋, 5.6𝜋}, the 
values of the initial phase are 𝜙௜ = {𝑖 = 1,2|3.08𝜋, 1.5𝜋}, other parameters are the same as above: 𝑓(ଷ,௜)(𝑡) = 𝐴௜sin(𝜔ଵ𝑡 + 𝜙ଵ)cos(𝜔ଶ𝑡 + 𝜙ଶ) + 𝜉ீି௡௢௜௦௘(𝑡). (13)
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Fig. 8. Distribution of singular value space of analog signal 

1) Relationship between autocorrelation function and delay time. 
In the same way, the variation law between the autocorrelation function and the delay time of 

each signal is studied by changing the amplitude of the signal, and the result shown in Fig. 9 is 
obtained. As the amplitude of the analog signal increases, the autocorrelation of each signal 
increases. At the same time, the autocorrelation of the signal has a high degree of regularity over 
the entire delay time scale. In addition, as the amplitude of the signal increases, the noise signal is 
gradually masked. 

0 200 400 600 800 1000 1200 1400 1600 1800 2000
-0.8

-0.6

-0.4

-0.2

0.0

0.2

0.4

0.6

0.8

1.0

A
ut

oc
or

re
la

tio
n 

fu
nc

tio
n

Maximum delay time

 f(3,1)
 f(3,2)
 f(3,3)
 f(3,4)
 f(3,5)

 
Fig. 9. Relationship between autocorrelation function and delay time 

2) Relationship between 𝐸(𝑚) and embedded dimension 𝑚. 
In the same way, the results of Fig. 10 are obtained through simulation calculation. As the 

number of signal amplitudes increases, the values of 𝐸ଵ(𝑚) and 𝐸ଶ(𝑚) are basically unchanged. 
However, as the magnitude of the signal amplitude increases, the value of 𝐸ଶ(𝑚) varies greatly. 
In addition, the value range of the signal optimal embedding dimension 𝑚 is concentrated between 
5 and 10. 
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a) 𝑓(3,1) 

 
b) 𝑓(3,2) 

 
c) 𝑓(3,3) 

 
d) 𝑓(3,4) 

 
e) 𝑓(3,5) 

Fig. 10. Relationship between 𝐸(𝑚) and embedded dimension 𝑚 
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Fig. 11. Relationship between amplitude and singular values 
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The singular value of the analog signal increases as the amplitude increases is shown in Fig. 11. 
As the amplitude increases, the transition point of the singular value of the analog signal shifts 
back slightly. In addition, the change of amplitude has the greatest influence on the singular value 
of the effective signal, and the influence on the noise is weak. 

Similarly, the signal amplitude increases monotonically in the forward direction, the value of 
the useful singular value also increases in the same direction in Fig. 12. However, singular values 
that may be useful in the entire singular value space account for only about 2 %. 
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Fig. 12. Distribution of singular value space of analog signal 

3.3. Relationship between SVD and initial phase of signal 

In this section, the simulation analysis method is used to study the relationship between signal 
phase and signal singular value. The simulation signal 𝑓(ସ,௜)(𝑡) consists of an initial sinusoidal 
signal and a random white noise signal 𝜉ீି௡௢௜௦௘(𝑡), and the mathematical expression of the 
simulated signal is shown in Eq. (14). Parameter setting: The values of the frequency are  𝜔௜ = {𝑖 = 1,2|28𝜋, 5.6𝜋}; the values of the initial phase are 𝜙௜ = {𝑖 = 1~5|0,1.5𝜋, 3𝜋, 8𝜋, 16𝜋}, 
and the other parameters are the same as above: 𝑓(ସ,௜)(𝑡) = 𝐴sin(𝜔ଵ𝑡 + 𝜙௜)cos(𝜔ଶ𝑡 + 𝜙௜) + 𝜉ீି௡௢௜௦௘(𝑡). (14)

1) Relationship between autocorrelation function and delay time. 
This part is studied the influence of the initial phase on the phase space of the signal by 

changing the initial phase of the analog signal. According to the set parameters, the results shown 
in Fig. 13 are obtained through simulation calculation. from this graph, the initial phase also 
affects the autocorrelation of the signal to a small extent. During a certain delay period, the 
autocorrelation of the signal increases significantly with the increase of the initial phase. However, 
on the entire delay time scale, the initial phase of the signal has no effect on the noise attenuation 
amplitude. 

