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Abstract. A numerical simulation of a moving vehicle on the rigid roadway pavement with
discontinuities is presented in this paper by using the data from one of the toll road segments in
Indonesia. The analysis procedure considers the dynamic interaction between the vehicle and the
rigid pavement. The rigid roadway pavement is modeled using the Kirchhoff theory of thin slab
on elastic foundations. The aim of the numerical analysis is to obtain the vertical deflection in the
middle of the slab, to obtain the time history of the slab deflection; and to identify the parameters
of the sub-grade that has a significant effect on the dynamic response of the rigid roadway
pavement. The equations of motion are derived in the form of partial differential equations of the
fourth order. The mode shapes of the slab deflection are determined from the method of first and
the second auxiliary equations of Levy-type in the x- and y-directions, which is also known as the
Modified Bolotin Method (MBM). The equations of motion are solved numerically by using
Mathematica. The influence of various parameters including the peak vertical velocity due to the
moving vehicle, the stiffness of subgrade, the slab thickness and the road profile to the dynamic
behavior of the rigid roadway pavement are studied in detail. The results obtained from the plate
computing model in this paper are then compared and analyzed with the results computed using
the finite element method by Strand 7 to show that the solution obtained using the MBM method
is accurate. In addition, the paper aims to show that the thickness of the plate plays a significant
role in the distribution of the bending stresses in plate discontinuities and is necessary for
engineers to design rigid roadway pavements.

Keywords: numerical simulation, moving vehicle, rigid roadway pavement, discontinuities,
auxiliary equations, peak vertical velocity, subgrade stiffness, finite element, modified Bolotin
method.

1. Introduction

In the design of rigid roadway pavements, designers have relied on the Westergaard equation
[1] which assumes that the pavement has an infinite length and static loading condition as well as
no longitudinal and transverse displacements occurring along the joint within the pavement.

With the advancement of computer software applications and the finite element method of
structural analysis, the response of rigid roadway pavement subjected to a moving load is analyzed
by assuming the rigid pavement as a discontinuous slab, which are joined to an adjacent slab by
load transfer devices [2-4]. Kruketi et al. in 1992 studied the dynamic analysis of rigid airport
pavements with discontinuities. Algorithms were developed to solve the moving mass problem,
where the effects of the vehicle’s mass inertia were considered in determining the dynamic
response of pavements to moving loads. The discontinuities in the pavement were represented by
vertical spring elements connecting two nodes having the same global coordinates in the finite
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element mesh [5].

There has been lots of research related to the solution of vehicle-road interaction problems.
Alisjahbana and Wangsadinata in 2015 studied the dynamic response of rigid roadway pavement
sitting on the Pasternak foundation model subjected to moving traffic load. In this work, the
moving traffic load is modeled as a harmonic load that travels with the constant velocity vy along
the y-axis, [6]. Later in 2016, Gibigaye et al studied the dynamic response of a rigid pavement
plate based on an inertial soil by using the Modified Bolotin Method. The result shows the possible
economic gain when taking into account the inertia of soil in the pavement dynamic design [7].
However, these results do not cover the internal forces and stress distribution occurring along the
discontinuities that may affect the design of the rigid roadway pavements.

A numerical simulation of moving load on concrete pavements was studied by Lajcakova and
Melcer in 2015. In this study, the influences of velocity, subgrade stiffness, slab thickness and
road profile to the deflections of the slab were analyzed. In addition, by using the FEM analysis,
Lajvakova and Melcer concluded that contact forces increased with the velocity of the vehicle
motion [8].

This study presents a numerical simulation of the dynamic deflection and the stress distribution
of rigid roadway pavements with discontinuities subjected to a moving vehicle by using the
Modified Bolotin Method. Furthermore, this study also includes the effects of the soil conditions
underneath the rigid roadway pavements, the velocity and the angular velocity of a vehicle to the
dynamic response of the rigid roadway pavement. This research is useful for rigid roadway
pavement design, especially for its dynamic analysis.

2. Computational model of road slab

The computational model of rigid roadway pavement will be considered as a rigid roadway
pavement on the Pasternak elastics foundation model. The computational model of rigid roadway
pavement is based on the Kirchhoff theory of thin plates [6] as described by Eq. (1):

*w(x,y,t *w(x,y,t *w(x,y,t ow(x,y,t *w(x,y,t
D W(xy)Jr w(x,y,t) W(xy)+yh W(xy)+ph w(x,y,t)
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Fig. 1. Model of rigid roadway pavement on Pasternak elastic foundation model under a moving vehicle
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The vertical displacement of the slab w(x,y,t) will be expressed as the product of two
functions:

W(x,y' t) = Wo(x'}’)T(t) (2)

The function wy (x, ¥) represents the spatial function that is dependent only on the coordinates
x, y. The function T(t) represents the unknown function and is dependent on the time t. The
function wy (x, y) is determined from the solutions of the first and the second equation of the Levy
type problem.

