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Abstract. With the increasing service life of a gear transmission system, the gear teeth become
constantly worn, and the gear clearance increases. The increase in the clearance will produce a
series of nonlinear changes that change the stability of the system and can even result in loss of
stability. In this paper, dimensionless dynamic equations of a multistage gear transmission system
that contains a two-stage fixed-axis gear and a one-stage planetary gear were established.
Planetary wear fault was simulated by changes in the gear clearance. System bifurcation diagrams
with an increase in the clearance were studied. The frequency characteristics of planetary gears
under different excitation frequencies and different degrees of wear were studied. The influence
of planetary gear wear on the fixed-axis was discovered. The vibration mechanism and a fault
diagnostic method in a multistage gear transmission system were obtained.
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1. Introduction

With the increasing service life of a gear transmission system, the gear teeth become
continuously worn, and the gear clearance increases. Clearance is the main reason for the collision
motion inside the system. It will make the motion state of the system change or even create
instability. Therefore, it is very important to study the wear mechanism and the change in the
system nonlinear state, as these attributes are of great significance for the design, monitoring and
diagnosis of the system. When both planetary gear and fixed-axis gear exist in the system, the
vibration signal of planetary gear is weaker than that of fixed-axis gear, so the wear fault of
planetary gear in multistage gear transmission system is more difficult to identify.

For the study of wear failure mechanism, based on the different classification of wear, a large
number of studies have established wear calculation models based on adhesion theory [1-3],
fatigue theory [4, 5], energy wear theory [6] and material wear rate [7]. It has been studied from
various angles such as tooth profile [3], gap [8], dynamic response [9], and experiment [10].
However, there are many factors affecting gear wear, and the wear mechanism is closely related
to the actual working condition, so it is difficult to establish a wear prediction model completely
consistent with the actual transmission system. At the same time, under the condition of
multi-factor coupling, wear failure has strong nonlinear characteristics. Therefore, it is particularly
important to study the nonlinear characteristics of wear. Shen [11] focused on the nonlinear
dynamics of a spur gear pair with slight wear fault, where the backlash, time-varying stiffness and
wear fault were all included. Ding [9] and Liu [12] introduced the dynamic wear coefficient
proposed by Priest [13] into the calculation of spur gear wear. Based on the multi-factor excitation
nonlinear dynamic model, the coupling effect between tooth wear and system dynamic response
was studied. These literature all aim at the single pair gear model, and neglect the coupling
characteristics between multistage gears. However, in the multi-gear transmission system, the
fault of planetary gear is more difficult to be identified due to its weak signal. Therefore, it is
necessary to further study the nonlinear dynamic characteristics of the multistage gear
transmission system with planetary gear wear fault.

For the fault diagnosis of wear failure, the most common test methods are ferro spectral
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analysis [14, 15] and time-frequency characteristic analysis of vibration signal [16, 17]. In order
to facilitate the comparison of theoretical and experimental results, the time-frequency
characteristic analysis method will be used in this paper. Through the mechanism analysis of gear
wear, the transmission characteristics of gear wear are identified. At present, some scholars have
started relevant researches. He [18] proposed a novel nonlinear time-frequency feature based on
a time-frequency manifold (TFM) technique. The effectiveness and the merits of the proposed
TFM feature were confirmed by case study on gear wear diagnosis, bearing defect identification
and defect severity. Liu [12] proposed a dynamic wear prediction methodology to investigate the
coupling effects between surface wear and dynamics of spur gear systems. This paper will also
use the nonlinear time-frequency characteristics of wear fault to present a diagnostic method of
wear fault.

In this paper, a nonlinear dynamic model of multistage gear transmission system that contains
a two-stage fixed-axis gear and an one-stage planetary gear was established. The simulation
method was used to analyze the bifurcation characteristics of the system under different clearances
to find out the excitation frequency range of wear and the change in the system motion state. In
order to understand the frequency characteristics of the system. The transition process and
frequency characteristics of each motion state under different excitation frequencies were
discussed. The vibration mechanism and a diagnostic method of wear were obtained.

2. Torsional dynamic model of a multistage gear transmission system

The system studied in this paper is a test rig with a multistage gear transmission system that
contains a two-stage, fixed-axis gear and a one-stage planetary gear, where spur gears 1 and 2
compose the 1st - stage fixed-axis gear for the input, spur gears 3 and 4 compose the 2nd - stage
fixed-axis gear, and the planet carrier is for the output. The torsional dynamic model is established
using the lumped mass method (Fig. 1). The model does not consider the transverse vibration
displacement of the gears. The gear parameters are simulated with a spring and a damper.

