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Abstract. A floating raft system is subjected to multiple excitation sources with multiple
frequencies for each excitation source. Considering the two characteristics of excitation source,
the stability of floating raft system was analyzed. A vibration equation for the floating raft system
under multiexcitation condition was established. A multiscale method was then used to solve the
equation. The amplitude—frequency response equation and unstable region of solution are
discussed. The results show that the vibration of raft frame fits the pattern of soft-spring vibration.
This indicates that the excitation of main raft unit with a rigid connection compromises the
stability of the system, whereas the excitation of unit with elastic connection increases stability.
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1. Introduction

The vibration of a mechanical system is closely related to its stability and also depends on the
nonlinear nature of system [1, 2]. Most nonlinear vibrations cause damage to the mechanical
system [3, 4] and compromise stability; therefore, vibration isolation is required [5, 6]. By
exploiting the characteristics of a nonlinear vibration, it is possible to design a nonlinear vibration
absorber [7].

Compared to typical single degree of freedom or two degrees of freedom vibration isolation
systems, the vibration isolation system of a floating raft with multiple excitation sources
generating multifrequency excitation has a complex structure and characterized by a high
vibration isolation efficiency [8, 9]. To overcome the problem of multiple excitation sources,
Xiaoai Jiang et al. [10] used a nonlinear vibration isolation device to isolate equipment from the
vibration of a supporting pedestal. Zhenlong Xiao et al. [11] used an isolation device with cubic
nonlinear damping to achieve vibration isolation between the upper equipment and pedestal and
analyzed the vibration transmission characteristics of the system equipped with a vibration
absorber. Two sources of vibration in the upper and lower layers of the system constitute
multifrequency excitation, similar to the excitation experienced by a submarine propulsion shaft
system. Both longitudinal and lateral vibrations are present in the propulsion shaft system [12, 13].
In particular, lateral vibrations can significantly degrade the stability of system [14]. Notably,
Zhang Qinglei et al. [15] reported that in scenarios where the lateral vibration is coupled with
longitudinal vibration, large errors occur if the system is only treated as linear. This suggests that
nonlinearity cannot be ignored when multiple excitation sources are present. In these studies,
multiple excitation sources were shown to generate multiple excitation frequencies with each
source generating a single frequency. However, these efforts do not consider the complexity of a
single excitation source. A single excitation source usually contains multiple excitation
frequencies. Some excitation frequencies are close to the resonance point and need to be analyzed
in detail. Some are far from the resonance point, which can be ignored. These works have not yet
penetrated into these phenomena.

Another type of multifrequency excitation is a single excitation with multiple spectral lines
[16, 17]. A study by Bakri et al. [18] found that systems exposed to multifrequency excitation do
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not exhibit bifurcation or strange attractors provided the system is symmetrical and appropriate
parameters are chosen. Andrea L Facci et al. [19] studied the viscoelastic vibration of a beam in
water and found nonlinear damping to exist, which was correlated to the vibration frequency.
M. Eissa et al. [20-22] used a longitudinal vibration absorber to effectively reduce the pitch and
roll vibrations of a ship. Jon Juel Thomsen studied the characteristics of nonlinear vibration
systems exposed to multifrequency excitation sources with high frequency bands [23] and the
vibration of multicylinder diesel engines was also investigated [24]. These efforts do not consider
the existence of multiple excitation source. When multiple excitation sources are in different
positions and have different connection modes, their effects on system stability are different. This
is also the place where these studies can continue to deepen.

For the floating raft of a submarine, separating single excitation with multiple frequencies from
multiple excitation sources is not appropriate. The superstructure of the floating raft contains
multiple excitation sources such as the main unit and propulsion shaft system; moreover, the
spectrum of each excitation source contains multiple spectral lines thereby creating a complex
excitation environment. On the basis of the previous research, this paper combines multiple
excitation sources with multiple frequencies, considers the different installation positions and
connection modes of excitation sources, and analyzes the stability of floating raft system.

