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Abstract. Cold mechanical vibration of air-cooled brake disc is mainly caused by the non-uniform 
geometry, including disk thickness variation (DTV) and side face run-out (SFR). A mathematical 
model consisting of the non-uniform geometry is constructed, which is imported into the dynamic 
brake model established by Lagrange equation as initial parameters. The braking moment 
fluctuation during braking process is obtained by MATLAB software. The experimental 
verification is realized based on Link3900 NVH test platform, where result shows that the 
calculated brake pressure is quite consistent with the test value. By single variable method, the 
key influence factor that affected braking moment fluctuation is analyzed, including DTV, SFR, 
friction coefficient, contact stiffness coefficient and damping coefficient. The conclusion shows 
that reducing these parameters within a certain range can significantly reduce the amplitude of 
cold vibration, except for the contact damping coefficient. 
Keywords: cold vibration, dynamic brake model, braking pressure, braking moment fluctuation, 
NVH. 

1. Introduction 

Disc brake is one of the most widely used brakes in automobiles at present. Still, as an 
important and common problem in disc brakes, cold mechanical vibration is mainly caused by the 
non-uniform geometry formed by machining, assembly, non-uniform wear and corrosion. It not 
only has a bad influence on the comfort, reliability and safety of automobiles, but also accelerates 
the aging and fatigue damage [1] of relevant components of brake system, and increases the cost 
of quality assurance and maintenance. A large number of tests have shown that the cold vibration 
of brake belongs to 1-5 order low frequency vibration, generally below 100 Hz. Compared with 
geometric inhomogeneity, the cold vibration is less easily affected by its own modal or material 
characteristics, especially these air-cooled disc brakes because of the ventilation slot structure. 

As we all know, the mathematical description for the discrete vibration system is quite 
convenient for spring-damping system research, but rarely mentioned or applied in disc brake 
system. At present, most of the studies on braking vibration are mainly based on modal analysis 
[2-5] and noise testing [6-9]. Whether the computation of discrete vibration with multiple degrees 
of freedom is suitable and accurate for the disc brake cold vibration and noise research is still not 
quite clear. Therefore, this hypothesis is put forward according to the non-uniform geometry of 
brake disc that caused by disk thickness variation (DTV) and side face run-out (SFR), and it can 
be verified by NVH experimental method that designed in the paper. 

2. Construction of geometric inhomogeneity model 

2.1. Analysis on influence factors of cold vibration 

Geometric inhomogeneity of thickness, also known as disk thickness variation (DTV, unit of 
μm), refers to the thickness difference of brake disc along the circumferential direction, as shown 
in Fig. 1. In the braking process, the friction equivalent radius will be changed, and the contact 
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pressure distribution will be uneven. At the same time, because the piston in the hydraulic brake 
system pushes the brake disc close to the rotating brake disc, the uneven thickness of the brake 
disc will force the piston to produce periodic displacement fluctuation in the axial direction, which 
will cause the brake pressure fluctuation. The main causes for DTV production can be summarized 
as follows: (1) Certain errors occurred in the manufacturing and installation process; 
(2) influenced by braking pressure, the structure of brake disc could be easily warped; (3) after a 
long time of braking, chemical corrosion of friction pair materials appeared. (4) non-uniform wear 
existed on the contact surface. 

Geometric inhomogeneity of side face run-out (SFR, unit of μm) means that the side face of 
air-cooled brake disc has an axial lateral deviation, but without necessary changes in thickness. 
As shown in Fig. 2, SFR will cause slight axial displacement of the brake disc along with rotation 
in braking process, which will have a periodic impact on brake pads and pistons that are connected 
with them. It will also lead to uneven distribution of contact pressure between air-cooled brake 
disc and pads, change friction coefficient and equivalent radius of braking force, and cause the 
braking moment fluctuation and the braking pressure fluctuation [10]. 

