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Abstract. This study proposes a combined method of the multi-body system theory and the
Jourdain’s principle to study the automotive vibration. A 3D dynamic model of the automotive is
built based on the multi-body system theory, the vibration equations are described based on two
methods including a method of the Jourdain’s principle and the traditional method of the
Newton-Euler’s principle. Matlab/Simulink software is used to solve the vibration equations under
the excitation of the step road. The results show that the acceleration responses of the vertical,
pitch and roll vibrations of the vehicle’s body with the Jourdain’s method are similarly in
comparison with the traditional method. Therefore, the Jourdain’s method not only is applied for
studying the kinetic and dynamic model of multi-body systems but also can be applied for studying
the automotive vibration. Especially, nonlinear properties of objects in the vibration model can be
clearly described by the Jourdain’s method via the recursive Jacobian matrices.
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1. Introduction

In order to establish the mathematical equations from the physical models of the multi-body
systems, there were many methods for establishing the equations describing the motion of the
system, such as Euler-Lagrange and D’ Alembert’s principle [1, 2], Newton-Euler equations [3],
Hamilton’s principle, Jourdain’s principle combines with multi-body system theories [4, 5].

Automotives are also considered to be multi-body systems including seats, vehicle body,
engine, axles and wheels. Multi-bodies are connected through vibration isolation mounts. In the
study of the automobile vibrations, two main methods were used including (1) using Adams,
CATIA softwares to establish 3D models, the models were then simulated and analyzed the
objectives via ANSYS or Matlab software [3, 6], and (2) from an actual automotive, establishing
the physical model, the vibration equations were then established based on D’ Alembert’s principle
or Newton-Euler equations. Matlab/Simulink software was used to calculate the objectives [2, 7].
However, the second method was almost applied for study the automotive vibrations due to the
efficiency of method for analyzing nonlinear models. Besides, a traditional method of the
Newton’s second law not only simply used to establish vibration equations for simple physical
models but also applied for solving nonlinear systems was almost chosen to establish the vibration
equations of the car [3], the bus [8], the heavy truck [9], the vibratory roller [7], and so on.
However, this method is difficult to apply for the complex dynamic systems of automotives
considering the strong nonlinear force components such as the interactive of the wheels with the
road surface, the characteristic of the suspension system when considering the impact of the
suspension with the limiting stopper, wheel off-road surface.

Kinetic relationships of the complex dynamic systems are often expressed via trigonometric
functions, which are factors that cause nonlinear. If the trigonometric angles are changed to be
small in the wide range, the kinetic relations are strongly nonlinear. For these problems, the
Jourdain’s principle (JP) was applied to establish the equations. Based on the multi-body system
theory, a motorcycle dynamic model using JP was used to study the lateral stability of motorcycles
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[4]. The results showed that the longitudinal/vertical motions of the model were easily determined
via kinetic relationships and the trigonometric functions. In addition, the derivation of the
equations of motion from JP was similar independence in comparison with Lagrange’s principle
which was used for establishing the vibration equations [5]. However, the JP has not yet been
applied to study the automotive vibration.

In this study, a modified technique for studying the automotive vibrations based on a combined
method of the multi-body system theory and the JP is applied. The nonlinear dynamic model of
the vehicle is established based on two methods of the JP and the Newton’s second law.
Matlab/Simulink software is used to simulate and compare the results of two methods under a step
excitation of the road. The major goal of this study is to provide a modified technique for studying
the automotive vibration apart from the traditional methods.

2. Methods for study the automotive vibration
2.1. Jourdain’s principle

Assuming that the kinematics of the mechanical system are characterized by m generalized
velocities 9 = [vo,,vao,,yvqs] corresponding to k natural coordinates y = [ro,,y,,q,,qs]. Therefore,
the linear and angular velocity and the linear and angular acceleration of each body ith in moving
reference R, with respect to the inertial reference R, can be expressed by [5]:

Yo = 1(;01(1%19)(),) ! ; %i’gﬁli()’ 0wy (9, %) 0wy (9, %) M
VoilU, X) ¢ VoilU, X) . iU, X) . oilU, X) .
ot 29 v+ oy X Eoi 09 o+ oy X 2)

The JP called by the principle of the virtual power is defined by [4]: Jourdain’s principle states
that the virtual power done by motion compatible constraint efforts F; ./M; . is null, then:

n
Z' 1{61]51'1:!'.6 + 8wy M; .} = 0. 3)
L=

Appling Newton-Euler’s equation for motion compatible constraint efforts F; ./M; ., we have:

m;ay; = Fic + Fie = Fi o = may; — Fie,
ligo; + Wo; X [jwo; = My + My = Mo = [185; + 0o X [jwo; — M.

“)

By replacing Egs. (2), (4) into Eq. (3), and after some algebraic manipulations, the dynamics
motion expression is deduced as following:

MY = Q& Zn {m avgi v, (9, X) + awgi I awoi(ﬂ;)()}lg
i=1

Y99 a9 a9 29 (5)
o (0v i (0,0) \ | dwp; dwoi (9, X) |
= Zi=1{ al;n (Fi,e M )() + 61901 (Mi,e — oy A @ X Il-a)oi> )

where M is the mass matrix obtained by the direct calculation of Jacobian matrices; @ is the vector
of the generalized efforts.