2) Relationship between 𝐸(𝑚) and embedded dimension 𝑚. 
Similarly, by calculating the change of the initial phase value of the signal, the result shown in 

Fig. 14 is obtained. It can be obtained from the modification that the initial phase of the signal 
changes, and the value of 𝐸ଶ(𝑚) fluctuates slightly between 1 and 5, and its value always 1 after 
the dimension 5. Explain that the initial state of the signal changes without affecting the 
distribution of the signal phase space. In addition, the value of 𝐸ଶ(𝑚) is always 1 after the 
dimension 5. This shows that the optimal embedding dimension of this set of analog signals is 5. 
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Fig. 13. Relationship between autocorrelation function and delay time 
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Fig. 14. Relationship between 𝐸(𝑚) and embedded dimension 𝑚 
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The singular value of the analog signal is substantially unchanged as the initial phase increases 
in Fig. 15. However, the change in the initial phase has a significant effect on the noise signal. 
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Fig. 15. Relationship between initial phase and singular value 

The fluctuation of the initial phase value of the analog signal has less influence on the 
magnitude of the useful singular value is shown in Fig. 16. However, the distribution that can lead 
to useful singular values becomes more complicated. In addition, the fluctuation of the initial 
phase mainly affects the characteristic information of singular values within 24.57-30.95. At the 
same time, the singular value of this kind of feature accounts for about 80 %, and the gradient of 
its distribution is more complicated. This shows that when the state of the initial phase of the 
signal changes, it does not cause interference to the main feature information, but it affects the 
characteristic state of the noise signal. 
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Fig. 16. Distribution of singular value space of analog signal 

4. Experimental verification 

4.1. Experimental setup 

In this section, the fixed-axis gear unit structure and the tooth surface pitting failure of the gear 
teeth are tested to verify the effectiveness of the singular value decomposition de-noising method. 
In the gearbox under test, spur gears were used as the research object for this experiment. The 
layout of the test bench is shown in Fig. 17. On the outside of the gearbox bearing support, four 
test points are set: measuring point I, measuring point II, measuring point III and measuring 
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point IV. Four similar uniaxial acceleration sensors are installed at the four measuring points to 
collect the acceleration value of the fault vibration. 

The input speed is 1500 r/min; the input current of the magnetic powder loader is 0.1 A; the 
experimental object is the spur gear, the modulus 𝑚 = 22 mm, the number of teeth 𝑧 = 55, and 
the tooth width 𝑏 = 20 mm. The material of the gear is 18CrNiMo7 steel. 

 
Fig. 17. Structural layout of the test bed: 1 – motor input shaft; 2 – measured gear box;  

3 – torque transducer; 4 – magnetic powder loader 

4.2. Analysis of experimental results 

1) Experimental data. 
The time domain values of the vibration acceleration at the four measuring points were 

collected by experiment, as shown in Fig. 18. It can be seen from the figure that the experimental 
data at the four measuring points are affected by a large number of interference signals, so the 
vibration characteristics at the test position are not obvious, and the noise reduction processing of 
the measured experimental data is required. 
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Fig. 18. Time domain diagram of vibration acceleration at points before noise reduction 

2) Calculate the delay time. 
According to the calculation principle of the autocorrelation function method, the delay time 

of the time series of the fault vibration signals at the four measuring points is calculated separately, 
and the calculation results is shown in Table 1. 

Table 1. The delay time of signals at each points 
Measuring point I II III IV 

Delay time 𝜏 2 2 2 2 
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3) Calculate the embedded dimension. 
According to the improved Cao’s algorithm, the optimal embedding dimension of the vibration 

signal at the four test positions on the gearbox is calculated separately in Fig. 19. It can be seen 
from the figure that the value of 𝐸ଶ(𝑚) is not equal to 1, indicating that the four measuring points 
have certain vibration characteristics. In addition, 𝐸ଵ(𝑚) is close to a constant value of 1 for the 
first time when the embedding dimension 𝑚 is equal to 19. Therefore, the optimal embedding 
dimension of the vibration signal at these four measuring points is equal to 19. 