Fig. 1. Torsional dynamic model of the multistage gear transmission system

In Fig. 1, 65, 6., 6pp, 01, 0, 03, and 6, represent the angular displacements of the sun gear,
planet carrier, planetary gear n (n = 1, 2, 3, 4), and spur gears 1, 2, 3, and 4, respectively.
Throughout this paper, the subscripts s, ¢, pn, r, and 1, 2, 3, and 4 denote the sun gear, planet
carrier, planetary gear, ring gear, and spur gears 1, 2, 3, and 4, respectively. The quantities 7, 7,
Tyn» T1» T2, T3, and 7, are the base circle radius values of the gears. The quantities Ky, (t), Krpn (2),
K, (t), and K, (t) denote the meshing stiffness of the sun gear with planetary gear n, the ring gear
with planetary gear n, the Ist-stage fixed gear, and the 2nd-stage fixed gear, respectively. The
quantities Cspp, Crpn, C1, and C, denote the damping of the sun gear with planetary gear n, the
ring gear with planetary gear n, the Ist-stage fixed gear, and the 2nd-stage fixed gear, respectively.
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T;y, is the input, and T, is the output.
2.1. Motion differential equations of the system

By using the Lagrangian equation, the clearance, time-varying meshing stiffness, and
composite error are considered to establish the motion differential equations of the system. After
that, the motion differential equation is processed in a dimensionless way. This process has been
deduced and detailed in my paper [19]. Only the final system dimensionless motion differential
equations are listed here:
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2.2. Wear fault

Q2,,8in(QypnT + Prpn)-

The gear tooth surface will wear out with an increase in the running time. The clearance
between the teeth will change when wear occurs. When gear teeth are evenly worn, the tooth
clearance will be larger than normal. To model wear failure, Flodin [20] simulated mild wear spur
gears. Park [21] presented an approximate method to predict the surface wear of hypoid gears
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using surface interpolation. In this paper, the clearance was controlled by changing the size of the
dimensionless composite error amplitude e,; [22]. The bifurcation diagram of the multistage gear
transmission system with the change in excitation frequency was calculated in the normal state.
According to the clearance calculation formula given by the Chinese national standard
GB 2363-90, the dimensionless clearance interval of the meshing gear in the normal state is
[0.1, 1].

3. Nonlinear dynamic behavior analysis of the system with increased planetary gear wear
3.1. System bifurcation diagrams with increased planetary gear wear

By increasing the wear degree of the planetary gear 1, the influence of planetary gear wear on
the excitation frequency range of the multistage gear transmission system was investigated. The
minimum clearance of the multistage gear transmission system was chosen as the initial state, that
is, e4; = 0.1. At this point, the system is in a periodic motion state, and it is easy to observe the
changes caused by the planetary gear wear. The variable-step Runge-Kutta method was used to
solve the nonlinear differential Eq. (1). The bifurcation diagrams were investigated on the meshing
points of the st - stage fixed-axis gear, and the planetary gear with the ring gear, when the
fixed-axis gear clearance was constant (é,; = €,, = 0.1) and the planetary clearance increased
gradually (€45pn = €arpn = 0.1-1), as shown in Fig. 2. The gear parameters of the multistage gear
transmission system are shown in Table 1 and 2. The pressure angle « = 20°, T;, = 6.5 N-m,
Tout = 8.5 N'm, b; = 5 pm, and the damping ratio of meshing pairs §; = 0.07. These parameters
were derived from the multistage gear transmission system test rig. We set the sampling interval
as {); =0.01:0.01:5. Each Q, calculates 80 rotating periods. The number of samples for each
rotating period was 256 points. The bifurcation diagram started at the 25th period. The color in
Fig. 2 represents 55 rotating periods. The initial velocity and displacement were set to 0. The
calculation time of bifurcation diagram was 2820 s. The CPU computing time was obtained using
a PC with Windows 7 operating system (Intel (E3) 3.2 GHz CPU) and 16 GB memory, and the
computations were performed using MATLAB 2014a.