 
Fig. 1. The DTV model in brake process 

 
Fig. 2. The SFR model in brake process 

2.2. Geometric inhomogeneity model of DTV 

DTV is numerically equal to the maximum thickness of the brake disc 𝐻 minus the minimum 
thickness ℎ. Assuming that the displacement of the left and right sides of the air-cooled brake disc 
is a sinusoidal function with time, the displacement amplitude is approximated to DTV/4, as 
shown in Fig. 3. Two independent displacement variables of contact between brake pad and brake 
disc during braking are defined as 𝑋ௗ௟ and 𝑋ௗ௥, respectively. When the vehicle is moving with 
uniform deceleration, the expression of the displacement on both sides can be expressed as shown 
in Eq. (1): 

൞𝑋ௗ௟ = −𝐷𝑇𝑉4 sinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ,𝑋ௗ௥ = 𝐷𝑇𝑉4 sinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶ + 𝜑଴ሻ, (1)

where 𝜔଴ is initial angular velocity of air-cooled disc. 𝑎 is the acceleration of vehicle in braking 
process. 𝜑଴ is the phase difference of displacement between left and right sides of air-cooled disc. 

 
Fig. 3. Geometric inhomogeneity model of DTV 

 
Fig. 4. Geometric inhomogeneity model of SRF 
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2.3. Geometric inhomogeneity model of SFR 

Essentially, SRF is the axial deviation along the circumference of the end face of the air-cooled 
disk. As shown in Fig. 4, 𝑂𝑥𝑦 is defined as a fixed coordinate system. 𝑂𝑥′𝑦′ is a local coordinate 
system fixed on the brake disc and rotated around the 𝑦 axis along with the center of the brake 
disc. The three-dimensional space transformation relation of the two coordinate systems (𝑂𝑥𝑦𝑧 to 𝑂𝑥′𝑦′𝑧′) is as follows: 

ቐ𝑥 = 𝑥ᇱcosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻcos𝜓 − 𝑦ᇱcosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻsin𝜓 + 𝑧ᇱsinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ,𝑦 = 𝑥ᇱsin𝜓 − 𝑦ᇱcos𝜓,𝑧 = −𝑥ᇱsinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻcos𝜓 + 𝑦ᇱsinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻsin𝜓 + 𝑧ᇱsinሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ, (2)

where 𝜓 is installation deflection angle of air-cooled disc. 
Defined the radius of air-cooled disc as 𝑟, it can be known that 𝜓 = arctanሺ𝑆𝐹𝑅 𝑟⁄ ሻ, then the 

displacement of 𝑦 direction at the four points of A, B, C and D can be calculated as follows: 

𝑦஺ = 𝑟ଵtan𝜓cosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ + 𝑑2cos𝜓, (3)𝑦஻ = 𝑟ଶtan𝜓cosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ + 𝑑2cos𝜓, (4)𝑦஼ = 𝑟ଵtan𝜓cosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ − 𝑑2cos𝜓, (5)𝑦஽ = 𝑟ଶtan𝜓cosሺ𝜔଴𝑡 − 0.5𝑎𝑡ଶሻ − 𝑑2cos𝜓, (6)

where 𝑟ଵ is the internal radius of brake pad. 𝑟ଶ is outer radius of brake pad. 
If the phase difference between the left and right sides of the brake disc caused by the thickness 

difference is zero, the thickness expression of the brake disc at the contact position can be 
calculated as follows: 𝑑 = 𝑑଴ + 𝐷𝑇𝑉2 cos ቀ𝜔଴𝑡 − 0.5𝑎𝑡ଶ + 𝜋2ቁ, (7)

where 𝑑 is thickness of air-cooled brake disc at contact position of brake pad and 𝑑଴ is average 
thickness of air-cooled brake disc. 

3. Establishment and solution of dynamic model of braking system 

3.1. Geometric inhomogeneity of thickness 

The air-cooled disc brake adopts sliding caliper disc structure, as shown in Fig. 5. Only the 
inner side of the brake disc has a cylinder, so its axial dimension is small. Because there is no oil 
passage across the brake disc, the brake fluid is injected from the inside, and the cooling condition 
of the brake wheel cylinder is good, and also the brake fluid is not easy to be heated and vaporized 
[11]. When the brake is working, the pressure oil reaches the cylinder through the oil inlet, and 
the piston and brake pad are pressed to move towards the end face of the brake disc. At this time, 
the brake caliper body moves left along the pin under the action of the hydraulic reaction of the 
inner wheel cylinder, which causes the brake pad on the outer side of the brake disc to contact 
with the brake disc. Finally, the braking pressure is applied to complete the braking process.  