2. Mathematical equations for floating raft system

A floating raft system is a flexible structure with multiple modalities. When exposed to
low-frequency disturbances, a floating raft system only exists in the primary mode and can be
approximated as a rigid body. The US Navy has suggested that the natural frequency of a
shipborne equipment should be less than 11 Hz or 1/4 of the excitation frequency [25]. The
floating raft system used in this study has a primary mode corresponding to a frequency below
11 Hz and can therefore be approximated as a rigid body. Multiple units are installed on the raft
frame, including the main unit, propulsion shaft system, and other auxiliary systems. To minimize
the transmission of main unit vibration, the rigidity of connection between the main unit and raft
frame should be less than that of raft frame. Therefore, the connection can be approximated as an
elastic connection. Further, to ensure the stability of propulsion shaft system, the rigidity of
connection between the propulsion shaft system and raft frame should be greater than that of raft
frame. This means that the connection can be approximated as a rigid connection. The mass of
main unit is m,; the combined mass of the frame and propulsion shaft system connected to the
raft frame by a rigid connection is m,,; the damping coefficient of connection between main unit
and raft frame is c,; the connection stiffness is k,; the nonlinear stiffness is §,. The damping
coefficient of connection between raft frame and base is c,; the connection stiffness is k,,; the
nonlinear stiffness is §,,. The excitation of unit with an elastic connection is Fy; (i = 1,2 --- n),
where i is the ith unit. The excitation of unit with a rigid connection is Fy; (i = 1,2 -- n), where
i is the ith connection point. The multiexcitation floating raft system is shown in Fig. 1.
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Fig. 1. Schematic illustration of multiexcitation floating raft system

Taking raft frame as the research object, the excitation sources can be divided into two
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categories: the excitation sources with elastic connection to the raft frame and the excitation
sources with rigid connection to raft frame. According to Newton’s second law, the vibration
equation of the floating raft system is:

n
Mo €0 = 9) k=) + 80— 3) = ) Facos(@t) (12)

n
MyJ — (% = 9) — ke (X —¥) = 8 (x = ¥)* + ¢,y + kyy + 8,y° = Z-—lei cos(Qy;t), (1b)

where x and y are the displacements of the unit with an elastic connection and the raft frame,
respectively, and €,; and €,,; are the excitation frequencies of the unit with an elastic connection
and the unit with a rigid connection, respectively.

When n = 2, the vibration equation still represents multidisturbance vibration, and the
equation can be simplified. Eq. (1) can be transformed into:

x + ZCxWx(x _ y) '+ sz(x - y) + ﬁx(x - y)3 = fxlco.s(ﬂxlt) + foCOS(Qth)' (2&)
y = 2§xnyy(x - y) - nyzx - ﬂxy(x - )/)3 + ZCyWyy + Wyzy + ﬁyys

(2b)
= fylcos(ﬂylt) + fyzcos(Qyzt),
2 _ kx 2 _ ke 2 _xtky o B = %
where w,* = e Way© = my’ wy S = —— Sx = Ty Sov = 2eyy’ Cy = wymy’ Bx = g
_Sx _5y _in . _Fyi .
ﬁxy - m_y’ ﬂy - m_y’ fxi - m_x (” - 1'2)7 andfyi - m_y (l - 1’2)

Using the multiscale method [26] and introducing a small perturbation parameter € to perform
a scale transformation of small items in the same equation:

Cx ™ &Cx) ny - ngy' ﬁx - Eﬁx' ﬁxy - Sﬁxyt Wiy - Sny' fyl - sfyl' (3a)
Cy - SZCy' .By - Ezﬁy' fy2 - ngyz- (3b)

Because the vibration displacement of a raft frame is much smaller than that of the unit, the
perturbation is £2 when performing scale transformation on the small terms 2¢,wyy and ,Byy3 of
Eq. (2b). The first-order excitation source corresponds to a low frequency, and the higher-order
excitation source corresponds to a high frequency. Therefore, for the first-order vibration f,,, the
perturbation is &, and for the higher-order vibration f, ,, the perturbation is g2,

Substituting Eq. (3) into Eq. (2) and retaining the terms containing £° and &':

¥+ ZSCXWX(X - y) + sz(x - y) + gﬂx(x - y)3 = fx1COS(Qx1t) + foCOS(szt)' (4a)
P = 266,y Wyyy (& — ¥) — eWyy 2x — EBoy (x — ¥)2 + w2y = £,y cos(Qyq ). (4b)

