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Abstract. TBM cutterhead works in complex working conditions, which endures the reverse 
impact forces of rock breakage, resulting in parts abnormal failure. Hence, the study of the system 
inherent characteristics is the basis for cutterhead dynamic design. Based on the established 
vibration model of a TBM split-cutterhead system, the modal method is used in the dynamic model 
and the natural frequency sensitivity expressions to system parameters are deduced. Then a 
cutterhead system of a water conservancy project in China is taking as an example, the natural 
frequency sensitivity with respect to the cutterhead support stiffness and mass parameters is 
obtained, and the influence of the two parameters on natural characteristics is analyzed. The results 
show that, the 10th-20th order natural frequencies are mainly affected by the cutterhead support 
stiffness and mass parameters, and the 9th-11th order frequencies are mainly influenced by 
cutterhead moment of inertia. Besides, with the change of stiffness and mass parameters, the 
cutterhead system natural frequency curves cut across each other and there are also many 
inflection points in the sensitivity curves, then the modal jumping occurs near these points. The 
parameter sensitive points were obtained from the results, which can provide reference for TBM 
cutterhead system parameters matching. 
Keywords: TBM cutterhead, vibration characteristics, parameter sensitivity, mode jumping. 

1. Introduction 

Tunnel Boring Machine (TBM) is a kind of advanced engineering equipment used in various 
tunnels, which is widely applied to the urban subways, river-crossing or sea-crossing tunnels and 
national defense tunnel excavation. Compared with other excavation methods, TBM has the 
advantages of fast tunneling speed, environmental protection and high efficiency. Cutterhead 
system is the core component of rock breaking, which endures the reverse impact forces of rock 
breakage duo to the complicated geological conditions. As a result, the structural vibration and 
various components failure are caused by the impact forces, such as the cracking of cutterhead 
panel, main bearing failure and cutter seat cracks [1, 2]. Therefore, the cutterhead strength, system 
dynamic performance and fatigue life requirements are very high, and it is necessary to analyze 
the system vibration characteristics in the structural design stage. The natural characteristic is the 
research foundation of vibration analysis, and analysis of different parameters on the natural 
frequencies and sensitivity, can provide a basis for system parameters matching.  

Scholars have done a lot of research on the TBM cutterhead system design, and encouraging 
achievements have been obtained. As early as 1980s around in overseas, Hopkins [3] and Samuel 
[4] et al. studied the variation rule of rock breaking loads at the tunneling field and laboratory, 
through the force sensors installed on the cutter shaft. A novel method named Rock Joint Rate 
(RJR) for predicting the penetration rate (PR) of TBM in hard rocks was proposed and huge 
amounts of engineering data was utilized to validate the proposed model [5]. In recent years, Jamal 
Rostami, an international well-known TBM expert, presented many cutterhead design and 
performance prediction models for hard rock TBM combined with some engineering cases, which 
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can provide reference for cutterhead structural design and performance analysis [6, 7]. In  
domestic, some key technologies involved in the TBM cutterhead design were presented and the 
further research issues of cutterhead design were proposed by Liu et al. [8]. A free-face-assisted 
rock breaking method was proposed for improving the rock breaking efficiency, and then a 
multi-stage TBM cutterhead structure was designed and series of proof-of-concept tests were 
carried out to validate the proposed method [9]. Xia, Tan et al. studied the rock breaking 
characteristics and impact loads of different cutters, using the discrete element method, finite 
element method and experimental method [10-12]. Besides, some scholars studied the rock cutting 
forces, disc cutter wear performance and rock breaking efficiency with different kinds of cutters 
by the means of simulation and rotary cutting test [13, 14]. Similarly, Han, Xia et al. established 
a TBM excavation finite element model to investigate the dynamic responses of cutterhead loads, 
and the simulation results were validated by a tunneling test [15]. Also, the cutterhead loads and 
tunneling parameter characteristics were directly studied using the theoretical derivation and 
numerical methods, which can provide guidance for TBM construction parameters matching 
[16, 17]. Moreover, Sun, Huo et al. has been done a lot of research work in the aspects of TBM 
cutterhead system vibration characteristics, tunneling field test, electromechanical coupling 
vibration model as well as the structural performance evaluation, and some useful results were 
achieved, which also can provide reference for TBM cutterhead structural anti-vibration design 
and parameters matching [18-21]. 

As mentioned above, scholars have studied the TBM cutter rock breaking characteristics, 
cutterhead loads and system vibration by the means of field test, numerical simulation and 
theoretical derivation, and some instructive conclusions were obtained. However, the TBM 
cutterhead system natural characteristics, influence of different parameters on natural frequencies 
and sensitivity have been seldom involved previously. Accordingly, in this paper, the parameter 
sensitivity expressions of cutterhead system natural frequency are deduced by using the modal 
method, based on the established dynamic model of TBM cutterhead system. Then a TBM 
cutterhead of a water tunnel project in northwest Liaoning province is taken as an example, the 
influence of cutterhead support stiffness and mass parameters on the system natural frequencies 
and sensitivity is analyzed, to lay foundation for the cutterhead system dynamic design and 
parameters matching. 