The meaning of the remaining symbols are as follows: D, is the slab stiffness in the
x-direction, B is the torsional rigidity of the slab, D,, is the slab stiffness in the y-direction, kf is
the spring modulus of the foundation, G; is the shear modulus of the foundation, p is the mass
density of the surface, € is the damping ratio of the surface, and p(x, y, t) is the moving vehicle
load.

The moving vehicle is modeled as a harmonic load with constant amplitude P, that can be
expressed as [6, 9]:

p(x,y,t) = Po(l + acos(wvt))d[x — x(t)]6[y —y(0)]

3

= Py(1 + acos(w,t)) - & [x - <v0t +-acct )] [y 2]
where P, is the maximum amplitude of the moving vehicle, a is the coefficient that depends on
the type of the vehicle; w is the circular frequency of the moving vehicle; v, is the speed of the
vehicle; and acc is the acceleration. The position of the moving vehicle at any time t can be
expressed by using the Dirac delta function as described in Eq. (3).

Egs. (1) and (2) are the fourth order partial differential equation governing the flexural
vibrations of a slab under the moving vehicle load. The boundary conditions of the slab with
discontinuities are given by:

w(x,y,t) B+ 2D.d*w(x,y,t)
. = D- = . 4
Vi i 9x3 D, 0x dy? ksiw(x,y,t), 4)
*w(x,y,t) *w(x,y,t) ow(x,y,t)
M, = —DL-< T ) Ry (5)

The constraints of the elastic vertical support and rotation due to the existence of dowels and
tie bars are characterized by ks; and kr;, respectively. The index i =1, 2, 3, 4 stems forx =0, a
and y = 0, b, where the index notation L i of the Poisson's ratio v shows the perpendicular
direction of i, and G,,, is the shear modulus of the orthotropic slab.

3. Solution procedure for dynamic equations

The dynamic response to a moving vehicle of the orthotropic rigid roadway pavement with
discontinuities resting on a Pasternak foundation and subjected to boundary conditions according
to Egs. (4) and (5) is carried out in this section. The generalized solution of the spatial function
w, is defined as the multiplication of the function X,,,,,(x) and Y,,,,(y) as follows [10]:

X X
wo (%, ) = Xppn O Y () = (Alcoshﬂ b +Azsmhﬁ > + A3smpa +A4cosp7)
(B W 4 Bysinn 72 4 Bysin T 4 B qy) ©
1cosh— 2sinh— ssin— 4c0s—=),
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where A, ..., A4 and B;, ..., B, are constants which are determined using the boundary
conditions according to Egs. (4) and (5).

Applying the boundary conditions along x = 0 and x = a, the results in the linear algebra
equation in terms of A;, are obtained as follows:

0
_Jo

Az; A3z A3z Azq| )As( O (7
0

Substituting the spatial function w,(x, y) according to Eq. (6) into the boundary conditions
along y = 0 and y = b of Egs. (4) and (5), results in the linear algebra equation in terms of B;
are obtained as follows:

®)

o
N
=

o
N
N

S
N
w

o
N
S

(s
N

O O OO

Details of the matrix elements in Egs. (7) and (8) can be seen in Appendix.
The eigenvalues of the system are the roots of the characteristic determinant equation that can
be solved simultaneously from Egs. (7) and (8):

1 p4T[4 p2q2n4- q4-7.[4- p T[ q*m
wfnnz(ph)<Dx 2B+ Dyt ke G|t ) ) ©

where p and g are the real numbers that can be solved from the auxiliary Levy*‘s type problem [9].

The generalized solution of the temporal problem is given by integrating Eq. (1) in both sides
along the edges of the rigid pavement and applying the orthogonality of X,,(x) and Y, (y)
according to Eq. (6), which results in:

t a b

1
T () = ( ) XoGodx [ i
f(Xm(x))def (Y ()’))Zdy phwmn 1_62 bf f * xbf 7 (10)

p(x,y,7) (e~ @mn(t=D)sin (a)mm/ 1—&2(t — ’L’))] dr.

Thus, the general solution of the associated moving vehicle of the rigid roadway pavement
with discontinued edges are obtained by multiplying the solution of the temporal function Eq. (10)

by Eq. (6).