Next, the vibration situation under combined resonance was considered, i.e., the relationship
between the following excitation frequencies was considered:

Qy; = iwy, + €0y, (=12), (5a)
Qg — Wy = 2wy, + €0x1,  Qyp — 2W, = Wy, + €0y, (5b)

where g,; (i = 1,2) and 0,,; (i = 1,2) are adjustment parameters.
The solution of the equation can be written as follows:

x(t, &) = x0(Ty, Ty) + £x,(Ty, Ty) + 0(£2), (6a)
y(t,€) = yo(To, Th) + €y, (Tp, Ty) + 0(?), (6b)

where Ty = t is the fast timescale and T; = &t is the slow timescale.
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Furthermore, differential operators can be defined as:

d d?

==y +eD)(), () = (D +2eDeD)() (72
d d

G_TO'

DO = D1 = — (7b)

Ty

Substituting Egs. (6) and (7) into Eq. (4), and comparing the coefficients of the same order
on both sides of equation:

&% Dgxo +wixg = W;?}’o + f21€05(Qy1t) + fr2€05(Qyt), Dgyo + W;yo =0, (8a)
el Dixy +wixy = —2DgDyxg — 26wy Do (X — ¥o) + Wiys — Bx(Xo — ¥0)*,
D§y; +wiys = =2DgD1yo + 265, Wyy Do (X0 — ¥o) + Wiy Xo (8b)

+ﬁxy(x0 - y0)3 + fy1COS(Qy1t).
The general solution of Eq. (8) is:

Xo = GBe™yTo + GBe~™yT0 4 AeWxTo + fe~WxTo 4 [, eWx1To 4 [, e~ Wx1To
+ Hye™x2To + H,e~tWx2To,
Yo = BeyTo 4 Be~WyTo, (9b)

(9a)

where A and B are the functions of slow time T;; A and B are the conjugate complex numbers of
Aand B; G = wi/(wy —wy), Hy = fur/ (W — wi?)), andH, = fip/(2(Wi” — wiz®)). wy
and w, are the excitation source frequencies of units with an elastic connection.

Substituting Eq. (9) into Eq. (8b) and eliminating the secular terms:

—24"iw, — 2¢, W Aiw, — B [3A%A + 6A(H,* + H,*) + 6ABB(G — 1)?

_ 3 — . 10a
+3B2H; (G — 1)?e'x1"™s + 6ABH,(G — 1)e'?x2"1] = 0, (102)
—2B'iwy, — 26, Wyy Biw, + Zv;xywxy_GBiWy +_W,?yGB B '
+B.y[6B(G — 1)(H,% + Hy? + AA) + 3B?B(G — 1)® + 6ABH, (G — 1)eiox1™ (10b)
+342H,e'ox2"1] + % fyrel™ = 0.
Then, A and B can be written in polar form as:
1 . 1 .
= — lB = — i0 11
A S ae”, B 2 be'?, (11)
where real numbers a, b, 8, and 6 are the functions of slow time T;.
Substituting Eq. (11) into Eq. (10) and separating the real and imaginary parts:
a’ = La+ l,b%sin(¢; + 2r) + lzabsin(p, + 1), (12a)
ad, = l,a+ lsa® + lgzab? + 1,b%cos(¢p, + 21) + lzabcos(¢p, + 1), (12b)
b’ = hyb — hyabsin(¢; + 2r) — hza®sin(¢p, + 1) — h,sinr, (12¢)
br' = hyb + hsa®b + hgb® — hyabcos(py + 21) — hya?cos(¢, + 1) — h,cosr, (12d)
where:
3B 3B
L=—¢wy L= ZW_);H1(G - 1)2, 3 = EW_);HZ(G -1,
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ly = —0yy — 20y, + 3%(H 2+ HY, Is= %ﬁ—’; lg = E&(G -1)?
hy = GyWiy(G —1), hy = Zi’/‘; H(G—-1), hy= Z%Hz,

hy = =0y, = lwv’g G- ﬁ"yy(Hl +H)(G=1), hs=- 43”(0—1)
he = 46;‘; G-1° =%%

r=60-— oy1 Ty, b1 =B — 0T + 20Ty, by =2 — 0,11 + 0y Th.
3. Nature of solution

In Eq. (12),leta’ = b' = 0 and y' = ¢’ = 0 to obtain a stable solution of vibration equation.
Two scenarios exist, namely, the uncoupled state (a = 0, b # 0) and coupled state (a # 0,
b # 0). For the uncoupled state, Eq. (12) can be reduced to:

h,? — hy?b? — (hyb + hgb®)? = 0. (13)