2. Multi-degree of freedom coupling dynamic model about TBM cutterhead system 

The rotary torque is transmitted to the pinions by multiple motors through the respective 
planetary gear reducers when the TBM tunnels. Then an inner ring gear fixed with the cutterhead 
flange is derived by the pinions, so as to drive the cutterhead. For a cutterhead with diameter over 
8m, the cutterhead plate body is generally made up of several pieces, and each piece is connected 
with the center block by welding and bolts. The typical split-cutterhead structure with medium 
square is shown in Fig. 1. A multi-degree of freedom coupling vibration model of a 
split-cutterhead system has been established, based on the lumped mass method, with the coupling 
vibration model of cutterhead piece and center block showing in Fig. 2 [18]. For the other 
structural vibration models, see reference [18], and the detailed dynamics differential equations 
are also presented in this literature. 

3. Sensitivity analysis method for cutterhead system natural frequencies  

Modification of physical parameters method is a useful tool for system vibration optimization. 
Physical parameters can be modified in a targeted way, and the system can obtain predetermined 
vibration characteristics with this method. Therefore, it is necessary to study the natural 
frequencies variation with physical parameters, and to explore the natural frequencies sensitivity 
to the mass, stiffness and other parameters changing. Mathematically, sensitivity is a derivative. 
Physically, it reflects the modal parameters sensitivity to a system inertial or elastic element. In 
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this paper, the modal method is used to analyze the natural frequencies sensitivity of TBM 
cutterhead system [22], and the mathematical derivation process of the actual cutterhead system 
is presented as follows. 

 
Fig. 1. Split-cutterhead structure 

 

 
Fig. 2. Coupling vibration model of  
cutterhead piece and center block 

For an undamped free vibration equation, the characteristic equation is: ൫𝐊 − 𝜆𝐌൯ሼ𝛗ሽ = 0. (1) 

It is supposed that the symmetric matrix 𝑏𝑖 = 𝐊 − 𝜆𝐌, then Eqs. (1) can be expressed as: 𝐏ሼ𝛗ሽ = 0, (2) 

where 𝐊  is the cutterhead system average stiffness matrix, with the expression showing in 
Appendix, 𝐌 is the cutterhead system mass matrix, which is a diagonal matrix, shown in reference 
[18], 𝜆 , ሼ𝛗ሽ = ሾ𝛟, 𝛟, 𝛟, 𝛟ௗ, 𝛟ଵ, ⋯ , 𝛟ேሿ் are the system 𝑖th eigenvalue and eigenvector, 
respectively, and: 𝛟 = ൣ𝜉, 𝜂, 𝑍൧, (𝑗 = 1 − 4),   𝛟 = ൣ𝑋, 𝑌, 𝑍, 𝜃௫, 𝜃௬, 𝜃൧, 𝛟 = ሾ𝑋, 𝑌, 𝑍, 𝜃௫, 𝜃௫, 𝜃ሿ,   𝛟ௗ = ሾ𝑋ௗ, 𝑌ௗ, 𝑍ௗሿ,  

and 𝛟 = ሾ𝐻, 𝑉, 𝜃, 𝜃ሿ, (𝑘 = 1 − 𝑁) are the vibration components of cutterhead piece, 
cutterhead center block, inner ring gear, support shield body and the pinions, respectively. 

Then Eqs. (2) is multiplied by the vector ሼ𝛗ሽ் on the left, and Eqs. (3) can be expressed as: ሼ𝛗ሽ்𝐏ሼ𝛗ሽ = 0. (3) 

Eqs. (3) is took the partial derivative of physical parameter 𝑠 , and the expression can be 
obtained as follows: ∂ሼ𝛗ሽ்∂𝑠 𝐏ሼ𝛗ሽ + ሼ𝛗ሽ் ∂𝐏∂𝑠 ሼ𝛗ሽ + ሼ𝛗ሽ்𝐏 ∂ሼ𝛗ሽ∂𝑠 = 0. (4) 

Since the matrix 𝐏 is a symmetric matrix, the Eqs. (2) can be transposed as follows: ሼ𝛗ሽ்𝐏் = ሼ𝛗ሽ்𝐏 = 0. (5) 

Then Eqs. (2) and Eqs. (5) are substituted into Eqs. (4): 
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ሼ𝛗ሽ் ∂𝐏∂𝑠 ሼ𝛗ሽ = ሼ𝛗ሽ் ቆ∂𝐊∂𝑠 − ∂𝜆∂𝑠 𝐌 − 𝜆 ∂𝐌∂𝑠 ቇ ሼ𝛗ሽ = 0. (6) 

A normalized mode vector ሼ𝛗ఛሽ் is introduced, which is satisfied the following expression: ሼ𝛗ఛሽ்𝐌ሼ𝛗ఛሽ = 1. (7) 

Then Eqs. (7) is substituted into Eqs. (6), it can be obtained: ∂𝜆∂𝑠 = ሼ𝛗ఛሽ் ቆ∂𝐊∂𝑠 − 𝜆 ∂𝐌∂𝑠 ቇ ሼ𝛗ఛሽ. (8) 

The above expression is the sensitivity of the system 𝑖th eigenvalue 𝜆 to physical parameter 𝑠. 
In addition, since the cutterhead system average stiffness matrix 𝐊 is unrelated to the mass 

parameter 𝑚, and the mass matrix 𝐌 is also unrelated to the stiffness parameter 𝑘, that is: ∂𝐊∂𝑚 = 0,   ∂𝐌∂𝑘 = 0. (9) 