4. Results and discussion

In this paper, a rigid roadway pavement segment of a toll road in Indonesia was studied. The
segment was modeled with discontinuities and subjected to traffic load traveling with a
non-constant speed. The numerical values for the fundamental natural frequencies were calculated
using two transcendental equations of the Levy type problem in the x and y-direction of the rigid
roadway pavement.

The material properties for vibration behavior of the system and the boundary conditions used
for computation purposes by taking into account the existence of the dowel and tie bar along the
edges are presented in Appendix.
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To verify the mathematical model used in the analytical solution, the software Strand 7 is used
to compare the midspan deflection of the system subjected to a vehicle traveling with a constant
velocity vg = 16.67 m/s to the midspan deflection of the system calculated by the modified
Bolotin Method. For this purpose, it is assumed that P, = 80 kN, acc = 2 m/s> and w = 100 rad/s
(955 rpm). These values correspond to typical trucks operated in Indonesia roadways. The
discrepancy of maximum deflection at mid-span of the plate by using the Modified Bolotin
Method (MBM) to the FEM by Strand 7 for several models can be seen in Table 1.

Table 1. Discrepancy of mid-span dynamic deflection of
rigid roadway pavement MBM method vs FEM using stand 7

Dynamic deflection (m) 0/ T
Model MBM method FEM strand 7 o Discrepancy
1 — Orthotropic with no tie bar 9.13818.10° 9.40086.10° 2.79
2 — Orthotropic with tie-bar 1.24709.10* 1.30101.10* 4.14
3 — Orthotropic with tie-bar on 5 5
Pasternak foundation model 1.36627.10 1.30465.10 4.51
1,53E-04
T 13iEM o MBM method
£ LO9E04 — FEM Strand 7
5 875E-05
B 6.56E-05
2 438E-05
g 2.19E05
s (C
A 0,00E+00 €
219805 O 0,062 0,125 0,188 0.25

t(s)
Fig. 2. Dynamic deflection time history using MBM method and FEM Strand 7 for model 3
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Fig. 3. 3D dynamic deflection of rigid roadway pavement segment using strand 7 for model 3

Table 1 shows the dynamic deflection at the mid-span for three different models of the
orthotropic plate subjected to the constant load P, moving with a constant velocity of
vy = 16.67 m/s.

Model 1 is an orthotropic plate with simply supported boundary condition along its edges, and
no elastic foundation beneath the plate. This model is used to calculate the response of the
continuous plate without elastic supports beneath the plate. Model 2 is an orthotropic plate without
elastic supports and is restrained by tie bars only along its edges. On the other hand, model 3 is an
orthotropic plate with elastic supports and is restrained by tie bars along its edges. Since there are
no elastic supports beneath the plate of model 2, the maximum dynamic deflection at the mid-span
of model 2 is very large compared to model 3. From the three models, model 3 is the most accurate
model to calculate the dynamic behavior of rigid roadway pavements subjected to vehicle loads.

By solving the problem analytically using the MBM method, the discrepancies of the dynamic
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deflection at the mid-span of the plate for model 1 is 2.79 % lower, model 2 is 4.14 % lower, and
model 3 is 4.51 % higher than the one calculated using the FEM Strand 7. The values of
discrepancy between MBM and FEM Strand 7 varies between 2.79 % to 4.51 %, which shows
that the MBM method accurately solve the dynamic problem of orthotropic plates with different
boundary conditions along its edges.

Fig. 4 and Fig. 5 shows the behavior of the rigid roadway pavement on the Pasternak
foundation model subjected to the moving vehicle. The dynamic response of the system depends
on the soil conditions as well as on the speed and the circular frequency of the system. The absolute
dynamic deflection of the system increases as the speed of the vehicle approaches the critical
speed of the system. This behavior can also be seen when the circular frequency of the vehicle
approaches the first natural frequency of the system as shown in Fig. 5.