Two scenarios also exist for the solution of Eq. (13): (a) Only one solution is available, and in
this case, the system is stable; (b) The equation has three solutions, and in this case, the phenomena
of saddle node bifurcation and jumping in the amplitude—frequency curve can occur. The number
of solutions depends on the excitation intensity. When the equation has only one solution, the
critical excitation amplitude is:

8h,?
h, = .
3v3he

(14)

Eq. (14) shows that the critical excitation amplitude is related to both the damping and stiffness
of system.

Egs. (5), (9), and (11) can be combined to obtain the vibration displacements of unit with
elastic connections and raft frame as follows:

x = Gb(let + r) + acos(3Qy1t + ¢, + ¢2) + 2chos(59y1t)
+2H2cos(7Qy1t) + 0(e),
x =b(Qyt+71) + 0(e). (15b)

(15a)

Eq. (15) shows that in the coupled state, only one frequency exists when the raft frame ()
vibrates. In contrast, when the unit with an elastic connection vibrates, two additional frequencies
(€1 and 3Q,,,) exist in addition to the frequency of its own excitation source. Among them, the
vibration corresponding to frequency 3(1,; is caused by internal resonance. This vibration is
absent in the uncoupled state.

When the floating raft system is in the uncoupled state, the stability of steady solution of raft
frame vibration is the stability of autonomous system at the singular point (E, 7). The system is
forced to undergo a linear transformation.

By linearizing Eqs. (12¢) and (12d) at the singular point (b,7), the autonomous differential
equations for disturbances Ab and AT can be obtained as:
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dAb —

= — TAY 16a
aT; hyAb — h,cosyAy, (162)
ddy —— h, _— hy  _ _

—— = 2hgbAb + — cosyAb + —sinyAy. (16b)
dT1 b b

By utilizing b’ = y' = 0 to eliminate ¥ in the above equation, the feature equation can be
obtained as:

hlw _/’{ N _
det[ e By — /1] =0, (17)

—2 - —2
where M = =|hyw, + 3hewyb | and N = =D [hywy + hewyb |-
By expanding Eq. (17):
-2 —4
A2 = 20wy, + hyPwy? + wy2h,® + dhyheh w2 + 3he%h wy? = 0. (18)

The solution of Eq. (18) is:
1
Mo =35(-P£/P7=%Q) (19)

—2 —4
where P = —2hywy and Q = hy*wy 2 + wy2h,” + 4hyhgh wy? + 3h"b w2
When P > 0 and Q < 0, 4, ; is a real number and 2,4, < 0. In this case, the steady solution
is unstable, i.e., the instability condition of steady solution is:

ha?w,? + wy?hy? + 4hyheh wy? + 3he%h w,? = 0. (20)
The boundary of unstable region can be determined using Eq. (20).

4. Analysis of numerical solution

4.1. Frequency response curve

The parameters of floating raft used in the simulation are shown in Table 1 [27, 28].

Table 1. Parameters of floating raft system

Parameter (unit) | Value | Parameter (unit) | Value
m, (kg) 125 m, (kg) 3000
k,, (N/m) 4.4x10° k,, (N/m) 7.4x109
8, (N/m) 1.3%x103 8, (N/m) 2.2x10°
¢, (Ns/m) 1.5x10° ¢y (Ns/m) 1.5x10*
Wy (rad/s) 315 Wy, (rad/s) 441

Eq. (14) determines the critical excitation with respect to the stability of raft frame vibration,
i.e., fy1 critica = 21 m/s>. When the excitation exceeds this value, the raft frame vibration is
unstable.