Eqs. (9) is substituted into Eqs. (8), and the sensitivity expressions of the 𝑖th eigenvalue to the 
mass parameter 𝑚 and stiffness parameter 𝑘 can be described as follows, respectively: 

⎩⎪⎨
⎪⎧ ∂𝜆∂𝑚 = −𝜆ሼ𝛗ఛሽ் ∂𝐌∂𝑚 ሼ𝛗ఛሽ,∂𝜆∂𝑘 = ሼ𝛗ఛሽ் ∂𝐊∂𝑘 ሼ𝛗ఛሽ.  (10) 

Besides, the relationship between the natural frequency and eigenvalue is 𝜆 = 𝜔ଶ , so the 
sensitivity expressions of natural frequency can be expressed: 

⎩⎪⎨
⎪⎧∂𝜔∂𝑚 = − 𝜔2 ሼ𝛗ఛሽ் ∂𝐌∂𝑚 ሼ𝛗ఛሽ,∂𝜔∂𝑘 = 12𝜔 ሼ𝛗ఛሽ் ∂𝐊∂𝑘 ሼ𝛗ఛሽ.  (11) 

4. Case study 

The cutterhead system mass matrix 𝐌 and average stiffness matrix 𝐊 are substituted into 
Eqs. (11), then the system natural frequencies sensitivity to the mass and stiffness parameters can 
be obtained. In view of the paper length restriction, this paper mainly studies the influence of 
actual cutterhead support stiffness and mass parameters on natural characteristics and sensitivity, 
and the influence analysis of other parameters are similar. 

4.1. Overview of an actual cutterhead system 

This case study object is based on a water tunnel project in northwest Liaoning province,  
China. The tunnel net section diameter is 7.51 m, and the TBM excavation diameter is 8.53 m, 
with the TBM cutterhead system parameters showing in Table 1. The TBM cutterhead is 
composed of four cutterhead pieces and a center block, and the main drive system is driven by an 
external meshing style structure. The driving pinions are connected with a short axis, and the 
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whole machine weight is supported by the cutterhead front bottom support and support boots 
together, so the structural stability is high. 

Table 1. Parameters of TBM cutterhead system 
Cutter number Motor power / kW Rated speed / rpm Maximum torque / kNm 

53 3300 5.5 9633 
Rated thrust / kN Gear modulus / mm Ring gear tooth number Pinion tooth number 

16509 20 198 19 

4.2. The natural frequencies and vibration modes of cutterhead system 

Based on the established cutterhead system vibration model, the natural frequencies and mode 
shapes are obtained by solving the system free vibration differential equation. In view of the 
cutterhead actual excitation frequency, the lowest fifteen frequencies and mode shapes are 
presented in Table 2. 

Table 2. Natural frequency and mode shapes of cutterhead system 
Mode shape Natural frequencies / Hz 
Rigid mode 𝑓ଵ = 0 

Motors and pinions torsional vibration mode 𝑓ଶିଽ = 57 

Cutterhead and inner ring gear translational overturning 
coupled vibration mode 

𝑓ଵ = 61, 𝑓ଵଵ = 70, 𝑓ଵଶ = 114,  𝑓ଵଷ = 𝑓ଵସ = 120, 𝑓ଵହ = 124 

By using regularization method, the system mode shape vector is obtained, as shown in Fig. 3. 
The DOF number 1-59 in Fig. 3 represents the free degree of system, where 1-18 is the degree of 
freedom of cutterhead piece and center block, 19-24 is the inner ring gear degree of freedom, 
25-27 is the support shield body degree of freedom, and 28-59 is the degree of freedom of pinion 
and motor. For details, it can be seen the reference [18]. 

 
Fig. 3. Vibration modes of cutterheader system 

4.3. Influence of cutterhead supporting stiffness to natural characteristics and sensitivity 

4.3.1. Influence of cutterhead piece supporting stiffness 

In the cutterhead system average stiffness matrix 𝐊, the matrices associated with cutterhead 
piece tangential supporting stiffness 𝑘  include 𝑘ଵଵ , 𝑘ଶଶ , 𝑘ଷଷ , 𝑘ଵଷ  and 𝑘ଶଷ  (the detailed 
expressions are shown in Appendix). These matrices are cutterhead piece supporting stiffness 
matrix and coupled supporting stiffness matrix between each cutterhead piece and center block, 
and the derivatives of other matrices to the parameter 𝑘 are all equal to 0, so the partial derivative 
expression of 𝐊 to 𝑘 is presented as follows: 
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𝜕𝐊𝜕𝑘 = 𝜕𝜕𝑘

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘 ⋯ −𝑘sin𝜑ଵ 𝑘cos𝜑ଵ ⋯  ⋯ 𝑘 ⋯ −𝑘sin𝜑ଶ 𝑘cos𝜑ଶ ⋯⋯ 𝑘 ⋯ −𝑘sin𝜑ଷ 𝑘cos𝜑ଷ ⋯⋯ 𝑘 ⋯ −𝑘sin𝜑ସ 𝑘cos𝜑ସ ⋯−𝑘sin𝜑ଵ ⋯ −𝑘sin𝜑ସ  𝑘sinଶ𝜑ସ
ୀଵ −  𝑘cos𝜑sin𝜑ସ