The frequency of cold vibration is lower than 100 Hz, and the cause of vibration is independent 
of the natural frequencies of the brake components [12]. Therefore, according to the working 
principle of air-cooled disc brake, the braking system can be simplified to a multi-degree-of-
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freedom discrete system, as shown in Fig. 6. The contact mechanics model of disc brake is 
established by methods of multi-body dynamics to determine the contact points of left and right 
pads. Displacement is set as input in this system, braking moment, braking pressure and vibration 
acceleration of brake clamp are set as output. 

 
Fig. 5. Structure composition and working principle 

 
Fig. 6. Dynamic model of disc brake 

According to Lagrange equation, the relationship between generalized force 𝑄௜  and 
generalized coordinate 𝑞௜ is obtained as follows: 𝑑𝑑𝑡 ൬𝜕𝐿𝜕𝑞ሶ௜൰ − 𝜕𝐿𝜕𝑞௜ + 𝜕𝐷𝜕𝑞ሶ௜ = 𝑄௜ , (8)

where 𝐿 is the Lagrange function, equal to the kinetic energy 𝑇 of the system minus the elastic 
potential energy 𝑈. 𝐷 is the system damping energy. 

The expression of total kinetic energy 𝑇 of disc brake system is: 

𝑇 = 12𝑚௖𝑥ሶ௖ଶ + 12𝑚௛𝑥ሶ௛ଶ + 12𝑚௣𝑥ሶ୮୪୬ଶ + 12𝑚௣𝑥ሶ௣௟௧ଶ + 12𝑚ௗ𝑥ሶௗଶ + 12𝑚௣𝑥ሶ௣௥௡ଶ + 12𝑚௣𝑥ሶ௣௥௧ଶ. (9)

The expression of total elastic potential energy 𝑈 of disc brake system is: 

𝑈 = 12𝑘௛௖ሺ𝑥௖ − 𝑥௛ሻଶ + 12𝑘௛௣ሺ𝑥௛ − 𝑥୮୪୬ሻଶ + 12𝑘௣ௗሺ𝑥୮୪୬ − 𝑥ௗ௟ሻଶ + 12𝑘௣ௗሺ𝑥ௗ௥ − 𝑥௣௥௡ሻଶ       + 12𝑘௣௖ሺ𝑥௣௥௡ − 𝑥௖ሻଶ + 12𝑘௔௖ሺ𝑥௖ − 𝑥௔ሻଶ + 12𝑘௔௣ሺ𝑥௣௟௧ − 𝑥௔ሻଶ + 12𝑘௔௣ሺ𝑥௣௥௧ − 𝑥௥ሻଶ, (10)

where 𝑘௛௖  is stiffness coefficient between brake caliper and cylinder piston. 𝑘௛௣  is stiffness 
coefficient between cylinder piston surface and left brake disc. 𝑘௣ௗ is stiffness coefficient between 
contact surface of brake disc and pad. 𝑘௣௖ is stiffness coefficient between the brake caliper and 
the right brake pad. 𝑘௔௖ is stiffness coefficient between brake caliper and bracket. 𝑘௔௣ is stiffness 
coefficient between brake pad and brake caliper. 

The system damping energy 𝐷 can be expressed as follows: 

𝐷 = 12 𝑐௛௖ሺ𝑥ሶ௖ − 𝑥ሶ௛ሻଶ + 12 𝑐௛௣ሺ𝑥ሶ௛ − 𝑥ሶ୮୪୬ሻଶ + 12 𝑐௣ௗሺ𝑥ሶ୮୪୬ − 𝑥ሶௗ௟ሻଶ + 12 𝑐௣ௗሺ𝑥ሶௗ௥ − 𝑥ሶ௣௥௡ሻଶ       + 12 𝑐௣௖ሺ𝑥ሶ௣௥௡ − 𝑥ሶ௖ሻଶ + 12 𝑐௔௖ሺ𝑥ሶ௖ − 𝑥ሶ௔ሻଶ + 12 𝑐௔௣ሺ𝑥ሶ௣௟௧ − 𝑥ሶ௔ሻଶ + 12 𝑐௔௣ሺ𝑥ሶ௣௥௧ − 𝑥ሶ௥ሻଶ, (11)