2.2. Applying Jourdain’s principle for study the automotive vibration

The automotive model is considered as a set of seven bodies including the main body B, the
front axle Ag, the rear axle A, and the four wheels w;_,. A direct application of the JP to establish
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the vibration equations of the vehicle is exposed. For this, the kinematics of each body in the
moving reference R, is described as follows: The generalized coordinates at the centre of gravity
of the main body are x;,y,z;, (the generalized coordinate B), of the each axle is x4;y,;Z4; (the
generalized coordinate 4;), and of each wheel is x;y;z; (the generalized coordinate wy), (i = f, 7;
j = 1-4), as plotted in Fig. 1(a). Assuming that the moving reference R, is at the generalized
coordinate B, three natural coordinates at the centre of gravity of the main body are the vertical
displacement z,, the pitch ¢ and roll 8 angles corresponding to its three generalized velocities are
v,, w, and w,, respectively. Besides, two natural coordinates of the front and rear axles including
vertical displacement and the roll angle at the centre of gravity of each axle also are z,; and 8,;
corresponding to two generalized velocities are z,; and 6,;. Hence, the generalized coordinates
and velocities of the body and the axles are respectively defined by:

xs =z, ¢ 60]", 9p=[V2 @x W],
Xa = [Zaf gaf Zq, ear]T' Uy = [Zaf gaf Zar ear]T-

(6)

The motion of wheels is considered as excitation forces that affect the suspension system and
the vehicle body causing vibration of the automotive.

b) 3D dynamic models of the automotive
Fig. 1. The automotive dynamic model

The mass matrix of the main body M;: The mass matrix My is calculated via the automotive
model in Fig. 1(a) as follows:
In the inertial reference R,, the linear and angular velocity of the main body is given by:

ToBo = [00 z,+ hB]T - Vgp = Uzey, Wop,o = [wy Wy O]T = Wyly T wyey, @)

where e, = [100]", e, =[010]", and e, = [0 0 1]7 are the direction vectors; hp is the static

height of the centre of gravity of the vehicle body.
By replacing Eq. (7) into the mass matrix of the main body My in Eq. (5), and after some

ISSN PRINT 2345-0533, ISSN ONLINE 2538-8479, KAUNAS, LITHUANIA 101



A MODIFIED TECHNIQUE FOR STUDYING THE AUTOMOTIVE VIBRATIONS BASED ON JOURDAIN’S PRINCIPLE.
VAN LIEM NGUYEN, VAN QUYNH LE, RENQIANG JIAO

algebraic manipulations, we have:
Mg = [b;jlsxs, bi1 =mp, by =lIgy, bsz =Ipy, bjj=0, (i#])), (®)

where mpg, I, and I, are the mass and the mass moments of inertia for the body pitch and roll.

The mass matrix of the axles M,: The position of the axle ith with respect to the inertial
reference R, are obtained by 7,4; 0 = Top,0 + TBai0 = ToB,o T Re-aiTsaip- The linear and angular
velocity of each axle ith in moving reference R,, is obtained by a direct differentiation 7,; , as:

Voa;B =oBpt Wopp X Tpa;p + tz4Zais Woa; = Wopp T doabair )

where t,, = [00 1] and dy, = [1 0 0] are the direction vectors of vertical and roll motions.
By replacing Eq. (9) into the mass matrix of the axles My in Eq. (5), we have:

_ _ _ _ T

My = [My;] = [Qijlaxar Q11 = Mg, Az = dgalapxdoa
_ _ T _ C 0

A3z = Myr, Quq = doglarxdos, a;j =0, (@ #]).

(10)

Vector of generalized efforts Q: Assume that Fyp; is the dynamic reaction forces from each
axle into the vehicle body via the suspension systems and F,,4; is the dynamic reaction forces of
each wheel, we have:

Fag, = (6 + k;6))e, = [cj (20, = 2a;) + k5 (25, — zaj)] e, = —Fyy, (11)
FWA]' = (ijswj + kwjgwj)ez = [ij (zaj - q]) + kwj (Zal- - qj)] €z (12)

where ¢; and k; are damping and stiffness coefficients, and §; is the relative displacement of the
suspension systems; ¢,,; and k,,; are damping and stiffness coefficients of each wheel; 6, ; is the
deformation of each wheel; g; is the exciting vibration from the road, (j = 1-4).
Vector of generalized efforts of the main body Q: The dynamic reaction force Qp is
determined by the vector of the generalized force Q5 and generalized moment Q¥ as follow:
The linear and angular velocity of the main body in moving reference R,, are obtained by:

T _— T _—
Vop = Uz€;, Wop = Wxeyx + Wy ey, (13)

Replacing Egs. (11), (13) into the vector of the generalized effort Q5 in Eq. (5), we have:

4

Qs = [Qf QF1" = [tzTB( ) 1FAB]- + mBgB,B>
j=

4 4 T (14)
‘ngZ_ (_1)n+1FABj7'Bj dgyz, (_1)]+1FABjrBj] )
Jj=1 j=1

where j = 1-2 thenn = 1, j = 3-4 then n = 2; r; is the distance from the position of Fg; to the
centre of gravity of the main body; g p is the gravitational acceleration of the main body and it
is calculated by gg 5 = gR,-5[00-1]7, in which R,z = R4 xRg,y is the matrix rotation of the
body pitch and roll rotations in moving reference R,, and it is described in the reference [4].