ୀଵ ⋯
𝑘cos𝜑ଵ ⋯ 𝑘cos𝜑ସ −  𝑘sin𝜑cos𝜑ସ

ୀଵ  𝑘cosଶ𝜑ସ
ୀଵ ⋯   ⋯   ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎥⎥⎤
 

       =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎡ 1 ⋯ −sin𝜑ଵ cos𝜑ଵ ⋯  ⋯ 1 ⋯ −sin𝜑ଶ cos𝜑ଶ ⋯⋯ 1 ⋯ −sin𝜑ଷ cos𝜑ଷ ⋯⋯ 1 ⋯ −sin𝜑ସ cos𝜑ସ ⋯−sin𝜑ଵ ⋯ −sin𝜑ସ  sinଶ𝜑ସ

ୀଵ −  cos𝜑sin𝜑ସ
ୀଵ ⋯

cos𝜑ଵ ⋯ cos𝜑ସ −  sin𝜑cos𝜑ସ
ୀଵ  cosଶ𝜑ସ

ୀଵ ⋯   ⋯   ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎤
. 

(12) 

Eqs. (12) is substituted into Eqs. (11), then the sensitivity expression of the 𝑖 th natural 
frequency to the cutterhead piece tangential supporting stiffness can be obtained: ∂𝜔∂𝑘 = 12𝜔 ሼ𝛗ఛሽ் ∂𝐊∂𝑘 ሼ𝛗ఛሽ = 12𝜔 ቆ (𝜁(𝜁 − 𝑋 sin𝜑 + 𝑌cos𝜑)ସୀଵ       +𝑋 (−𝜁sin𝜑 + 𝑋 sinଶ𝜑 − 𝑌sin𝜑cos𝜑൯     +𝑌(𝜁cos𝜑 − 𝑋 cos𝜑sin𝜑 + 𝑌cosଶ𝜑)))       = 12𝜔  (ସୀଵ 𝜁𝛿 − 𝑋 sin𝜑𝛿 + 𝑌cos𝜑𝛿 ) = 12𝜔  (𝛿 )ଶସୀଵ .

 (13) 

Based on the numerical calculation, the influence of cutterhead piece tangential support 
stiffness change on the system natural frequency and the sensitivity change law are analyzed. Then 
the affected cutterhead system natural frequencies and corresponding mode shapes are presented, 
as shown in Fig. 4. 

From the above results, it can be seen that the natural frequencies increase with the value of 
cutterhead piece tangential support stiffness, and this stiffness mainly affects the system 10-20th 
order frequencies. Moreover, to illustrate the system vibration characteristics variation law, the A 
point (𝑘 = 3.61 GN/m) is taken as an example. When the value of 𝑘 increases, the natural 
frequency curves of the fifteenth and sixteenth order coincide at point A, and the two order mode 
shapes are the cutterhead translational vibration mode, as well as the cutterhead and inner ring 
gear translational overturning coupled vibration mode before point A, respectively (as shown in 
Fig. 4(c) and Fig. 4(d)). Then the natural frequency sensitivity curves change suddenly after point 
A, and the mode shapes are synthesized into the cutterhead, inner ring gear translational and 
motors, pinions torsional coupled vibration mode, which indicates that point A is a sensitive point 
of the cutterhead piece tangential support stiffness parameter. At this point, with the value change 
of stiffness, the modal mutation and mode jumping occur. Some other stiffness sensitive points 
appear in Fig. 4, which include the natural frequency curve crossing points or sensitivity 
catastrophe points. Near these points, the vibration mode analysis principle is similar, and the 
mode jumping phenomenon also occurs when the stiffness value is near the sensitive points. 
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a) Natural frequency change 

 
b) Natural frequency sensitivity change 

 
c) The fifteenth mode shape before point A 

 
d) The sixteenth mode shape before point A 

Fig. 4. The influence of cutterhead piece tangential support stiffness to natural characteristics 

4.3.2. Influence of cutterhead center block supporting stiffness 

Similarly, the sensitivity expressions of the 𝑖th natural frequency to the cutterhead center block 
axial support stiffness 𝑘 and radial support stiffness 𝑘௫ can be derived as follows: 𝜕𝜔𝜕𝑘 = 12𝜔 (𝛿 )ଶ, (14) 𝜕𝜔𝜕𝑘௫ = 12𝜔 ((𝑋 − 𝑋 )ଶ + ൫𝑌 − 𝑌)ଶ൯. (15) 

Then the influence curves of the cutterhead center block support stiffness on the natural 
frequencies and corresponding sensitivity are presented after numerical calculation in Fig. 5. 

It can be known from Fig. 5 that the cutterhead center block stiffness also mainly affect the 
system 10th-20th order frequencies. Similarly, with the value increase of the center block radial 
support stiffness, it appears bifurcation phenomenon in the natural frequency curves. The twelfth 
order frequency curve is coincide with the thirteenth order frequency curve before the stiffness 
value is less than A point value (𝑘௫ = 70 GN/m), and the mode shape is the cutterhead, inner 
ring gear translational and motors, pinions torsional coupled vibration mode. Then the twelfth 
order mode shape changes into the cutterhead, inner ring gear translational overturning coupled 
vibration mode after point A. And the thirteenth order mode shape keeps the same at first, and then 
frequency curve is consistent with the fourteenth order frequency curve at point B  
(𝑘௫ = 80 GN/m) (The corresponding mode shape is the cutterhead translational vibration mode). 
Near the bifurcation point A and coincidence point B, the cutterhead system mode shapes also 
change when the parameter values change. 
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a) Natural frequency change 

 
b) Natural frequency sensitivity change 

 
c) Natural frequency change 

 
d) Natural frequency sensitivity change 

Fig. 5. The influence of cutterhead center block support stiffness to natural characteristics 