 
a) Measuring point I 

 
b) Measuring point II 

 
c) Measuring point III 

 
d) Measuring point IV 

Fig. 19. Relationship between 𝐸(𝑚) and 𝑚 of experimental signals 

4) Singular value decomposition of experimental data. 
According to the singular value decomposition theory, combined with the simulation principle 

of singular value decomposition method. In this section, use the same analysis method to perform 
singular value decomposition on the experimental data at the measuring point I, the measuring 
point II, the measuring point III and the measuring point IV. The singular value decomposition 
parameter is set to: hysteresis time 𝜏 =  2, initial order 𝑚 =  90. After the singular value 
decomposition, the calculation result is shown in Fig. 20. The singular values of the four 
measuring points all have abrupt changes at the position of 1000 in Fig. 20(a). Theoretically, the 
value is the boundary point between the effective signal and the noise signal, but the singular value 
after the point is still high. In addition, the singular value is gradually reduced gradually, but the 
singular value energy is still high; and the singular value difference spectrum is obtained before 
the 5th order in Fig. 20(b), and the spectrum value is the largest. At the same time, the difference 
spectrum values at positions of 10, 20, 64, etc. are approximately 100. It is indicated that the part 
after the singular value of 1000 also contains a certain amount of valid information. 

5) Analysis of fault vibration characteristics. 
The experimental data after the noise reduction is subjected to Fourier calculation, and the 

frequency response diagram at each measurement point is obtained in Fig. 21. The measuring 
points II and III are coaxial with the input power source, and the vibration of the power source is 
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greatly affected. The vibration at the position of the measuring point is complicated. The 
measuring points I and IV are coaxial with the load.  
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Fig. 20. Singular values of fault signals at each points 
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Fig. 21. Frequency of fault signals at each point 

However, the measuring point I is far away from the load and less affected by the load  
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vibration. Therefore, the vibration characteristics of the measuring point I are only related to the 
fault vibration characteristics, and the low frequency vibration amplitude is large. The measuring 
point IV close to the load, and the vibration characteristics at the measuring point are affected by 
the load excitation. In addition, it is possible to derive the fault vibration at the four measuring 
points on the gearbox, and a large-cycle frequency doubling resonance phenomenon is generated 
with the transmission system. 

Xintao Zhou contributions in this paper are writing papers, providing research methods, 
investigation, validation, and experimental verification, etc. Yahui Cui contributions in this paper 
are formal analysis, funding acquisition, and investigation, etc. Na Ma contributions are assisting 
thesis writing, thesis translation and experiments, etc. Xiayi Liu contribution is to provide 
simulation schemes, and paper translation, etc. Longlong Li contributions are the typesetting of 
papers, and revision of the English language, etc. Lihua Wang contribution was the review and 
editing of paper. 

5. Conclusions 

This article first expounds the basic principles of noise reduction and fault identification for 
singular value decomposition. Secondly, the accuracy of the noise reduction and fault feature 
recognition of the singular value decomposition method is analyzed, which is mainly affected by 
the delay time of the signal sequence and the value of the phase space embedding dimension. 
Finally, the influence of the fluctuation of singular value and signal characteristic parameters on 
the fault characteristics is studied by means of simulation. Through the research of this paper, the 
following conclusions are drawn: 

1) According to the characteristics of the fault signal sequence, the simulation model of various 
analog signals is established by the autocorrelation function method. After the simulation 
calculation, the value of the optimal delay time of each analog signal is obtained. The relationship 
between the autocorrelation of the signal and the maximum delay time is studied, and the 
attenuation of the fault characteristics and noise information over the entire time scale is obtained. 

2) According to the calculation principle of the improved Cao’s algorithm, the optimal 
embedding dimension values of each analog signal are calculated. 

3) Using the autocorrelation function method of the signal and the improved Cao's algorithm, 
the relationship between the fluctuation degree of the characteristic parameters such as the 
frequency, amplitude and initial phase of the external signal and the singular value of the signal is 
studied. 

4) Through the fault test of the gear, it is verified that the method has high effectiveness and 
reliability for the noise reduction effect and fault feature recognition of the gear fault characteristic 
signal. 
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