Table 1. Gear parameters

Gear Number of ri/mm | Mass/g Rotational inertia Face width / Modulus
teeth z ! Ji / (gm?) mm m/mm

1 29 20.4 125 0.05 30 1.5

2 100 70.5 1224.5 6 30 1.5

3 36 25.3 224 0.14 30 1.5

4 90 63.4 1111 4 20 1.5

s 28 13 41 0.007 20 1.0
pn 36 17 34.6 0.01 20 1.0

c - 30 848.7 0.76 20 1.0

r 100 47 — — 20 1.0

Table 2. Calculation parameters

Parameters of calculation Value
Gear clearance b (um) 5
comprehensive meshing error amplitude e, (um) 2
Meshing pair damping ratio & 0.07
Gear contact ratio 1.68

As can be seen from Fig. 2(b), the planetary gear is in single-period motion state when the
excitation frequency is small. When Q; = 1, the system changes from single-period motion to
multi-period motion. Until ; = 3.5, it changes from multi-period motion to quasi-periodic
motion with large oscillations. The 1st stage fixed-axis gear is also in single-period motion when
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the excitation frequency is small (Fig. 2(a)). Affected by the synchronism of the planetary gears,
the motion of the 1st stage fixed-axis gear changes from single-period to multi-period, when
Q, = 1,and when €, = 3.5, it is also in quasi-periodic motion with large oscillations. As the wear
increases (Fig. 2(d)), the excitation frequency of the quasi-periodic motion of the planetary gear
advances to (}; = 2.5, and the amplitude of the quasi-periodic motion increases. Fixed-axis gear
has not been affected due to the small increase in clearance (Fig. 2(c)).

g) h)
Fig. 2. Bifurcation diagram of the system with the change of excitation frequency
under different gaps: a) and b) €,5pn = €arpn = 0.1, ¢) and d) €45pn = €grpn = 0.2,
e) and f) €pn = €arpn = 0.4, g) and h) €450 = Eqrpn = 0.8
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As the wear continues to increase (Fig. 2(f)), the excitation frequency of planetary gear
advances to {1; = 2.1 when entering quasi-periodic motion, and quasi-periodic motion amplitude
also increases. At this time, the planetary gear vibration is transmitted to the fixed-axis, so that the
amplitude of the 1st stage fixed-axis gear is increased in the interval of (), € [3, 4] (Fig. 2(e)). As
the wear continues to increase (Fig. 2(h)), the excitation frequency of planetary gear advances to
Q; = 1.7 when entering the quasi-periodic motion, and the amplitude of quasi-periodic motion
increases significantly with Q1 > 4. The influence of synchronization of the planetary gear on the
fixed-axis gear is more serious. The amplitude of the interval of (), € [3, 4] increases continuously
(Fig. 2(g)).

It can be seen from Fig. 2 that the planetary gear wear mainly affects the interval of (), > 2.
In another article [23] of the author, it is found that when ); <2, it is mainly affected by the
fixed-axis wear. The wear of the planctary gear causes the excitation frequency of the
quasi-periodic motion of the planetary gear advances and increases the amplitude of the vibration.
At this time, due to the synchronization, the changes of the planetary gear are transmitted to the
fixed-axis gear, so that the amplitude of the quasi-periodic motion of the 1st stage fixed-axis gear
is obviously increased in the interval of Q; € [3, 4].

3.2. Frequency characteristics of the planetary gears under different excitation frequencies

In order to understand the frequency characteristics of the system under different excitation
frequencies and different degrees of wear, more detailed analysis of time domain, frequency
domain, phase diagram and Poincaré section of each motion state are required. The large clearance
state was (Fig. 2(f)) selected as the study object. At this time, the characteristics of the planetary
gear and the fixed-axis gear are obvious. The dimensionless characteristic frequencies of the gears
in the multistage gear transmission system are shown in Table 3. When &5, = €g,pp, = 0.4, the
dynamic characteristics of the planetary gear at different excitation frequencies were calculated,
and Figs. 3-8 were obtained.

Table 3. Dimensionless characteristic frequencies of multistage gear transmission system (Hz)

Characteristic frequency Dimensional frequency
Meshing frequency of 1st-stage fixed-axis gear f; 1
Meshing frequency of 2nd-stage fixed-axis gear f, 0.3599
Meshing frequency of planetary gear f3 0.0877
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Fig. 3. Dynamic characteristics of Fig. 4. Dynamic characteristics of
the planetary gear (1, = 1 the planetary gear 0, = 1.7