When the excitation of unit with an elastic connection is f,; = fi, = 0, the excitation of unit
with a rigid connection f,; is less than the critical value fy1 criticq, and vibration b has only one
solution branch. Therefore, the solution is stable. By sweeping the frequency upwards or
downwards, the amplitude-frequency curves are consistent, as indicated by the black curve in
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Fig. 2. When the excitation f;,; exceeds the critical value, vibration b has three solution branches.
Among the solution branches, the intermediate branch is unstable, and the solutions in this branch
will jump to the upper and lower solution branches. In addition, as the intensity of excitation f,4
increases, the frequency band corresponding to the intermediate solution branch expands, and the
vibration displacement of raft frame also increases. When an upward frequency sweep is
performed (i.e., the frequency increases), the solution of vibration b moves to the right along the
lower solution branch. Upon reaching the inflection point (the point where the lower solution
branch intersects the intermediate solution branch), the solution suddenly jumps to the upper
solution branch and smoothly moves to the right. When a downward frequency sweep is
performed (i.e., the frequency decreases), the solution of vibration b moves to the left along the
upper solution branch. Upon reaching the inflection point (the point where the upper solution
branch intersects the intermediate solution branch), it suddenly jumps down to the lower solution
branch and then smoothly moves to the left. The jumping points of upward frequency sweep and
downward frequency sweep are not at the same frequency, indicating that the amplitude-frequency
curves of upward frequency sweep and downward frequency sweep are inconsistent. Thus, the
vibration of unit with a rigid connection can destabilize the system.

12
> Increase in acceleration
10 +4
% £ =15, 30, 45m/s>
+ y1

o0

N

e

0 L L L
62.64 62.66 62.68 62.7 6272 6274 62.76
Force frequency le(rad/s)

Amplitude of stady-state response of b(mm)
[=)}

Fig. 2. Effect of varying excitation f,; on raft frame vibration b

£ 12 £n . A
= ® Increase in damping coefficient 32 e, 2‘!2 o Increase in nonlinea stiffhess
10} o% g 107 4 w2, % 5.=(0.9,1.3,1.8)x10°N/m |
2 2% ¢ =1500, 2500, 3500Ns/m a A X
g ? X S 4 A
o 8r & 8 +
g 2 . A
[} g T
8 g9 +
> >
3 4 g 4f
Z s 4
o 2f 9 2 / ]
E e ‘
8. 0 . . . . . (=3 0 . . . . .
g 62.64 62.66 62.68 62.7 6272 62.74 62.76 5 62.66 62.67 62.68 62.69 627 6271 62.72
Force frequency Qy 1(md/s) Force frequency le(rad/s)
a) Variation in damping coefficient b) Variation in nonlinear stiffness

Fig. 3. Effect of varying the excitation on raft frame vibration b

Although the elastic components of floating raft system are hard springs, the combined force
of springs in the upper and lower layers provides the characteristics of a soft-spring vibration
system; therefore, the skeleton curve of amplitude-frequency curve bends to the left. This suggests
that although the soft spring is not actually applied, the hard spring vibration state (occurring at
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the unit with an elastic connection in the upper layer) and soft spring vibration state (occurring at
the raft frame in the center) can simultaneously exist in the floating raft system.

When the excitations are f,; = 45 m/s? and f,; = fy» = 0 and the nonlinear stiffness and
damping are &, = 1.3x10° N/m and ¢,, = 1.5x10° Ns/m, respectively, the effects of damping and
nonlinear stiffness on the raft frame vibration b can be obtained, as shown in Figs. 3(a) and (b),
respectively. Combining this result with Eq. (14), it can be concluded that the critical excitation
fy1_criticar TEQuired to cause system instability increases as the damping increases. Therefore,
under the same excitation f,,,, the vibration displacement of raft frame decreases as the damping
increases, and the system remains stable. Conversely, as the nonlinear stiffness increases, the
amplitude of vibration displacement of raft frame remains unchanged. However, the frequency
band corresponding to unstable solution increases, and the curvature of skeleton curve of the
amplitude—frequency response also increases. Thus, the system becomes unstable. This shows that
damping exerts the opposite effect on system stability compared to nonlinear stiffness.