3.0E-04
2.5E-04
2.0E-04

1.5E-04

1.0E-04

Dynamic deflection (m)

e Hard soil =~ secees Soft soil (m)

5.0E-05

0.0E+00
0.00 42.78 92.78 142.78 192.78 242.78

v (/s)
Fig. 4. Response spectra of the system with soft soil and hard soil conditions as function of vehicle speed
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6.0E-04 ) il
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4.0E-04 LA

3.08-04 - ,,"\ s N
”

SR04 \ ' L8] b LTS

Dynamic deflection (m)

1.0E-04

0.0E+00
0 50 100 150 200 250 300 350 400 450 500 550 600 650

Circular freq (rad/s)
Fig. 5. Dynamic deflection response spectra of the system with
soft soil and hard soil conditions as function of circular vehicle frequency

To demonstrate the dynamic deflection of the system subjected to the vehicle velocity
vy = 30.55 m/s, and acc = 2 m/s?, the time history of the system is computed in Fig. 6. It can be
seen from Fig. 6 that the dynamic deflection of the system is also influenced by the soil condition
beneath it. The discontinuity condition at the edge of the plate due to the existence of the tie-rod
in the form of vertical displacement is also influenced by the soil condition. The discrepancy of
the vertical displacement between the soft soil condition and the hard soil condition for the
parameters used in this paper is about 21.26 %. This result shows that when the rigid roadway
pavement rests on soft soil foundation, most of the pavement is affected by the load while the
resonance load frequency is small.

Fig. 7 and Fig. 8 shows the influence of the plate thickness on the dynamic response of the
system subjected to the vehicle load. When the plate thickness is increased by 15.3 %, the
maximum dynamic deflection of the system reduces significantly by 45 %. Fig. 8 shows the
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maximum stress distributions over the rigid roadway pavement at t = 0.02 s when the vehicle
moves from the left to the right of the plate. It is shown from Fig. 8. that the values of the maximum
stresses along the discontinuities decrease as the plate thickness increases. From the numerical
computation above, it is now possible to carry out the general deduction. When the stiffness of the
rigid pavement plate is increased, the vertical displacement and the maximum stress over the plate
region is decreased.

3.0B-04 MO ot S oy 4 5 S Ear Sai ety

2.5E-04 il
3 47405805 |
= 20E-04 \
5 \
8 1.5E-04 ‘~
<
'E‘ \
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3 \
5 5.0E-05 b,
= \-".r“~/ “Ef

0.0E+00 .

001 002 003 004 005 006 0.07 008 0.09 0.1 0.1
-5.0E-05

t(s)
Fig. 6. Vertical displacement time history of the rigid roadway pavement with
vehicle speed of vy = 30.55 m/s, acc =2 m/s? and w = 100 rad/s
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Fig. 7. Vertical displacement time history of the rigid roadway pavement for two different values of h with
soft soil condition. Data of moving vehicle are: v, = 30.55 m/s, acc = 2 m/s? and w = 100 rad/s
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Fig. 8. Maximum stress distribution of rigid roadway pavement for two different values of h with soft soil
condition. Data of moving vehicle are: vo = 30.55 m/s, acc = 2 m/s>and w = 100 rad/s, t = 0.02's
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5. Conclusions

The numerical simulation of a moving vehicle on a rigid roadway pavement with
discontinuities based on the Modified Bolotin Method has been investigated. The pavement model
is modeled as discrete plates joined at the discontinuities by vertical springs representing the load
transfer devices and supported by a shear layer and uniformly distributed springs representing the
Pasternak elastics foundation. In this paper, the influence of the vehicle velocity, circular vehicle
frequency, soil conditions beneath the plate and the plate stiffness were considered.

The main conclusions of this study are as follows:

1) The vertical plate deflections at the mid-span increase with the velocity of the vehicle until
reaching critical value. It then decreases after reaching the critical velocity. This condition also
occurs when the circular frequency of the vehicle reaches the first natural frequency of the rigid
roadway pavement.

2) The influence of the plate stiffness has the opposite tendency in comparison with the
influence of the velocity and the circular frequency of the vehicle motion. The maximum vertical
deflection of the plate decreases with the increase of the plate stiffness. This condition is valid for
all soil conditions beneath the plate.

3) The vertical displacement of the plate along the discontinuity is affected by the soil
condition. When the rigid roadway pavement is supported by soft soil conditions, the efficiency
of the dowel as a load transfer device should be accurately specified compared to hard soil
conditions to avoid the deterioration of the road profile.