4.4. Influence of cutterhead mass parameter to natural characteristics and sensitivity 

4.4.1. Influence of cutterhead piece mass 

The mass matrix 𝐌 is used to take the partial derivative of cutterhead piece mass 𝑚, and then 
substituted into Eqs. (11). So, the sensitivity expression of the 𝑖 th natural frequency to the 
parameter 𝑚 can be obtained as follows: ∂𝜔∂𝑚 = − 𝜔2  (𝜉)ଶ + (𝜂 )ଶ + (𝑍)ଶସୀଵ . (16) 

Also, the influence curves of the cutterhead piece mass on the natural frequencies and 
corresponding mode shapes are drawn, as shown in Fig. 6. 

From Fig. 6 it can be showed that the cutterhead piece mass mainly affect the system 10th-20th 
order frequencies and the natural frequencies decrease with the increase of cutterhead piece mass. 
The fourteenth and fifteenth order natural frequency curves intersect at point A (𝑚 = 13.92 t), 
and the two order mode shapes are the cutterhead and inner ring gear translational vibration mode, 
as well as the cutterhead translational vibration mode before point A (as shown in Fig. 6(c) and 
Fig. 6(d)), respectively. Then the two order mode shapes exchange after point A, and the natural 
frequency sensitivity curves also change suddenly. 

4.4.2. Influence of cutterhead rotational inertia 

The sensitivity expressions of the 𝑖th natural frequency to the cutterhead moment of inertia IL 
can be also derived, as shown in Eq. (17): ∂𝜔∂𝐼 = − 𝜔2 ൬12 (𝜃௫ )ଶ + 12 (𝜃௬ )ଶ + (𝜃 )ଶ൰. (17) 
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And the affected cutterhead system natural frequencies and sensitivity curves are presented in 
Fig. 7. 

As can be seen from Fig. 7, the cutterhead moment of inertia mainly affects the system ninth 
to eleventh order frequencies. 

 
a) Natural frequency change 

 
b) Natural frequency sensitivity change 

 
c) The fourteenth mode shape before point A 

 
d) The fifteenth mode shape before point A 

Fig. 6. The influence of cutterhead piece mass to natural characteristics 

 
a) Natural frequency change 

 
b) Natural frequency sensitivity change 

 
c) The ninth mode shape after cross point 

 
d) The tenth mode shape after cross point 

Fig. 7. The influence of cutterhead moment of inertia to natural characteristics 
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With the increase of this parameter value, the ninth and the tenth order natural frequency 
curves are interleaved. The ninth order mode shape is the cutterhead, inner ring gear, pinions and 
motors torsional vibration mode before the cross point, and the tenth order mode shape is the 
cutterhead and inner ring gear overturning vibration mode. When the cutterhead moment of inertia 
value is larger than the cross point value, the two order mode shapes change into the pinions and 
motors torsional vibration mode, as well as the cutterhead, inner ring gear translational overturning 
coupled vibration mode (as shown in Fig. 7(c) and Fig. 7(d)), respectively. Also, there is an 
inflection point in the tenth order natural frequency sensitivity curve, and the mode jumping also 
occurs near the inflection point. 

5. Conclusions 

1) The cutterhead system natural frequency sensitivity expressions are deduced by the modal 
method, and the sensitivity expressions of each frequency to the stiffness parameters and mass 
parameters are obtained, based on the established cutterhead system vibration model. 

2) An actual cutterhead system is taken as an example, the influence of the cutterhead support 
stiffness on each natural frequency and sensitivity is analyzed. The results show that the cutterhead 
support stiffness mainly affect the 10th-20th order frequencies, and with the stiffness value  
change, it occurs many crossing points or bifurcation points in the frequency curves. Near these 
points, the sensitivity curves change suddenly, and the mode shapes also change, to cause the 
mode jumping phenomenon. It is necessary to keep away from the stiffness sensitive points in 
actual design, to avoid the system vibration response uncontrollability. 

3) In addition, the influence of the cutterhead mass parameter on each natural frequency and 
sensitivity is also analyzed. It indicated that the cutterhead piece mass also mainly affect the 
10th-20th order frequencies, and the cutterhead moment of inertia mainly affect the system ninth 
to eleventh order frequencies. Similarly, with the cutterhead mass value change, the natural 
frequency curves are interleaved, and many inflection points also appear in the sensitivity curves. 
It is also required to avoid the natural frequency parameter sensitive points while matching the 
cutterhead mass parameters. 
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Appendix 