E 12 ‘ ‘ ‘ : :

% 1 *.‘ %%a Increase in acceleration

2 #%% e 4

g f =f _=(0,7,10)x10"m/s
- xl x2

& gl ]

2 +

Q

g 6f

w +

.é* | +

g 4

5 ¢

$ 2

2

=) ‘ ‘ ‘ ‘ ‘ s

5 62.64 62.66 62.68 627 6272 62.74

Force frequency le(rad/s)
Fig. 4. Effect of varying excitation fy, (fy,) on raft frame vibration b

When the excitation, damping, and nonlinear stiffness of the unit with a rigid connection are
fy1 =45 m/s’, ¢, = 1.5x10° Ns/m, and &, = 1.3x10° N/m, respectively, and the excitation of the
unit with an elastic connection varies, the frequency response curve of raft frame vibration is
similar to that shown in Fig. (4). Unlike the effects of damping and nonlinear stiffness on raft
frame vibration, the increase in excitation f, (fy2) shifts both the amplitude-frequency curve of
raft frame and vibration skeleton curve to the left. The same effect can be obtained if the natural
frequency of raft frame changes. Because the natural frequency of a system depends on the mass
and rigidity of the system itself, application of an excitation to the unit with an elastic connection
is equivalent to adding a virtual inertia to the raft frame to change its virtual natural frequency.
This shows that the units on raft frame can serve as intermediate masses between each other to
reduce the vibration of excitation source. Moreover, the vibration of each unit with an elastic
connection can further increase the virtual mass of raft frame, making the system more stable.
Because the excitation f, (fy2) of elastic connection excitation source cannot be too large in
practice, the vibration of elastically connected unit itself increases the vibration stability of
floating system.

4.2. Unstable region of solution

When the nonlinear stiffness and damping are §, = 1.3x10° N/m and ¢, = 1.5x10°> Ns/m,
respectively, the effects of these parameters on the unstable region of solution can be determined,
as shown in Fig. 5. The area of unstable region decreases as the damping increases. Nonlinear
stiffness does not affect the area of unstable region of solution; however, the increased nonlinear
stiffness shifts the unstable region downwards, as shown in Fig. 3, i.e., the intermediate solution
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branch falls into the unstable region.

12

Increase in nonlinear stiffness
‘ 8 =(0.9,1.3,1.8)x10°N/m

Increase in damping coefficient
¢,=1500, 2500, 3500Ns/m

1 0 o,

ALUPLLUUG UL SKIUY =SLULG LOSPULISG UL ULLLLL
-]
Amplitude of stady-state response of b(mm)

unstable 8r
6 L
6
4}
62.675 62.68 62.685 62.69 62.675 62.68 62.685 62.69
Force frequency le(rad/s) Force frequency le(rad/s)
a) Variation in damping coefficient b) Variation in nonlinear stiffness

Fig. 5. Effect of varying stiffness and damping parameters on the unstable region of solution

53
(=

Increase in acceleration
e _ 4 2
fxl—f x2—(0,7,10)x10 'm/s

—
w

W

Amplitude of stady-state response of b(mm)
S

0 ‘ ‘ ‘ ‘
62.64 62.65 62.66 62.67 62.68 62.69
Force frequency le(rad/s)

Fig. 6. Effect of varying excitation f,1(fy,) on the unstable region of solution

When the damping and nonlinear stiffness of the system are ¢, = 1.5%10° Ns/m and
8, = 1.3x10° N/m, respectively, the unstable region of solution varies as the excitation of unit
with an elastic connection changes, as shown in Fig. 6. The effect of excitation f,;(fy,) on the
unstable region is more complex. As the excitation increases, the area of unstable region decreases.
The same phenomenon was observed by system damping, and the region shifted downwards. The
same phenomenon was observed by nonlinear stiffness. This further proves that the excitation of
unit with an elastic connection has the same effect as an increase in the virtual mass of raft frame,
increasing the vibration stability of floating raft system.