where 𝑐௛௖  is damping coefficient between brake caliper and cylinder piston. 𝑐௛௣  is damping 
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coefficient between cylinder piston surface and left brake disc. 𝑐௣ௗ is damping coefficient between 
contact surface of brake disc and pad. 𝑐௣௖ is damping coefficient between the brake caliper and 
the right brake pad. 𝑐௔௖ is damping coefficient between brake caliper and bracket. 𝑐௔௣ is damping 
coefficient between brake pad and brake caliper: 𝑚௖𝑥ሷ௖ + 𝑘௛௖(𝑥௖ − 𝑥௛) + 𝑐௛௖(𝑥ሶ௖ − 𝑥ሶ௛) − 𝑘௣௖(𝑥௣௥௡ − 𝑥௖) − 𝑐௣௖(𝑥ሶ௣௥௡ − 𝑥ሶ௖) + 𝑘௔௖𝑥௖+ 𝑐௔௖𝑥ሶ௖ = 0, (12)𝑚௛𝑥ሷ௛ − 𝑘௛௖(𝑥௖ − 𝑥௛) − 𝑐௛௖(𝑥ሶ௖ − 𝑥ሶ௛) + 𝑘௛௣(𝑥௛ − 𝑥௣௟௡) + 𝑐௛௣(𝑥ሶ௛ − 𝑥ሶ௣௟௡) = 0, (13)𝑚௣𝑥ሷ௣௟௡ − 𝑘௛௖൫𝑥௛ − 𝑥௣௟௡൯ − 𝑐௛௖൫𝑥ሶ௛ − 𝑥ሶ௣௟௡൯ + 𝑘௣ௗ൫𝑥௣௟௡ − 𝑥ௗ௟൯ + 𝑐௣ௗ൫𝑥ሶ௣௟௡ − 𝑥ሶ௣௟௡൯= −𝐹௔௣௟ , (14)𝑚௣𝑥ሷ௣௥௡ − 𝑘௣ௗ൫𝑥ௗ௥ − 𝑥௣௥௡൯ − 𝑐௣ௗ൫𝑥ሶௗ௥ − 𝑥ሶ௣௥௡൯ + 𝑘௣௖൫𝑥௣௥௡ − 𝑥௖൯ + 𝑐௣௖൫𝑥ሶ௣௥௡ − 𝑥ሶ௖൯= −𝐹௔௣௥, (15)𝑚௣𝑥ሷ௣௟௧ + 𝑘௔௣𝑥௣௟௧ + 𝑐௔௣𝑥ሶ௣௟௧ = 𝐹௣ௗ௟ିௗ − 𝐹௣௛, (16)𝑚௣𝑥ሷ௣௥௧ + 𝑘௔௣𝑥௣௥௧ + 𝑐௔௣𝑥ሶ௣௥௧ = 𝐹௣ௗ௥ିௗ − 𝐹௣௖ , (17)

where 𝐹௔௣௟ is the friction force between left brake pad and brake caliper bracket in relative motion. 𝐹௔௣௥ is the friction between right brake pad and brake caliper bracket in relative motion. 𝐹௣௛ is the 
friction force produced by relative motion between left brake pad and cylinder piston  
surface. 𝐹௣௖ is the friction force between right brake pad and brake caliper. 𝐹௣ௗ௟ିௗ and 𝐹௣ௗ௥ିௗ are 
respectively the friction force between left and right surface of brake disc. 

According to the bearing condition of brake system, the internal force system can be calculated 
as follows: 𝐹௔௣௟ = ൫𝑘௔௣ ⋅ 𝑥௣௟௧ + 𝑐௔௣ ⋅ 𝑥ሶ௣௟௧൯𝑢௔௣, (18)𝐹௔௣௥ = ൫𝑘௔௣ ⋅ 𝑥௣௥௧ + 𝑐௔௣ ⋅ 𝑥ሶ௣௥௧൯𝑢௔௣, (19)𝐹௣௛ = ൣ𝑘௛௣ ⋅ ൫𝑥௛ − 𝑥௣௟௡൯ + 𝑐௛௣ ⋅ ൫𝑥ሶ௛ − 𝑥ሶ௣௟௡൯൧𝑢௛௣, (20)𝐹௣௖ = ൣ𝑘௣௖ ⋅ ൫𝑥௣௥௡ − 𝑥௖൯ + 𝑐௣௖ ⋅ ൫𝑥ሶ௣௥௡ − 𝑥ሶ௖൯൧𝑢௖௣, (21)𝐹௣ௗ௟ିௗ = ൣ𝑘௣ௗ ⋅ ൫𝑥௣௟௡ − 𝑥ௗ௟൯ + 𝑐௣ௗ ⋅ ൫𝑥ሶ௣௟௡ − 𝑥ሶௗ௟൯൧𝑢ௗ௣, (22)𝐹௣ௗ௥ିௗ = ൣ𝑘௣ௗ ⋅ ൫𝑥ௗ௥ − 𝑥௣௥௡൯ + 𝑐௣ௗ ⋅ ൫𝑥ሶௗ௥ − 𝑥ሶ௣௥௡൯൧𝑢ௗ௣, (23)