The cutterhead system average stiffness matrix 𝐊 is expressed as follows: 
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𝐊 =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎡𝑘ଵଵ 𝑘ଵଶ 𝑘ଵଷ 𝑘ଵସ 𝑘ଵହ 𝑘ଵ 𝑘ଵ 𝑘ଵ଼ 𝑘ଵଽ 𝑘ଶଶ 𝑘ଶଷ 𝑘ଶସ 𝑘ଶହ 𝑘ଶ 𝑘ଶ 𝑘ଶ଼ 𝑘ଶଽ  𝑘ଷଷ 𝑘ଷସ 𝑘ଷହ 𝑘ଷ 𝑘ଷ  𝑘ଷ଼ 𝑘ଷଽ   𝑘ସସ 𝑘ସହ 𝑘ସ 𝑘ସ 𝑘ସ଼ 𝑘ସଽ    𝑘ହହ 𝑘ହ 𝑘ହ 𝑘ହ଼ 𝑘ହଽ     𝑘 𝑘 𝑘଼ 𝑘ଽ (𝑠𝑦𝑚. )     𝑘 𝑘଼ 𝑘ଽ       𝑘଼଼ 𝑘଼ଽ        𝑘ଽଽ⎦⎥⎥

⎥⎥⎥
⎥⎥⎥
⎤
,  

where 𝑘ଵଵ and 𝑘ଶଶ are the 6 order diagonal matrices related to cutterhead piece support stiffness: 𝑘ଵଵ = diag൫𝑘ଵ, 𝑘ఎଵ, 𝑘ଵ, 𝑘ଶ, 𝑘ఎଶ, 𝑘ଶ൯,   𝑘ଶଶ = diag൫𝑘ଷ, 𝑘ఎଷ, 𝑘ଷ , 𝑘ସ , 𝑘ఎସ, 𝑘ସ൯.  𝑘ଷଷ is a 6 order square matrix related to cutterhead center block support stiffness: 

𝑘ଷଷ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘௫ + 𝑘ఎଵ + 𝑘ଶ + 𝑘ఎଷ + 𝑘ସ 0 0 0 0 00 𝑘௬ + 𝑘ଵ + 𝑘ఎଶ + 𝑘ଷ + 𝑘ఎସ 0 0 0 00 0 𝑘ଵ + 𝑘ଶ + 𝑘ଷ + 𝑘ସ + 𝑘ଵ + 𝑘ଶ + 𝑘ଷ + 𝑘ସ 𝑎(𝑘ଵ − 𝑘ଷ) + 𝑟(𝑘ଵ − 𝑘ଷ) 𝑎(𝑘ଶ − 𝑘ସ) + 𝑟(𝑘ଶ − 𝑘ସ) 00 0 𝑎(𝑘ଵ − 𝑘ଷ) + 𝑟(𝑘ଵ − 𝑘ଷ)    𝑎ଶ(𝑘ଵ + 𝑘ଷ) + 𝑟ଶ (𝑘ଵ + 𝑘ଷ) 0 0    0 0 𝑎(𝑘ଶ − 𝑘ସ) + 𝑟(𝑘ଶ − 𝑘ସ) 0   𝑎ଶ(𝑘ଶ + 𝑘ସ) + 𝑟ଶ (𝑘ଶ + 𝑘ସ) 0     0 0 0 0 0 𝑘ொ⎦⎥⎥
⎥⎥⎥
⎥⎥⎤. 

𝑘ସସ is a 6 order square matrix related to inner ring gear support stiffness: 

𝑘ସସ =

⎣⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎢
⎢⎢⎡𝑘 + 𝑘௫ +  𝑘sinଶ(𝛼 + 𝜙)଼

ୀଵ −  𝑘cos(𝛼 + 𝜙)sin(𝛼 + 𝜙)଼
ୀଵ 0 0 0 −  𝑘𝑟sin(𝛼 + 𝜙)଼

ୀଵ−  𝑘sin(𝛼 + 𝜙)cos(𝛼 + 𝜙)଼
ୀଵ 𝑘 + 𝑘௬ +  𝑘cosଶ(𝛼 + 𝜙)଼

ୀଵ 0 0 0  𝑘𝑟cos(𝛼 + 𝜙)଼
ୀଵ0 0  𝑘௭ + 𝑘ସ

ୀଵ , 𝑟(𝑘ଵ − 𝑘ଷ + 𝑘௭ଵ − 𝑘௭ଷ) 𝑟(𝑘ଶ − 𝑘ସ + 𝑘௭ଶ − 𝑘௭ସ) 0  0 0 𝑟(𝑘ଵ − 𝑘ଷ + 𝑘௭ଵ − 𝑘௭ଷ) 𝑟ଶ (𝑘ଵ + 𝑘ଷ + 𝑘௭ଵ + 𝑘௭ଷ) 0 00 0 𝑟(𝑘ଶ − 𝑘ସ + 𝑘௭ଶ − 𝑘௭ସ) 0 𝑟ଶ (𝑘ଶ + 𝑘ସ + 𝑘௭ଶ + 𝑘௭ସ) 0−  𝑘𝑟sin(𝛼 + 𝜙)଼
ୀଵ  𝑘𝑟cos(𝛼 + 𝜙)଼

ୀଵ 0 0 0 8𝑘𝑟ଶ + 𝑘ொ ⎦⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎥
⎥⎥⎤

. 
𝑘ହହ is a 3 order square matrix related to shield body support stiffness: 

𝑘ହହ = 𝑘 + 𝑘ௗ 0 00 𝑘 + 𝑘ௗ 00 0 𝑘ௗ௭ + 𝑘௭ଵ + 𝑘௭ଶ + 𝑘௭ଷ + 𝑘௭ସ.  