It can be seen from Fig. 3 that the system is in a single-period motion when the excitation
frequency is small, and the Poincaré section is a point group. Due to the sun gear is connected to
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the 2nd stage fixed-axis gear, the planetary gear vibration signal is weak compared with the 2nd
stage fixed-axis gear. The main peaks of the vibration spectrum are f, and f, + nf;. As the
excitation frequency increases, the system leaves the single-period motion and enters a
quasi-periodic motion (Fig. 5) through chaotic when the interval of (), € [1.7, 2.1] (Fig. 4).
Planetary gear vibration is intensified, and the amplitude of planetary gear meshing frequency
becomes the main peak. After the quasi-periodic motion is stable, the amplitude of the planetary
gear meshing frequency far exceeds that of the 2nd stage fixed-axis meshing frequency, and the
main peaks at this time are f; and its higher harmonics. Subsequently, the system undergoes loop
surface doubling (Fig. 6), and obvious nonlinear characteristics appear in the spectrum, which is
represented by the high amplitude of the sub-harmonic f5/2. After the system is stable, it maintains
the quasi-periodic motion again (Fig. 7). The main peaks of the spectrum are still f; and its higher
harmonics, but the amplitude of f; increases with the increase of excitation frequency (Fig. 8).
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Fig. 5. Dynamic characteristics of

Fig. 6. Dynamic characteristics of

the planetary gear Q; = 2.4 the planetary gear ; = 2.5
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Fig. 8. Dynamic characteristics of
the planetary gear O = 4.4

Fig. 7. Dynamic characteristics of
the planetary gear Q; = 2.9

When Q, = 1.7, the vibration characteristics of the planetary gears are more prominent than
the fixed-axis gear. The increase of the planetary gear clearance has little effect on low
frequencies, but has a great influence on high frequencies, which greatly increases the amplitude
of f,. The planctary vibrations are only sensitive to high excitation frequencies, and their
characteristics are not visible at low excitation frequencies. However, such high excitation
frequencies are often not achieved in engineering applications. Therefore, planetary gear wear is
relatively the least identifiable fault in the system.

1744
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3.3. Frequency characteristics of the planetary gears under different degrees of wear

The interval where the vibration characteristics of the planetary gear are obvious is selected as
the research object, that is, when ; = 3. The frequency characteristics of the planetary gear
changed with the degree of planetary wear were investigated, as shown in Fig. 9.

It can be seen from Fig. 9 that as the clearance increases, the planetary gear keeps periodic
motion, and the main peaks of the frequency are always f; and its higher harmonics, but the
amplitude of the frequency increases significantly. When the clearance is small, the planetary gear
is in single-period motion, and the vibration amplitude of the meshing frequency is also small
(Fig. 9(a)). The clearance gradually increases. When €45, = €4pn = 0.2-0.6, the amplitude
increases rapidly (Figs. 9(b)-(d)). At this time, the wear enters the development period, and the
slight increase of wear will be reflected in the spectrum. When the wear is
€aspn = €arpn = 0.6-1, the amplitude growth becomes slower (Figs. 9(e) and (f)).
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Fig. 9. Frequency characteristics of the planetary gears: a) €u5pn = €grpn = 0.1, b) €gspn = €grpn = 0.2,
c) e_aspn = e_arpn =0.4,d) éaspn = éarpn =0.6,¢) e_aspn = e_arpn =0.8,1) e_aspn = e_arpn =1

3.4. The influence of the planetary gear wear on the fixed-axis gear

The above research results only appear in the experimental simulation. In practical engineering
applications, the planetary gear signals are often coupled with the fixed-axis gear signals to
become complex mixed signals, which making the planetary gear signals difficult to identify. The
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1st stage fixed-axis signal is closer to the input end, so the signal interference is small, and the
vibration frequency is high. In the extracted experimental signals, the information components are
many and clear. Therefore, frequency characteristics on the meshing point of the Ist stage
fixed-axis gear are studied to investigate whether the planetary gear wear signals can affect the
fixed-axis ones. The frequency characteristics on the 1st stage fixed-axis meshing point were
investigated under different degrees of wear and different excitation frequencies. The results are

shown in Figs. 10, 11.
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Fig. 11. Frequency spectrum diagram of the 1st stage fixed-axis gear,
when &,¢, = €grpn =0.4:2) Qy = 1,0) 0 =2,¢)Q; =3,d)Q =4
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It can be seen from Fig. 2(g) that the excitation frequency range of the 1st stage fixed-axis gear
affected by the wear of the planetary gear is mainly [3, 4]. Comparing Figs. 10(a), (b) and 11(a),
(b), it can be seen that when ), = 1 and 2, the spectrum has no change. In Figs. 10(c) and (d), the
amplitude of the planetary gear meshing frequency f; is masked due to the slight wear. But with
the wear increase, f3 appears in Figs. 11(c) and d. In Fig. 11(d), the amplitude of f; has exceeded
f2, indicating that the planetary gear wear characteristics can be reflected in the fixed-axis
spectrum. But the planetary gear characteristics are only obvious when the wear progresses to the
medium term and the excitation frequency is sufficiently large.