where 𝑢௔௣, 𝑢௛௣, 𝑢௖௣ and 𝑢ௗ௣ are coefficients of contact friction force at different locations. 
The relationship between the two solutions can be expressed by matrix traveling as follows: ሾ𝐌ሿ ⋅ 𝑞ሷ + ሾ𝐂ሿ ⋅ 𝑞ሶ + ሾ𝐊ሿ ⋅ 𝑞 = ሾ𝐂ଵሿ𝑢ሶ + ሾ𝐊ଵሿ𝑢, (24)

where 𝐌 is mass matrix. 𝐂 and 𝐂ଵ is damping matrix. 𝐊 and 𝐊ଵ is stiffness matrix.  
In Eq. (24), 𝐪, 𝐮, 𝐌, 𝐂, 𝐂ଵ and 𝐊ଵ can be expressed as: 𝐪 = (𝑥௖ 𝑥௛ 𝑥௣௟௡ 𝑥௣௥௡ 𝑥௣௟௧ 𝑥௣௥௧)், (25)𝐮 = (𝑥ௗ௟      𝑥ௗ௥)், (26)

𝐌 =
⎣⎢⎢
⎢⎢⎢
⎡𝑚௖ 𝑚௛ 𝑚௣ 𝑚௣ 𝑚௣ 𝑚௣⎦⎥⎥

⎥⎥⎥
⎤
, (27)
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𝐂 =
⎣⎢⎢
⎢⎢⎢
⎡𝑐௛௖ + 𝑐௣௖ + 𝑐௔௖ −𝑐௛௖ 0 −𝑐௣௖ 0 0−𝑐௛௖ 𝑐௛௖ + 𝑐௛௣ −𝑐௛௣ 0 0 00 −𝑐௛௖ 𝑐௛௖ + 𝑐௣ௗ 0 𝑢௔௣ ⋅ 𝑐௔௣ 0−𝑐௣௖ 0 0 𝑐௛௖ + 𝑐௣ௗ 0 𝑢௔௣ ⋅ 𝑐௔௣0 𝑢௛௣ ⋅ 𝑐௛௣ −𝑢௛௣ ⋅ 𝑐௛௣ − 𝑢ௗ௣ ⋅ 𝑐௣ௗ 0 𝑐௔௣ 0−𝑢௖௣ ⋅ 𝑐௣௖ 0 0 𝑢௖௣ ⋅ 𝑐௣௖ + 𝑢ௗ௣ ⋅ 𝑐௣ௗ 0 𝑐௔௣ ⎦⎥⎥

⎥⎥⎥
⎤, (28)

𝐊
=
⎣⎢⎢
⎢⎢⎢
⎡𝑘௛௖ + 𝑘௣௖ + 𝑘௔௖ −𝑘௛௖ 0 −𝑘௣௖ 0 0−𝑘௛௖ 𝑘௛௖ + 𝑘௛௣ −𝑘௛௣ 0 0 00 −𝑘௛௖ 𝑘௛௖ + 𝑘௣ௗ 0 𝑢௔௣ ⋅ 𝑘௔௣ 0−𝑘௣௖ 0 0 𝑐௛௖ + 𝑐௣ௗ 0 𝑢௔௣ ⋅ 𝑐௔௣0 𝑢௛௣ ⋅ 𝑘௛௣ −𝑢௛௣ ⋅ 𝑘௛௣ − 𝑢ௗ௣ ⋅ 𝑘௣ௗ 0 𝑘௔௣ 0−𝑢௖௣ ⋅ 𝑘௣௖ 0 0 𝑢௖௣ ⋅ 𝑘௣௖ + 𝑢ௗ௣ ⋅ 𝑘௣ௗ 0 𝑘௔௣ ⎦⎥⎥