𝑘 (𝑖 = 6-9) are the 8 order square matrices related to pinions and motors support stiffness: 

𝑘𝑖𝑖 =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘𝑒𝑞𝑝𝑗 + 𝑘𝑚cos2𝛼 𝑘𝑚cos𝛼sin𝛼 𝑘𝑚𝑟𝑏𝑝cos𝛼 0 0 0 0 0𝑘𝑚cos𝛼sin𝛼 𝑘𝑒𝑞𝑝𝑗 + 𝑘𝑚sin2𝛼 𝑘𝑚𝑟𝑏𝑝sin𝛼 0 0 0 0 0𝑘𝑚𝑟𝑏𝑝cos𝛼 𝑘𝑚𝑟𝑏𝑝sin𝛼 𝑘𝑚𝑝𝑄 + 𝑘𝑚𝑟𝑏𝑝2 −𝑘𝑚𝑝𝑄 0 0 0 00 0 −𝑘𝑚𝑝𝑄 𝑘𝑚𝑝𝑄 0 0 0 00 0 0 0 𝑘𝑒𝑞𝑝𝑗 + 𝑘𝑚cos2𝛼 𝑘𝑚cos𝛼𝑠in𝛼 𝑘𝑚𝑟𝑏𝑝cos𝛼 00 0 0 0 𝑘𝑚cos𝛼sin𝛼 𝑘𝑒𝑞𝑝𝑗 + 𝑘𝑚sin2𝛼 𝑘𝑚𝑟𝑏𝑝sin𝛼 00 0 0 0 𝑘𝑚𝑟𝑏𝑝cos𝛼 𝑘𝑚𝑟𝑏𝑝sin𝛼  𝑘𝑚𝑝𝑄 + 𝑘𝑚𝑟𝑏𝑝2 00 0 0 0 0 0 −𝑘𝑚𝑝𝑄 𝑘𝑚𝑝𝑄⎦⎥⎥
⎥⎥⎥
⎥⎥⎤, 

(𝑖 = 6 − 9,   𝑗 = 1 − 8). 𝑘ଵଶ, 𝑘ଵସ and 𝑘ଶସ are all 6 order zero matrices, 𝑘ଵହ, 𝑘ଶହ and 𝑘ଷହ are all zero matrices with 6 
rows and 3 columns, 𝑘ଵ, 𝑘ଶ and 𝑘ଷ (𝑖 = 6-9) are all zero matrices with 6 rows and 8 columns, 𝑘ହ (𝑖 = 6-9) are zero matrices with 3 rows and 8 columns, 𝑘 (𝑗 = 7-9), 𝑘଼, 𝑘ଽ and 𝑘଼ଽ are all 
8 order zero matrices, 𝑘ଵଷ and 𝑘ଶଷ are the 6 order square matrices related to cutterhead piece and 
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center block coupling support stiffness: 

𝑘ଵଷ =
⎣⎢⎢
⎢⎢⎢
⎡ 0 𝑘ଵ 0 0 0 0−𝑘ఎଵ 0 0 0 0 00 0 −𝑘ఎଵ 0 −𝑘ଵ𝑎 0𝑘ଶ 0 0 0 0 00 𝑘ఎଶ 0 0 0 00 0 −𝑘ଶ −𝑘ଶ𝑎 0 0⎦⎥⎥

⎥⎥⎥
⎤,  

𝑘ଶଷ =
⎣⎢⎢
⎢⎢⎢
⎡ 0 −𝑘ଷ 0 0 0 0𝑘ఎଷ 0 0 0 0 00 0 −𝑘ଷ 0 𝑘ଷ𝑎 0−𝑘ସ 0 0 0 0 00 −𝑘ఎସ 0 0 0 00 0 −𝑘ସ 𝑘ସ𝑎 0 0⎦⎥⎥

⎥⎥⎥
⎤.  

𝑘ଷସ is a 6 order square matrix related to cutterhead center block and inner ring gear support 
stiffness: 

𝑘ଷସ =
⎣⎢⎢
⎢⎢⎢
⎡−𝑘௫ 0 0 0 0 00 −𝑘௬ 0 0 0 00 0 −𝑘ଵ − 𝑘ଶ − 𝑘ଷ − 𝑘ସ 𝑟(𝑘ଷ − 𝑘ଵ) 𝑟(𝑘ସ − 𝑘ଶ) 00 0 𝑟(−𝑘ଵ + 𝑘ଷ) −𝑟ଶ(𝑘ଵ + 𝑘ଷ) 0 00 0 𝑟(−𝑘ଶ + 𝑘ସ) 0 −𝑟ଶ(𝑘ଶ + 𝑘ସ) 00 0 0 0 0 −𝑘ொ⎦⎥⎥

⎥⎥⎥
⎤
. 