Vector of generalized efforts of the axles Q4: In the automotive model, the vehicle floor and

the axles are connected by the dependent suspension systems. Therefore, the dynamic reaction
forces affected on each axle is determined by:

Qa= [QAf QA,.]T = [ng Qi\{; Qgr Q%]T- (15)
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The linear and angular velocities at each wheel and at the centre of gravity of each axle are:
v:"{jB = Zajez' wzl‘,:B = gaiey- (16)

Replacing Egs. (11), (12), (16) into the vector of the generalized efforts Q4; in Eq. (5), the
vector of generalized efforts of the front axle Q45 and rear axle Q,, in Eq. (15) is determined by:

Qﬁi tzTA(FBA,, + Fpapy + Fwa, + Fway,, mAugAi,B) i=f, v=1,
= , > { (17)

Q,Ic\x/li dga(Fga, = Fpay,, = Fwa, + Foay )74, J v =3,

QA,:=|:

i=r,

where g,; p is the gravitational acceleration of each axle in moving reference R, calculated by
Gai = 9Ro-pRp-4i[0 0-117; Rg_, 4; described in the reference [4] is the matrix rotation of the
front and rear axles in the axle roll rotation depended on the structure of the dependent suspensions.

By replacing Egs. (6), (8), (14) into Eq. (5), and also replacing Egs. (6), (10), (15) into Eq. (5),
the dynamics motion expressions of the main body and the axles are deduced by:

MBﬁB = Q5

. 18
My, = Q. (18

Md=Qe {
The Eq. (18) is the general dynamic differential equations for the vehicle vibration model based
on the Jourdain’s method.

2.3. Traditional method for study the automotive vibration

A 3D vehicle dynamic model is established as in Fig. 1(b). Based on Newton’s second law is
applied to establish the vibration equations. The general dynamic differential equations for the
vehicle model are then given by the following matrix form:

[MI{Z} + [C{Z} + [K]{Z} = {F(D)}, (19)

where [M], [C] and [K] are (mxm) mass, damping and stiffness matrices; {Z} and {F(¢)} are the
(mx1) displacement vector and exciting force vector; and m is the number of DOF, (m = 7).

3. Simulation results and comparisons

In order to compare between the traditional and Jourdain’s methods for study the automotive
vibration, an excitation of the step road carried out in Fig. 2 at a speed 20 m.s™' of the vehicle
traveling and the automotive parameters in the reference [10] are chosen to simulate. The
simulation results of the acceleration responses with two methods are plotted in Fig. 3.

Observing Figs. 3, it can see that the acceleration responses of the vertical, pitch and roll
vibrations of the vehicle body with the Jourdain’s method are similarly in comparison with the
traditional method, especially the acceleration responses at 1.0-1.5 s, as see in Fig. 3(a) and (b).
Also, at very small acceleration region from 1.5 s to the end, the acceleration responses with the
Jourdain’s method are lightly deviated in comparison with the traditional method. This may be
due to the effect of the Jacobian matrices which is characterized by the vibration equations of the
JP. This characteristic reflects the strong or weak nonlinear properties of the dynamic model and
its vibration equations, and it is clearly shown in Fig. 3(c). Fig. 3(c) shows that the acceleration
response of the vehicle body’s roll angle with the traditional method is approximately zero value.
This is due to the automotive dynamic model symmetrically assumed in the vertical plane, and the
excitations of the left/right wheels are the same, as seen in Fig. 1(b). However, it is clearly with
the Jourdain’s method, especially at 1.0 to 1.5 s. Although the acceleration value is also very small,
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but the result shows that the nonlinear characterizes of the dynamic model with the Jourdain’s
method are clearly in comparison with the traditional method. Therefore, the Jourdain’s method
not only can be applied for studying the automotive vibration but also can clearly reflect the strong
or weak nonlinear properties of the automotive dynamic model.
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Fig. 2. Time history of the excitation road sources
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Fig. 3. The accelerations responses on a step road

4. Conclusions

The comparison results of the acceleration responses with two methods are similarly under the
excitation of the step, therefore, the method of the Jourdain’s principle can be applied to research
the automotive vibrations apart from the traditional methods. The Jourdain’s method clearly
reflects the strong or weak non-linear properties of the dynamic model through the vibration
equations with recursive Jacobian matrices. This is very significant for studying the vibration of
the complex dynamic models of the automotive with strong nonlinear properties.
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