4. Test signals identification and diagnosis

Fig. 12 shows a multistage gear transmission test rig consisting of a two-stage fixed-axis gear
and an one-stage planetary gear.

—

Fig. 12. The test rig of mulﬁstage gearmtransmis_;(-)h system: 1 — motor, 2 — torque"sensor and encoder,
3 — two stage fixed-axis gearbox, 4 — radial load of bearing, 5 — one stage planetary gearbox, 6 — brake

The planetary gear 1 in the test rig is the wear gear (see Fig. 13). It was found in 3.1 that the
excitation frequency range affected by the planetary gear wear was [3, 4]. The closer the excitation
frequency is to the region, the more obvious the vibration characteristics of the planetary gear are.
In order to identify changes in the planetary gear wear signals, the excitation frequency was varied
by adjusting the motor speed of the test rig. Since the maximum speed of the test rig is 3000 rpm,
the signals were tested and analyzed with the motor speed of 1800 rpm (corresponding to the
excitation frequency ; = 1) and 2400 rpm (corresponding to the excitation frequency ; = 1.5).
In order to compare the measured spectrums with the dimensionless simulation results, the
dimensionless spectrums of the vertical direction of the planetary gearbox at different speed were
obtained in Fig. 14. The dimensionless characteristic frequencies of each stage gears of the
multi-stage gear transmission system is shown in Table 3.

a) b)
Fig. 13. Wear planetary gear
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As can be seen from Fig. 14(b), planetary gear meshing frequency f; is not significant when
the excitation frequency is low. As the excitation frequency increases (Fig. 14(d)), planetary gear
meshing frequency f; amplitude increases. This conclusion is consistent with the numerical
simulation result, indicating that the planetary gear has obvious vibration characteristics at high
excitation frequency. It can be seen from the numerical simulation results that the increase of the
planetary gear wear will increase the amplitude of the meshing frequency of the planetary gear
and its higher harmonics but will not generate other side frequency components. Through the
variation of the amplitude of the planetary gear meshing frequency, the numerical simulation
results were used to identify the planetary gear wear.
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Q

]
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o
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<)
Fig. 14. Comparison of spectrum of the planetary gearbox at different speeds:
a) motor speed 1800 rpm time-domain, b) motor speed 1800 rpm frequency-domain,
¢) motor speed 2400 rpm time-domain, d) motor speed 2400 rpm frequency-domain

Comparing the theoretical simulation results with the experimental results, the main frequency
components are compared in detail. A comparison is drawn between Fig. 10(a) and Fig. 14(b) in
which the excitation frequency is the same as (}; = 1. Because of the different amplitudes of the
two, for the sake of comparison, the magnitude of the dimensionless spectrum of the theoretical
simulation is scaled down, as shown in Fig. 15.
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8
6
4
: i L1 i
O | |
FD F3 3F3 F2 F1-F2 2F2 F1 F1+FD F1+4+2FD

M Experimental results Theoretical simulation results

Fig. 15. Comparison of main frequency between theoretical and experimental results

As can be seen from Fig. 15, peak values of f;, f,, f3, 2f, and f;-f, are all found in both
theoretical and experimental conclusions. The difference is that there is a lack of peaks associated
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with f; in the theoretical value. This is because the established stiffness and error models are
functions of the meshing frequency, ignoring the motor frequency f;. In the ratio of the energy of
the frequency components, f; in the theoretical value is much larger than other frequency
components. In the experimental values, the frequency components are proportionally balanced,
and when the rotational speed is increased, the f; peak is highlighted (Fig. 14(d)).

5. Conclusions

In this paper, the nonlinear dynamic characteristics of the wear of planetary gear in a multistage
gear transmission system were studied. Planetary gear wear was simulated through the change of
the planetary gear clearance, and the bifurcation diagrams of the fixed-axis gear and planetary
gear under different clearances were analyzed. The changes of the system's motion state were
investigated. The vibration mechanism of the system with wear failure was summarized. The study
found that the wear of the planetary gear mainly affected the excitation frequency range of [3, 4].
As the excitation frequency increased, the motion state of the system changed from periodic
motion to quasi-periodic motion. The wear caused the excitation frequency of the system to enter
the quasi-periodic motion to advanced. By studying the time-domain, frequency-domain, phase
diagram and Poincaré section of each motion state of the fixed-axis gear and planetary gear under
different clearances, the transition processes and frequency characteristics of each motion state
were analyzed. Frequency characteristics of wear were obtained.

The vibration signals of the experimental rig were tested at different excitation frequencies.
When the rotational speed was increased, the amplitude of the meshing frequency of the planetary
gear increased. This result is the same as the theoretical study.
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