𝑘ସହ is a matrix with 6 rows and 3 columns related to inner ring gear and shield body support 
stiffness: 

𝑘ସହ =
⎣⎢⎢
⎢⎢⎢
⎡−𝑘 0 00 −𝑘 00 0 −𝑘௭ଵ − 𝑘௭ଶ − 𝑘௭ଷ − 𝑘௭ସ0 0 𝑟(𝑘௭ଷ − 𝑘௭ଵ)0 0 𝑟(𝑘௭ସ − 𝑘௭ଶ)0 0 0 ⎦⎥⎥

⎥⎥⎥
⎤,  

and 𝑘ସ (𝑖 = 6-9) are the matrices with 6 rows and 8 columns related to inner ring gear, pinions 
and motors: 

𝑘ସ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘cos𝛼 sin(𝛼 + 𝜙ଵ) 𝑘sin𝛼 sin(𝛼 + 𝜙ଵ) 𝑘𝑟୮ sin(𝛼 + 𝜙ଵ) 0     𝑘cos𝛼 sin(𝛼 + 𝜙ଶ) 𝑘sin𝛼 sin(𝛼 + 𝜙ଶ) 𝑘𝑟୮ sin(𝛼 + 𝜙ଶ) 0     −𝑘cos𝛼 cos(𝛼 + 𝜙ଵ) −𝑘sin𝛼 cos(𝛼 + 𝜙ଵ) −𝑘𝑟୮ cos(𝛼 + 𝜙ଵ) 0     −𝑘cos𝛼 cos(𝛼 + 𝜙ଶ) −𝑘sin𝛼 cos(𝛼 + 𝜙ଶ) −𝑘𝑟୮ cos(𝛼 + 𝜙ଶ) 0        0        0        0     −𝑘𝑟୰cos𝛼 −𝑘𝑟୰sin𝛼 −𝑘𝑟୮𝑟୰ 0 −𝑘𝑟୰cos𝛼 −𝑘𝑟୰sin𝛼 −𝑘𝑟୮𝑟୰ 0⎦⎥⎥
⎥⎥⎥
⎥⎥⎤, 

𝑘ସ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘cos𝛼sin(𝛼 + 𝜙ଷ) 𝑘sin𝛼sin(𝛼 + 𝜙ଷ) 𝑘𝑟sin(𝛼 + 𝜙ଷ) 0     𝑘cos𝛼sin(𝛼 + 𝜙ସ) 𝑘sin𝛼sin(𝛼 + 𝜙ସ) 𝑘𝑟sin(𝛼 + 𝜙ସ) 0     −𝑘cos𝛼cos(𝛼 + 𝜙ଷ) −𝑘sin𝛼cos(𝛼 + 𝜙ଷ) −𝑘𝑟cos(𝛼 + 𝜙ଷ) 0     −𝑘cos𝛼cos(𝛼 + 𝜙ସ) −𝑘sin𝛼cos(𝛼 + 𝜙ସ) −𝑘𝑟cos(𝛼 + 𝜙ସ) 0        0        0        0     −𝑘𝑟୰cos𝛼 −𝑘𝑟୰sin𝛼 −𝑘𝑟୮𝑟୰ 0 −𝑘𝑟୰cos𝛼 −𝑘𝑟sin𝛼 −𝑘𝑟𝑟 0⎦⎥⎥
⎥⎥⎥
⎥⎥⎤, 
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𝑘ସ଼ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘cos𝛼 sin(𝛼 + 𝜙ହ) 𝑘sin𝛼 sin(𝛼 + 𝜙ହ) 𝑘𝑟 sin(𝛼 + 𝜙ହ) 0     𝑘cos𝛼 sin(𝛼 + 𝜙) 𝑘sin𝛼 sin(𝛼 + 𝜙) 𝑘𝑟 sin(𝛼 + 𝜙) 0     −𝑘cos𝛼 cos(𝛼 + 𝜙ହ) −𝑘sin𝛼 cos(𝛼 + 𝜙ହ) −𝑘𝑟 cos(𝛼 + 𝜙ହ) 0     −𝑘cos𝛼 cos(𝛼 + 𝜙) −𝑘sin𝛼 cos(𝛼 + 𝜙) −𝑘𝑟 cos(𝛼 + 𝜙) 0        0        0        0     −𝑘𝑟cos𝛼 −𝑘𝑟sin𝛼 −𝑘𝑟𝑟 0 −𝑘𝑟cos𝛼 −𝑘𝑟sin𝛼 −𝑘𝑟𝑟 0⎦⎥⎥
⎥⎥⎥
⎥⎥⎤, 

kସଽ =
⎣⎢⎢
⎢⎢⎢
⎢⎢⎡

𝑘cos𝛼sin(𝛼 + 𝜙) 𝑘sin𝛼sin(𝛼 + 𝜙) 𝑘𝑟୮sin(𝛼 + 𝜙) 0     𝑘cos𝛼sin(𝛼 + 𝜙଼) 𝑘sin𝛼sin(𝛼 + 𝜙଼) 𝑘𝑟୮sin(𝛼 + 𝜙଼) 0     −𝑘cos𝛼cos(𝛼 + 𝜙) −𝑘sin𝛼cos(𝛼 + 𝜙) −𝑘𝑟୮cos(𝛼 + 𝜙) 0     −𝑘cos𝛼cos(𝛼 + 𝜙଼) −𝑘sin𝛼cos(𝛼 + 𝜙଼) −𝑘𝑟୮cos(𝛼 + 𝜙଼) 0        0        0        0     −𝑘𝑟୰cos𝛼 −𝑘𝑟୰sin𝛼 −𝑘𝑟୮𝑟୰ 0 −𝑘𝑟୰cos𝛼 −𝑘𝑟୰sin𝛼 −𝑘𝑟୮𝑟୰ 0⎦⎥⎥
⎥⎥⎥
⎥⎥⎤.  

The physical meanings of all variables in the above matrices see reference [18]. 
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