4) The maximum stress distribution within the plate region is affected by the plate thickness.
The maximum stress decreases when the plate thickness increases. The parametric study shows
that the maximum stress occurs along the discontinuous edge, which means that the analysis for
the stresses near joint locations should become the main consideration for engineers.
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Appendix

Elements of the matrix in Eq. (7) are:
D,p*m  D,mq*v,
a11 = a2 + bz )
a _ erlp
12 a 4
B*D,m  Dymq*v,
G =\ Tz Tz )
Qag = — ﬁerl
14 ab ’
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D,p’m? N Bpn®q? N 2D prq?
a = )
22 ad ab? ab?
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D | BET'q’ | 2BDym’q?
Ayy = | — ,
. a’b3 ab? ab?
Dyp*ncos(pm) Dymq®vycos(pm)  kry,psin(pm)
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31 a? b? a

( kry,pcos(pm) D, mp?sin(pm) Danzvysin(pn))
3z = | — + + )

A3z =

Q34 =
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a a? b2
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D,p3mn3sin(pr) Bpmiq?sin(pn) 2D.,.pr3q?sin(pm)

a4 = —ksy,cos(pm) — e b2 b2 \
D,p3m3cos(pm) Bpmiq?cos(pm) 2D,pm3q*cos(pm) _
Ayp = e + b2 + TS — ks,,sin(pm),
g B3D,m3sinh (ﬂ ) BBm3q?%sinh (ﬂ ) 28D, m3g?sinh (%T)
@iy = ~ksecosh () - —— = ab? ab? '
B3D,m3cosh (%T) BBm3q%cosh (%) 28D, m3q?cosh (ﬁb> B
Ayq = — PETS + P + b3 — ks,,sinh (T)’
2Bq?%a? sa?b?
— 2}2
B \/ ot b+n2Dx,

Elements of the matrix in Eq. (8) are:

D,q?’m  D,p?*mv
b11=< 4l + 24 x),

b? a?
kr,1q
by, = ——2—,
12 b 2
6“D,mt D,mp-v.
— Yy y x
b13 - <_ a2b2 + az );
Okr,,
by = -
14 ab
by, = ksyl;
5 D,q*n® Bqm’p*  2D,qm’p?
2= \Tps T Ty T e )
bys = k5y1,
b= 6°D,m* BOm3p* 26D, m3p?
247\ a3p3 a3b a3b ’
b = Dyq*ncos(qm) D,mp*vicos(qm)  kry,qsin(qm)
317 bzt 2 T3 ’
b ( kry,qcos(qm) N Dymq®sin(qm) N Dyr[pzvxsin(qr[)>
32 — )
b b? a?
2 on 2 o . on
6°D,mcosh (7) D,mp“v,cosh (7) Okry,sinh (7)
bss =\ = a’b? + a? B ab ’
kr,,cosh (%r) 62D, msinh (%T) D,mp?v,sinh (%T)
bss =\ = ab B a?b? + a? ’

Dyq*m3sin(qm) B Bqm3p?sin(qm) B 2Dtrp27'[3qsin(q7r)>

by, = (—ksyzcos(qn) — ba 7D 77D
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Dyq*m3cos(qm) Bp*m3qcos(qm) 2D..qm3p*cos(qm) _
by, = b3 + 27h 27D — ksy,sin(qm)
26D, m3p?sinh (%T)
+ )
a3b 0 0
om\ 0°Dym3sinh (Tn) BOm3p?sinh (7”)
b,z = —ks,,cosh (—) - +
+3 y2 a . a3b3 : a3b o
T s T
63D, m3cosh (7) BOm3p?cosh (7) 20D, m3p%cosh (7)
by, = — + + — ks,,sinh(a),
44 a3b3 a3b a3b y2sinh(a)
Gsa?b?
0 = |—p2b*+ qa® + ——.
p, P T 2D,
Table 2. Material properties of rigid roadway pavement
Symbol Value and units
a Length in x-direction 3.6 m
b Length in y-direction 20m
h Plate thickness 0.28 m
T Plate mass density 2400 kg/m?
Uy Plate Poisson ratio in the x-direction 0.18
Uy Plate Poisson ratio in the y-direction 0.15
E, Plate modulus of elasticity in the x-direction 27.8 10° N/m?
E, Plate modulus of elasticity in the y-direction 30.0 10° N/m?
ks Stiffness coefficient of elastics foundation model 2.725 107 N/m, 6.813 10* N/m
. . 9.52 10° N/m/m,
Gs Shear modulus of elastics foundation model 738 10° N/m/m
x Damping ratio 10%
Vo Initial velocity 16.67 m/s
acc Vehicle acceleration 2 m/s’
Py Vehicle weight 80 kN
a Coefficient of vehicle type 0.5
w Circular frequency of vehicle 10 rad/s -100 rad/s
Edge vertical translational restriction 4
S, Sz coefficient in x-direction 2.825.10"N/m
Edge vertical translational restriction .
ksyr, ksy coefficient in y-direction 3488.10"N/m
Edge vertical rotational restriction
k1, krey coefficient in x-direction I Nm/rad
Edge vertical rotational restriction
krys, krye coefficient in y-direction I Nm/rad
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