⎥⎥⎥
⎤, (29)

𝐊ଵ =
⎝⎜
⎜⎜⎛

0 00 0𝑘௣ௗ 00 𝑘௣ௗ−𝑢ௗ௣𝑘௣ௗ 00 𝑢ௗ௣𝑘௣ௗ⎠⎟
⎟⎟⎞ ,      𝐂ଵ =

⎝⎜
⎜⎜⎛

0 00 0𝑐ௗ௣ 00 𝑐௣ௗ−𝑢ௗ௣𝑐௣ௗ 00 𝑢ௗ௣𝑐௣ௗ⎠⎟
⎟⎟⎞. (30)

The matrix 𝐗 is defined as: 𝐗 = (𝑥௖ 𝑥௛ 𝑥௣௟௡ 𝑥௣௥௡ 𝑥௣௟௧ 𝑥௣௥௧ 𝑥ሶ௖ 𝑥ሶ௛ 𝑥ሶ௣௟௡ 𝑥ሶ௣௥௡ 𝑥ሶ௣௟௧ 𝑥ሶ௣௥௧)். (31)

The differential equation of matrix 𝐗 is: 𝐗ሶ = 𝐀𝐗 + 𝐁𝐔. (32)

In Eq. (32): 𝐀 = ቀ 𝑂ଵ 𝐼ଵ−𝑀ିଵ𝐾 −𝑀ିଵ𝐶ቁ ,        𝐁 = ൬ 𝑂ଶ 𝑂ଶ𝐌ିଵ𝐊ଵ 𝐌ିଵ𝐂ଵ൰ ,      𝐔 = ሾ𝑢 𝑢ሶ ሿ் . (33)

where 𝐎ଵ is 6×6 null matrix. 𝐈ଵ is 6×6 unit matrix. 𝐎ଶ is 6×2 null matrix. 
Assuming that the brake disc rotates counter-clockwise, the force analysis on the brake disc 

shows that the friction force on the brake disc is the sum of the friction force on the left and right 
pads, which is shown as follows: 𝐹௖ௗ = 𝐹௣ௗ௟ + 𝐹௣ௗ௥. (34)

In the braking process, if the brake friction coefficient and the braking pressure of the wheel 
cylinder remain unchanged, the braking moment can be regarded as a constant value. But in 
practice, the braking process is often accompanied by jitter. That is to say, there is a certain amount 
of vibration in the braking moment. Therefore, the braking moment can be expressed as: 𝑇௕ = 𝑇௦ + 𝑇ௗ = 𝐹௖ௗ ⋅ 𝑅௘௙௙ , (35)

where 𝑇௕ is effective braking torque. 𝑇௦ is static torque. 𝑇ௗ is dynamic torque. 𝑅௘௙௙ is effective 
braking radius. 

According to the principle of cold vibration, it can be known that the brake torque fluctuation 𝑉௧ equals the dynamic torque 𝑇ௗ: 
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𝑉௧ = 𝑢ௗ௣ ⋅ 𝑅௘௙௙⋅ ൣ𝑘௣ௗ ⋅ ൫𝑥௣௟௡ − 𝑥ௗ௟൯ + 𝑐௣ௗ ⋅ ൫𝑥ሶ௣௟௡ − 𝑥ሶௗ௟൯ + 𝑘௣ௗ ⋅ ൫𝑥ௗ௥ − 𝑥௣௥௡൯ + 𝑐௣ௗ ⋅ ൫𝑥ሶௗ௥ − 𝑥ሶ௣௥௡൯൧. (36)

The parameters of the braking system can be obtained from the experimental measurements as 
shown in Table 1. 