4.3. Changes in bifurcation solution

When (1, is constant, Eq. (12) can be converted to a differential equation, and it can be solved.
Thus, y and b can be obtained. Four values were selected for £1,,;, as shown in Fig. 1. When the
excitation frequency £, is less than the lower limit of frequency, all the solutions are attracted to
the stable focus P;. As the excitation frequency increases, a new stable focus P; appears, and some
solutions are drawn to it. As the excitation frequency increases, some solutions under certain initial
conditions are pushed toward the critical state, passing through a newly formed saddle node P,.
When this solution is affected by any perturbation, it is attracted to the stable focus P; or P;. The
saddle node P, sits on the boundary between two stable focus areas. Under the initial conditions,
the solutions in different regions are attracted to the corresponding focus.
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When the excitation frequency exceeds the upper limit of frequency, all the solutions are
attracted to the stable focus P;. As the excitation frequency increases, the stable focus P
disappears, and the area corresponding to the stable focus P; increases. This also confirms that the
intermediate solution branch of raft frame vibration is unstable, jumping upwards and downwards
the two progressively more stable solution branches.

Under the condition that the excitation frequency (1,; = 62.680 rad/s of unit with a rigid
connection is constant, a variation in the excitation of elastic connection f, (fy») still changes the
stability of vibration solution. By solving differential Eq. (12), the values of y and b can be
obtained with different values for f,,(fy2), as shown in Fig. 8. Fig. 8 shows that even if the
excitation frequency ), is constant, an increase in excitation fy;(fx2) also shifts the vibration
solution of raft frame to the stable focus P;, and stable focus P; gradually disappears. This shows
that in addition to changing the excitation frequency, the excitation of unit with an elastic
connection can also change the stability of vibration solution of raft frame. Thus, the excitation of
unit with an elastic connection has a complex effect on the vibration of raft frame.

4.4. Raft frame vibration in coupled state

Factors affecting the vibration of a raft frame in the uncoupled state were discussed. Now, the
coupling state is analyzed.
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Fig. 9. Effect of excitation f,,; on raft frame vibration

Fig. 9 shows that although the floating raft system does not exhibit double-cycle bifurcation
in the coupled state, the amplitude of raft frame vibration abruptly changes when the excitation
fy1 of unit with a rigid connection exceeds 2,000 m/s”. Before the abrupt change, the amplitude
of raft frame vibration slowly increases with the increase in excitation intensity. Once the
excitation intensity passes the point of abrupt change, the amplitude of raft frame vibration
suddenly becomes positive and increases sharply, as shown in Fig. 9. In Fig. 9(c), when the
excitation intensity is 1,990 m/s? (blue curve), the vibration displacement is rapidly reduced after
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a certain period of adjustment. Then, the fluctuation increases up to a certain value and gradually
stabilizes (i.e., the variation in vibration amplitude decreases). When the excitation intensity is
2,010 m/s? (red curve), the amplitude of raft frame vibration slowly increases and gradually
stabilizes without any fluctuation during the process. This phenomenon is similar to the effect of
excitation of the unit with a rigid connection on the raft frame vibration in the uncoupled state. In
other words, a critical value of excitation intensity exists at which the state of raft frame vibration
changes.

5. Conclusions

In this study, the vibration characteristics of a floating raft system under multiexcitation
condition were analyzed. The multiscale method was used to solve the equation for floating raft
vibration under multiexcitation condition, and a stable region of the solution was determined.
Factors affecting the vibration stability of raft frame were studied, in particular, the effects of
different excitation sources. The conclusions are as follows:

1) Although the floating raft system does not use a soft spring, the location of raft frame within
the intermediate layer results in vibration that fits the pattern of a soft spring, because of the
combined force of hard springs in the upper and lower layers. The skeleton curve of
amplitude-frequency response bends to the left.

2) A critical value of excitation exists for the unit with a rigid connection. Excitation intensities
exceeding this threshold compromise the stability of raft frame vibration. The critical value
depends on the damping and nonlinear stiffness of system. As the damping increases, the nonlinear
stiffness decreases, the unstable frequency band narrows, and the raft frame vibration becomes
more stable.

3) The excitation of unit with an elastic connection has the same effect as increasing the virtual
mass of raft frame, increasing the stability of floating raft system.

In summary, to increase the vibration stability of a floating raft system, the units connected to
raft frame should have elastic connections where possible.
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