Table 1. Main parameters of dynamic model 
Parameter Value Parameter Value Parameter Value 𝑚௖ 1.5 kg 𝑘௣௖ 3.3×106 N/m 𝑐௔௣ 6.0 N·s/m 𝑚௛ 0.12 kg 𝑘௔௣ 4×105 N/m 𝑐௔௖ 4.0 N·s/m 𝑚௣ 0.45kg 𝑘௔௖ 2×105 N/m 𝑢௛௣ 0.09 𝑅௘௙௙ 0.15 m 𝑐௛௖ 0.2 N·s/m 𝑢ௗ௣ 0.4 𝑘௛௖ 7.8×106 N/m 𝑐௛௣ 0.3 N·s/m 𝑢௔௣ 0.08 𝑘௛௣ 3.5×106 N/m 𝑐௣ௗ 22 N·s/m 𝑢௖௣ 0.05 𝑘௣ௗ 6.5×106 N/m 𝑘௣௖ 0.2 N·s/m   

3.2. Solution of dynamic model 

According to the dynamic differential equation of the braking system mentioned above, the 
fluctuation of braking moment of 𝑉௧ caused by DTV and SFR in braking process can be obtained 
in Fig. 7, and the effective braking torque of 𝑇௕  is shown in Fig. 8. In all graphs, parameter 𝑡 
represents time. When air-cooled disc brake works, the vehicle speed decreases, so the variation 
of braking moment fluctuation will be similar to the sinusoidal curve with periodic increasing, but 
the magnitude of positive and negative is different, which is similar to the characteristics of input 
on both sides of the brake disc. 

 
Fig. 7. The braking moment fluctuation of 𝑉௧  

Fig. 8. The effective braking torque of 𝑇௕ 

In order to verify the feasibility and reliability of the dynamic model, the bench test was 
adopted. The experimental research is realized based on Link3900 NVH test platform in the paper. 
The overall installation diagram of the disc brake and sensor is shown in Fig. 9. The brake is 
mounted on the spindle and synchronously rotates along with the output shaft of the reducer. 
According to the test results of pressure sensor, the accuracy of brake pressure calculation is 
validated as shown in Fig. 10. It can be seen that the brake pressure curve shows a consistent trend 
of change. Due to sampling frequencies [13, 14], there are some differences in vibration periods. 
Generally, the model has high reliability and can be used to analyze the influence of different 
factors. 

The fluctuation of braking moment 𝑉௧ is used to measure the characteristics of cold vibration. 
The factors affecting the braking moment fluctuation include not only the displacement input on 
both sides of the air-cooled brake disc, but also the material parameters of the friction pair. 
Therefore, these two kinds of influencing factors are discussed respectively. 
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Fig. 9. The overall installation diagram 

 
Fig. 10. Verification of brake press calculation 

3.3. Analysis of cold mechanical vibration 

3.3.1. Effect of DTV and SFR 

If we keep other parameters unchanged, the braking moment fluctuation is respectively 
calculated under the conditions of DTV = 10 μm, 20 μm and 40 μm, as shown in Fig. 11. It can 
be seen that the period of braking moment fluctuation does not change with the change of DTV, 
and the amplitude of braking moment fluctuation increases with the increase of DTV. Similarly, 
if we keep other parameters unchanged, the braking moment fluctuation can be respectively 
calculated under the conditions of SFR = 25 μm, 35 μm and 45 μm, as shown in Fig. 12. The effect 
of SFR on braking moment fluctuation is similar to that of DTV. The amplitude of braking 
moment fluctuation increases with the increase of SFR. However, due to the deflection of the 
brake disc, the difference between peak and trough is greater. 

The wave peak value and trough value of 𝑉௧ with different DTV and SFR is shown in Table 2. 
It can be known that the linear variation of peak value for SFR is more obvious. In order to reduce 
the cold vibration factor, the precision of processing and installing [15] should be improved, which 
can especially reduce the initial value of disk thickness variation and side face run-out. 

 
Fig. 11. Changes of 𝑉௧ caused by DTV 

 
Fig. 12. Changes of 𝑉௧ caused by SFR 

Table 2. Wave peak value and trough value of 𝑉௧ with different DTV and SFR 
DTV / 
μm 

Peak value of 𝑉௧ 
/ N·m 

Trough value of 𝑉௧ 
/ N·m 

SFR / 
μm 

Peak value of 𝑉௧ 
/ N·m 

Trough value of 𝑉௧ 
/ N·m 

10 59.78 –39.94 25 57.98 -39.94 
20 70.82 –51.36 35 73.87 -53.63 
40 82.75 –62.24 45 89.95 -69.87 

3.3.2. Effect of friction pair parameters 

The main parameters of friction pair include friction coefficient, stiffness coefficient and 
damping coefficient. The fluctuation of braking moment can be considered from the aspect of 
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system stability [16]. According to Lyapunov’s first method, the state of non-linear system can be 
considered. If the maximum real part of the eigenvalue is equal to zero, the system is critically 
stable. However, as long as there is an eigenvalue whose real part is greater than zero, the system 
will lose its stability and its natural response will diverge [17]. Also, the imaginary part 
corresponding to the eigenvalue is the natural angular frequency of the unstable mode [18].  

The maximum real part eigenvalue in this dynamic model is calculated as in Fig. 13. It can be 
known that the system is stable with the change of three parameters, including stiffness coefficient 𝑘ௗ௣, damping coefficient 𝑐ௗ௣ and friction coefficient 𝑢ௗ௣. The stability hardly varies with the 
change of contact stiffness 𝑘ௗ௣  and friction coefficient 𝑢ௗ௣ . But in a certain range, with the 
increase of the damping coefficient 𝑐௣ௗ, the maximum real part value gradually decreases and the 
stability is better. 

 
a) Condition of different 𝑐௣ௗ and 𝑢ௗ௣ 

 
b) Condition of different 𝑐௣ௗ and 𝑘ௗ௣ 

Fig. 13. The maximum real part eigenvalue 

According to the single variable method, the braking moment fluctuation 𝑉௧ under different 
condition of stiffness coefficient 𝑘௣ௗ, damping coefficient 𝑐௣ௗ and friction coefficient 𝑢ௗ௣ can be 
obtained as shown in Fig. 14, and the peak value and trough value is shown in Table 3. It can be 
seen that the amplitude of braking moment fluctuation increases with the increase of contact 
stiffness coefficient. With the increase of friction coefficient, the amplitude of braking moment 
fluctuation also increases. But, the fluctuation of braking moment does not change with the change 
of damping coefficient between discs and pads. That is to say, the magnitude of damping 
coefficient has no effect on the amplitude of braking moment fluctuation. 

 
a) Changes of 𝑉௧ caused by 𝑘௣ௗ 

 
b) Changes of 𝑉௧ caused by 𝑐௣ௗ 

 
c) Changes of 𝑉௧ caused by 𝑢ௗ௣ 

Fig. 14. Changes of 𝑉௧ with different variable 
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Table 3. Wave peak value and trough value of 𝑉௧ with different variable 
Single variable Peak value of 𝑉௧  /N·m Trough value of 𝑉௧  /N·m 𝑘௣ௗ  / ×106 N/m 

6.5 59.65 –40.38 
7.5 67.74 –47.95 
8.5 77.58 –57.26 𝑐௣ௗ  / (N·s/m) 
22 59.65 –40.38 
28 59.36 –40.05 
34 58.98 –39.59 𝑢ௗ௣ 

0.40 59.65 –40.38 
0.45 66.05 –45.98 
0.50 76.13 –55.89 

It can be concluded that if the contact stiffness coefficient between brake disc and brake pad 
is reduced through material optimization [19], the amplitude of brake moment fluctuation can be 
effectively reduced. At the same time, on the premise of sufficient friction between disc and pads, 
proper reduction of friction coefficient is also one of the effective methods to reduce the amplitude 
of braking moment fluctuation. 

4. Conclusions 

The research results show that the discrete multi-degree-of-freedom vibration system is 
suitable for the calculation of brake cold vibration, which has important guiding significance for 
the research and control of noise. In addition, the air-cooled brake disc has hollow groove  
structure, which will amplify the cold vibration effect and would cause severe local wear and  
noise. Through this study, the following conclusions can be drawn. 

1) The influence of different parameters on cold vibration can be evaluated effectively by using 
single variable method to research the braking moment fluctuation. This conclusion can provide 
an important basis for noise reduction and vibration reduction of disc brake. 

2) The results show that the stiffness coefficient and friction coefficient have little effect on 
the Lyapunov stability of the brake system, and the stability of the brake system increases with 
the increase of damping coefficient.  

3) According to the limit range of cold vibration, the amplitude of braking moment fluctuation 
and braking pressure fluctuation is proportional to stiffness coefficient and friction coefficient, but 
the damping coefficient has little effect on cold vibration.  
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